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PREFACE

The fundamental concepts and development of computational schemes for the
solution of parabolic, elliptic, and hyperbolic equations are established in Volume I
and are extended to the Navier-Stokes equations in Volume II. The primary goal in
the third volume is to review the fundamentals of turbulence and turbulent lows and
to extend the governing equations and numerical schemes developed in Volume II
to include turbulence.

This volume begins with the basic definitions and concepts in turbulence and
turbulent flows. Subsequently, the modification of the governing equations and
numerical schemes is introduced. There are three approaches by which turbulent
flowfields may be computed. The first approach is based on the averaged Navier-
Stokes equations either in the form of Reynolds-Averaged Navier-Stokes (RANS)
equations or Favre-Averaged Navier-Stokes (FANS) equations. These formulations,
along with several turbulence models and numerical considerations for the solution
of equations, are presented in Chapter 21. The second and third approaches are the
Large Eddy Simulations (LES) and the Direct Numerical Simulations (DNS), which
are presented in Chapter 23. Since typical computations involved in turbulence and,
in particular, in DNS, require higher-order schemes such as compact finite difference
formulations, these formulations are introduced in Chapter 22.

Finally, a computer code based on the RANS equations and several turbulence
models have been developed and included in the text Student Guide for CFD-
Volume II1.

Again, our sincere thanks and appreciation are extended to all individuals ac-
knowledged in the preface of the first volume. Thank you all very much for your
friendship and encouragement.

Klaus A. Hoffmann
Steve T. Chiang






Chapter 20

Turbulence and Turbulent Flows

20.1 Introductory Remarks

The vast majority of applications in fluids involves turbulence. Everyday experi-
ences such as fluid flow in a pipe, flow over an airfoil, flow processes in combustion,
paint spraying, etc. will exhibit a disorderly complex motion defined as turbu-
lent flow. Since the majority of fluids involve turbulence, turbulence flow control
becomes an important aspect of any design process involving fluids. In some appli-
cations it is advantageous to promote turbulence in order to achieve certain design
goals. Introduction of dimples on a golf ball is an example whereby enhancing tran-
sition to turbulent flow reduces flow separation region, and therefore total drag is
decreased.

Due to the complexity of turbulent flow and difficulties in its understanding
and physical interpretation, introduction of a unique conceptual model is difficult
at best. However, there are certain characteristics and properties associated with
turbulence which have been shown experimentally and most recently numerically,
which are used commonly in describing turbulence and turbulent flows. A brief
description of the physics of turbulence, its generation and development, and a
conceptual model is presented in this chapter. However, keep in mind that this de-
scription is not unique and others are provided in literature. The conceptual model
described in this chapter is provided to shed some light into the world of turbu-
lence. A review article by Robinson [20.1] is an excellent source for description of
several conceptual models for turbulence and is highly recommended. Following the
description of Ref. [20.1], a typical conceptual model is described to identify some
of the physical characteristics of turbulent flows. Furthermore, several categories
of turbulent flows are described and some well-established propertics of turbulent
flows are summarized. Finally, the three categories of computational approaches
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associated with turbulent flows are described.

A turbulent flow may be defined as a flow which contains self-sustaining fluctu-
ations of flow properties imposed on the main flow. There are several factors which
may cause an originally laminar flow to transition to turbulence. The fundamental
quantity in describing transition to turbulent flow is the Reynolds number. For
example, for internal pipe flow a transition to turbulent flow can be achieved at
around a Reynolds number of 2300 and for a boundary layer flow over a flat plate
at a Reynolds number of around 300,000 ~ 500,000. Obviously, several factors affect
transition to turbulent flow including freestream turbulence, pressure gradient, heat
transfer (cooling or heating), surface roughness, and surface curvature. Turbulent
flows can be broadly categorized into three groups: boundary layers, shear layers,
and grid-generated turbulent flows. The first two categories are most common and
will be the focus of our study.

The first category of turbulent flows is the wall-bounded flows. In these types of
turbulent flows, the majority of turbulent kinetic energy is produced near the wall
region. Furthermore, the small scale eddies which are dominant in the near wall
region are more organized and have similar structure. The wall-bounded turbulent
flows can be further subcategorized as turbulent boundary layer or fully developed
turbulent flow. A turbulent boundary layer is simply bounded by a wall and a free
stream, whereas a fully developed flow is bounded by surfaces, for example, flow in
a channel or flow in a pipe.

The second category of turbulent fiows is the shear layer. This type of turbulent
flow grows in the streamwise direction and typically develops universal characteris-
tics, which may be considered as self-preserving. The turbulent shear layers may be
subcategorized into three groups as free shear layers, jets, or wakes. A typical mean
flow velocity profiles for the three categories of shear flows are shown in Figure 20-1.

The flow field for the flows described above would of course be considerably
more complex if the flow is supersonic. Such a flowfield will include expansion
waves, compression waves, shock waves, their interactions with each other, and
with the shear layer. A typical flowfield for the supersonic wake flow is shown in
Figure 20-2.

The third category of turbulent flow is the grid generated turbulent flow, which
can be produced by passing an initially uniform and irrotational flow through a
grid composed of rods. The vortices generated by the rods interact together and
degenerate into turbulence. The grid-generated turbulence is typically isotropic,
that is, it has a preferred direction. In general, most turbulent flows are anisotropic.
However, the assumption of isotropy is used in many applications.
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Figure 20-1. Illustration of three categories of shear flows.

The simple turbulent boundary layer over a flat plate and a free shear layer
will be used to introduce conceptual models. Several processes associated with
the production of turbulence will be described in this chapter. Before attempting
to introduce a conceptional model, a brief description of transition is warranted,
which is given next. Subsequently, some fundamental concepts and definitions are
reviewed leading to introduction of a conceptual model.
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Figure 20-2. Schematic of a wake flow for supersonic flow.

20.2 Fundamental Concepts and Definitions

Before attempting to describe a conceptual model and mathematical models,
it is necessary to review several fundamental concepts, physical observations, defi-
nitions, and terminology related to turbulence and turbulent flows. This goal will
be accomplished primarily by considering turbulent boundary layers.

A turbulent boundary layer is commonly divided into several regions, where
within each region specific turbulence behavior can be identified. A very thin region
near the surface is referred to as viscous sublayer. The outer region where the flow
is turbulent is called the fully turbulent zone. A region, which connects these two
zones, is called the buffer zone.

The viscous sublayer has been referred to as the laminar sublayer as well. How-
ever, recent experimental and numerical investigations have shown that in fact this
region is not laminar. Similarly, the description of buffer zone, which in the past
has been referred to as a region of transition from laminar to turbulent, is not ac-
curate. The three regions across a turbulent boundary layer defined above is used
extensively in description of turbulent flows as well as in development of turbu-
lence models. Further description of each region based on certain characteristic of
turbulence development will be presented throughout this section.

Another categorization of a turbulent boundary layer is to divide it into inner
and outer regions. The inner region includes the viscous sublayer, buffer zone, and
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part of the fully turbulent zone. The remaining part of the turbulent boundary
layer is considered to be in the outer region.

The division of a turbulent boundary layer to several regions defined above is
commonly identified by definition of a non-dimensional velocity u* and normal to
the surface spatial coordinate y*. These quantities are defined as

u
ut = —
Ur
and
u
+__ T
y =y —
v

where u, is know as the friction velocity given by

Tw
u,=1f——
p

and 7, is the wall shear stress. Now, the various regions are identified as

yt < 2~ 8= viscous sublayer (20-1)
2~8<y’ < 2~ 50= buffer zone (20-2)
yt > ~ 50 = fully turbulent zone (20-3)
and
y* < 100 ~ 400 = inner region (20-4)
y* > 100 ~ 400 = outer region (20-5)

Observe that the division between each region in terms of y* is approximate, and
different values have been used by investigators to identify each region. However, the
range given above is the most common. The various regions of turbulent boundary
layer are summarized in Figure 20-3.

20.3 Introduction to Transition

Majority of flows begin as orderly fluid motion known as laminar flow. As the
flow Reynolds number is increased, instabilities within the boundary layer are gen-
erated. Subsequently, several physical phenomena are developed which eventually
will lead to transition from laminar flow to a disorderly and random fluid motion
known as turbulence. Several factors may enhance or delay the transition process.
Examples of such enhancement mechanism are surface roughness, heat transfer,
pressure gradient, and freestream turbulence.
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Figure 20-3. Typical nondimensional velocity profile for a turbulent
flow over a flat plate.

In general then, transition is defined as a change where instabilities within a
laminar boundary layer are initiated. Subsequently several processes such as vor-
tex stretching, vortex breakdown, and formation of turbulent spots take place, and
the flow becomes fully turbulent. The entire changes and processes which occur
over time and space is called transition. Transition process is a complex set of
events which is extremely difficult to analyze or develop theoretical models for its
prediction. With the exception of direct numerical simulation (DNS) which is cur-
rently very limited in applications, no theoretical model for prediction of turbulence
and its development exists. The only available approach is semi-empirical models
developed based on experimental data. Our objective at this point is to briefly
review some of the physical phenomena, which occur during transition. This goal
is accomplished first by visiting the small disturbance stability theory, because the
theory can predict onset of instabilities for idealized cases. Subsequently a brief
description of the processes, which completes the process of transition, is provided.
We will proceed with description of several relevant stages without detailed mathe-
matical work. A description of stability theory is given first, followed by description
of processes, which completes transition.
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20.3.1 Stability Theory

In this section the stability theory is reviewed. The mathematical details are
deleted; instead the procedures to obtain the governing equations and the conclu-
sions drawn from the solution of the equations are emphasized. The mathematical
details may be found in texts by White [20.2], Panton [20.3], and Landahl and
Mello-Christensen [20.4).

The governing equation of stability is primarily derived for an incompressible
flow with constant properties. Assume a vector Q) to represent the flow variables and
¢ to represent perturbations (disturbances) imposed on the flow. The flow variable
Q + @ is substituted into the Navier-Stokes equations, and the original equations
written in terms of @ are subtracted from it. The equations thus obtained involve
the perturbation variable ¢ as the unknown. The resulting equations will be non-
linear in perturbation properties @', thus, typically the equations are linearized by
neglecting the higher order terms in Q’. This is in fact a reasonable assumption,
because the disturbances are assumed to be small. Now, if for a given problem
the disturbance @’ will decay, the problem is stable. On the other hand, if the
disturbance Q' grows with time, the problem is unstable. The governing equation
of stability may be solved numerically for a wide range of applications. Tradition-
ally, analytical solutions of stability equation have been achieved for special cases
where additional assumptions had to be imposed to reduce the equation. One such
solution, which is relevant to boundary layer flows, is reviewed at this point.

The problem of interest is the nearly parallel viscous flow. With this assumption,
the stability equation is reduced to a single ordinary differential equation. Typically
a disturbance in the form of an exponential function is introduced and the resulting
equation is known as the Orr-Sommerfeld equation.

At this point, the fundamentals and procedures for obtaining the governing
equations of stability have been reviewed. Again deleting the mathematical details
or the solution of Orr-Sommerfeld equation for parallel low, several observations
regarding the solution of the equations are presented.

Typical solution of the Orr-Sommerfeld equation is given graphically in Figure
20-4 for a Blasius boundary layer flow. The horizontal axis represents Res where
Res. = (pud*)/u, and the vertical axis is aé*, where a is the wave number in the
z-direction and §* is the displacement thickness. A curve defining the boundaries of
the unstable waves which separates the stable and unstable regions is called marginal
(or neutral) stability curve. A point on the marginal stability curve corresponding
to lowest Res is called the critical point. Within the curve of marginal stability is
the range of unstable wave numbers. These unstable waves are known as Tollmein-
Schlichting waves, which represent the first indication of instability.
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Figure 20-4. Graphical presentation of the neutral stability curve for a
Blasius boundary layer.

An interesting result obtained from the stability equation applied to Blasius
boundary layer reported by Squire [20.5] is that when considering a three-dimensional
disturbance, the corresponding two-dimensional waves are more unstable. This con-
clusion is important in that two-dimensional analysis can be used to determine the
limit of stability, which is also valid for the three-dimensional case.

The following important statement concludes the discussion on stability. The
stability theory can predict lowest Reynolds number at which instability can be
initiated. However, note that this is not the location of transition to turbulence.
Occurrence of instability is only the first indication of a process to transition. In
fact, typically transition occurs at a distance of 10 to 20 times the distance of
Zenvical. Furthermore, it should be noted again that several factors affect transition.
For example, surface roughness, pressure gradient, freestream turbulence, surface
curvature, and heat transfer have a dominant effect on the process of transition.
The stability analysis detailed here and a description of transition to follow is for
a smooth plate with no external factors imposed. The purpose at this point is to
present a descriptive model for transition in its simplest form. There are still a
very large number of physical phenomena with regard to transition and turbulence,
which are not completely understood.
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20.3.2 Transition

Based on the discussion of stability just completed, it is well known that at some
critical Reynolds number instabilities in the form of Tollmein-Schlichting waves
which are two-dimensional are developed. Shortly thereafter, the unstable waves
become three dimensional and nonlinear effects come into play. As mentioned pre-
viously, these instabilities by themselves do not define transition. In fact several
mechanisms and processes subsequent to initial instabilities must take place to
complete the process of transition from laminar to turbulent flow. Once the three-
dimensional instabilities are set in, the nonlinearity effects and interaction with the
mean flow, result in changes in the mean flow velocity and spanwise stretching of
vorticity. In addition internal shear layers are formed which are highly unstable.
Subsequently a breakdown process sets in where the stretched vortices breakdown
to smaller vortices with random frequencies and amplitudes, producing localized re-
gions of high shear and intense fluctuations in the shear layer. As a result, random
and disorderly motion termed turbulence is generated which travels downstream
and grows in coverage. This process occurs in localized regions surrounded by lam-
inar flow and is called turbulent spot. Eventually the number of spots is increased
in the streamwise direction and the flow becomes fully turbulent. This in turn com-
pletes a process, which is termed transition. This brief description of transition is
based on a flow over a smooth flat plate. The transition process can be enhanced or
delayed by several factors identified earlier. A graphical presentation of transition
process as proposed by White [20.2] is shown in Figure 20-5.

20.4 Conceptual Model for Turbulent Flows

A model developed to describe the physics of a problem is called conceptual
model. A conceptual model for turbulent flow may be developed based on exper-
imental observations and complemented by numerical observations. At this point
in time, there are several aspects of turbulent flows, which are poorly understood.
As a result there is clearly a need for improvement of proposed conceptual mod-
els. Furthermore, due to uncertainties and the lack of clear understanding and
interpretation of available data, there are different and sometimes contradictory
explanations of events related to turbulence. With these remarks in mind, it is
then obvious that several conceptual models for turbulent flows can be and have
been proposed. These models are updated as we gain more understanding about
turbulent flows and it is anticipated that they will eventually converge to a widely
acceptable model. For the time being though, there are several conceptual models
proposed by investigators. The objective here is not to review all the conceptual
models. Instead the goal is to review and familiarize the reader with some of the
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termologies used in description of turbulence.

The flow very near the surface in the sublayer and buffer regions moves as streaks
of low and high-speed fluid. Why these streaks form is still not well understood,
although Blackwelder [20.6] has suggested that 0.25 pm (107° in) size dimples (local
depressions) are sufficient to produce the critical conditions necessary for vortex
formation. Associated with the low and high-speed streaks are counter rotating
streamwise vortices, as shown in Figure 20-6.
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Figure 20-5. Illustration of idealized transition process on a flat plate.
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vortices are associated with these streaks. [20.7]
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(c) low speed streak lift up off the wall leading to breakdown, known as bursting. [20.7)

Figure 20-6. Conceptual model for Turbulent boundary layer.
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Intermittently, the low speed fluid is ejected outward accompanied by inrush of high-
speed fluid. The ejection of the low speed flow, which is accompanied with oscillation
and breakup, is termed bursting. It is observed that majority of turbulence energy
is produced in the sublayer /buffer zone regions [20.8].

It is well known that the edge of a turbulent boundary layer is irregular with
peaks and valleys on the scale of boundary layer thickness. Frecstream fluid is
entrained into the turbulent boundary layer at the irregular interface. Furthermore,
it is observed that the flow in the outer region of the boundary layer under the bulges
develops rotational spanwise eddies [20.9]. This outer region large-scale eddy is
illustrated in Figure 20-6.

There is ample evidence that the turbulence in the inner region is self-sustaining
and that the outer layer has some effect on the near wall production process [20.10].
Obviously, there is an interaction between the inner and outer regions in that there
is a transfer of mass, momentum, and energy from the outer layer to the inner layer
and vice versa.

Vortical structures have also been used extensively in description of conceptual
models of turbulent boundary layers. A brief and limited discussion of voritcal
structures is described in this section. The purpose again is to familiarize the reader
with some of the proposed models. For a comprehensive review Reference [20.1]
is highly recommended. The proposed conceptual model populates the turbulent
boundary layer with various vortices, which are the elements in the turbulence
production and dissipation as well as transport of mass and momentum between
the inner and outer layers. One of the most common vortical structures used is
the hairpin vortex (in high Reynolds number region) and the horseshoe vortex (in
low Reynolds number region) within the inner region. These vortices are inclined
in the downstream direction at relatively small angles from the wall, in the range
of 10° ~ 50°. The formation of these vortices can be visualized as lifting of the
streamwise vortices, which are stretched and deformed to a horseshoe vortex. As
discussed previously, spanwise vortices or large eddies are developed in the outer
region.

20.5 Production, Diffusion, and Dissipation of Turbu-
lence

Any proposed mathematical model must be based on correct representation
of the physical processes involved in the problem under consideration. For exam-
ple, the Navier-Stokes equations include unsteady, convective, and diffusive terms.
Similarly in developing a turbulence model, physical processes involved must be
identified and must be included in the proposed mathematical model. These pro-
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cesses include unsteadiness, convection, production, diffusion, and dissipation of
turbulence. A basic description of production, diffusion, and dissipation of turbu-
lence is to follow.

Turbulence is produced by different processes depending on the physics of the
problem. For example, turbulence is produced in the inner region of a turbulent
boundary layer by a process called bursting or one may argue the production is the
result of formation of hairpin vortices. The turbulent eddies formed in the inner
region are typically of small scale. On the other hand, turbulence production in
the outer region and formation of eddies are of larger scales. Processes also occurs
where smaller eddies may grow and become larger eddies and vice versa where the
larger eddies become smaller and smaller. Thus, one aspect of any turbulent flow
is production of turbulence, which is commonly referred to as production.

The second aspect is diffusion. Recall that mass, energy, and momentum are
transported within a fluid domain due to random motion of molecules, given rise
to mass diffusion, thermal diffusion, and viscous diffusion. It can be argued that
due to the random motion of eddies in a turbulent flow, there is a transport of
fluid properties from one region of the flow to another region. This process tends
to increase the mixing process in the fluid and is referred to as eddy diffusion or
simply as diffusion. Finally, recall that eddies of different scales are formed in a
turbulent flow. The largest scale in a turbulent boundary layer has an upper limit of
boundary layer thickness. Similarly, there is a lower limit beyond which the small-
scale eddy is self-destructive. Of course, molecular viscosity is the primary factor.
Note that as smaller and smaller eddies are formed, due to their large velocity
gradient, the viscous forces become considerable and eventually the smallest eddies
are destroyed. Furthermore, due to the large velocity gradient associated with
smaller eddies; they dominate the energy dissipation process in the flow. This
process of energy dissipation and destruction of small eddies is known as dissipation.

20.6 Length and Time Scales of Turbulence

It is obvious at this point that there is a wide range of scales associated with
turbulent flows. The small and large eddies developed in a turbulent flow each
possess certain characteristics which are important if one attempts to develop pre-
diction methods for turbulent flows. For example, in direct numerical simulations
it is imperative that the size of spatial grid be sufficiently fine in order to accurately
capture the essence of small scale eddies.

Recall that most of the energy in a turbulent flow is contained in large eddies
due to their intense velocity fluctuations. Furthermore, the lifespan of the large-
scale fluctuations is relatively long. On the other hand, the energy associated with



14 Chapter 20

smaller eddies is smaller due to their smaller velocity fluctuations and their life
span is considerably shorter. Furthermore, recall that kinetic energy is transferred
from larger eddies to smaller and smaller eddies the so called cascading process.
Eventually, the kinetic energy is dissipated into heat due to the action of molecular
viscosity at the scale of smallest eddies.

Now consider a turbulent boundary layer with a freestream velocity of Uy and
a boundary layer thickness §. Define a turnover time for the large eddies by 6/Uj.
The energy of the large eddy is proportional to U$. Hence, the rate of dissipation
¢ would be proportional to U3 /6.

The scales of turbulence can be easily established for smallest eddies if one uses
Kolmogorov universal equilibrium theorem which states that the rate of transfer of
energy from larger eddies to smaller eddies is approximately equal to the dissipation
of energy to heat by the smallest eddies. Therefore, the primary parameters for
smallest eddies are the mean dissipation and kinematics viscosity. Hence, one can
use dimensional argument to establish the following length (7)), velocity (v), and
time (7) scales,

ﬂ
il
N
™
S’
=
L]

which are known as the Kolmogorov scales of length, velocity, and time. The
Kolmogorov length scale n is then a measure of smallest eddies which can withstand
the damping effect of molecular viscosity. It is important to note that the smallest
length scale of turbulence that we have defined as the Kolmogorov length scale is
still much larger than the mean free path of molecules, the primary requirement of
continuum model. Therefore, the continuum model is commonly used for turbulent
flows.

It is appropriate at this time to review the concept of isotropy, which is used
extensively in turbulent flows, and it has significant implications for turbulence
models and large eddy simulation. Isotropy generically implies invariance with
respect to orientation. The assumption of local isotropy is used for small turbulence
scales. Experimental and theoretical considerations indicate that this assumption
is reasonable under certain circumstances. Nonetheless, the assumption of local
isotropy is used extensively. The implication of this assumption on the accuracy of
solutions and alternate procedures are currently under intense investigations.
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Figure 20-7. Development of Kelvin-Helmholtz vortex.

20.7 Free Shear Layer Flows

The general characteristics of turbulent free shear layers are reviewed in this
section. Consider two flows at different velocities at the upper and lower surfaces
of a splitter plate. Once the flows pass the trailing edge, instabilities known as
Kelvin-Helmholtz instability is developed at the interface. Skematic of this process
and formation of Kelvin-Helmholtz vortex is shown in Figure 20-7. Based on the
stability analysis discussed previously, it can be shown that the primary factor
in the development of these instabilities is governed by inviscid character of the
flow. That is, molecular viscosity has little influence in the development of these
instabilities as long as molecular viscosity is small. Recall that on the contrary,
the primary factor in the development of wall bounded instability was molecular
viscosity. Once the Kelvin-Helmholtz instability is initiated, due to the roll up and
pairing, Kelvin-Helmholtz vortices are formed which are carried downstream. These
large scale eddies are very regular and possess certain degree of spatial organization.
Due to their regular formation, they are referred to as coherent structures. These
large coherent structured eddies which encompass the shear layer thickness, will
grow linearly as they move downstream due to entrainment of external flow and
pairing process and swallowing of existing vortices in the shear layer. It is observed
experimentally that subsequent to initial pairing of vortices, a three-dimensional
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breakdown into turbulence takes place. Thus, imposed on the quasi two-dimensional
coherent eddies are the three-dimensional small scale eddies. As in the case of
wall-bounded turbulent flows, a significant fraction of turbulent kinetic energy and
Reynolds stresses are due to large scale eddies.

20.8 Numerical Techniques for Turbulent Flows

The conservation equations in differential form referced to as the Navier-Stokes
equations can be solved numerically to predict transition and evolution of turbu-
lence. In fact the Navier-Stokes equations can be numerically solved for any turbu-
lent flow and it is common to refer to the approach as Direct Numerical Simulation
(DNS). This sounds too good to be true and in fact it is at this time. Eventually, as
more powerful computers capable of massive computations and having capacity of
huge storage are developed, this dream will become a reality. When this will occur
is an open question, perhaps within the next 50~100 years! Let’s be optimistic.

Several issues must be considered and addressed if one is to use DNS for turbu-
lent flows. First, all scales of turbulence from smallest to largest must be accom-
modated. This is where limitations to DNS are imposed by present day computers.
To identify the problem, recall that the smallest scale of turbulence to consider is
the Kolmogorov length scale 7, and one can consider the boundary layer thickness
6 as the largest scale. To adequately resolve small-scale eddies whose size is of the
order of Kolmogorov length scale, a minimum of 4 to 6 grid points are required in
each direction. It is rather simple to establish an estimate of the number of grid
points required for a DNS of turbulent flows. For example, consider a turbulent
boundary layer where the largest length scale is the boundary layer thickness 4.
For a three-dimensional computation, the number of grid points with a domain of
6 x & x 6 would be approximately

R

where 6 grid points in each direction are used to resolve small scale eddies. Substi-
tution of n = (13/€)"/* and € = U$/6 yields

. 1473 . 9/4
(T -T2

R€6=UL6
v

where

Thus N is proportional to (Res)®* for the three-dimensional DNS of turbulent
boundary layer. Simple estimate of the number of grid points for Res; = 5000
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would be around 4.5 x 10'® grid points. Observe that this is the number of grid
points required for a cubical domain of § x § x §. However, even for a simple
problem of flat plate or a channel flow, the domain of solution must be in the
order of several § in each direction, most likely several hundred é in the streamwise
direction. And of course for complex geometries it would be in the order of several
million. It is thus seen that the number of required grid points for relatively complex
geometries at realistic Reynolds numbers are currently beyond the capability of
available computers. Current applications of DNS have been limited to simple
geometries at relatively low Reynolds numbers. A review of these applications will
be presented in Chapter 23. We can then conclude that, due to the above-mentioned
limitations, application of DNS to a majority of problems of interest is ruled out
at present. However, this conclusion does not make DNS obsolete, on the contrary,
the available results from DNS provide valuable data on the process of transition
and development of turbulent flow. These data can be used for development and
improvements of turbulence models. Furthermore, DNS provides wide range of
data, some of which is very difficult or impossible to measure experimentally, Thus,
DNS plays an important role in our understanding and prediction of turbulence and
its importance will increase as more powerful computers are developed.

In addition to computer requirements of DNS, several numerical issues must
also be addressed. First, the numerical scheme used must be higher order accurate.
Recall that typical schemes used in CFD applications are second-order accurate
in space. In order to accurately resolve various scales of turbulence an order of
accuracy of four or preferably six is required. For this purpose, compact finite
difference formulations appear to be very attractive. The compact finite difference
formulations will be discussed in Chapter 22.

The second numerical issue is development of accurate boundary conditions.
Treatment of boundary conditions will be addressed in Chapter 15.

At this point in time application of DNS for practical problems and its use in
design process is ruled out. However, over the last several decades approximate
procedures have been developed which allow us to solve turbulent flow fields. The
scheme is based on averaging of the fluid properties whereby the high frequency
(small-scale) fluctuations are removed. These fluctuating terms are then related
to the mean flow properties by relations, which are known as turbulence models.
Turbulence models are primarily developed based on experimental data obtained
from relatively simple flows under controlled environment. That in turn limits the
range of applicability of turbulence models. That is, no single turbulence model
is capable of providing accurate solution over a wide range of flow conditions and
geometries. Nonetheless, turbulence models are a practical approach for solution of
turbulent flows and are used extensively. Discussion of several turbulence models
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and numerical considerations are provided in Chapter 21.

Finally, a third approach is the large eddy simulation (LES), where large scale
structure in the flow are directly simulated whereas small scales are filtered out
and are computed by turbulence models called subgrid scale models. Recall that
previously it was pointed out that the small scale eddies are more uniform and
have more or less common characteristics. Therefore, modeling of small scale tur-
bulence appears more appropriate and the models should apply over wide range of
applications. From numerical point of view, since the small-scale turbulence is now
modeled, the grid spacing could be much larger than Kolmogorov length scale. This
in turn allows applications of LES to larger Reynolds numbers possible. Further
discussions of LES and DNS will be provided in Chapter 23.

20.9 Concluding Remarks

e Small-scale eddies appear to be more organized and have similar structure
and characteristics in all turbulent flows.

e Large-scale eddies in shear laycrs are more or less regular and possess co-
herent structure even though it is possible for them to become irregular.
Imposed upon the large scale coherent quasi two-dimensional structures are
three-dimensional small scale eddies.

e The growth of large-scale eddies are primarily governed by inertia and pressure
effects, whereas viscosity is the primary factor for small scale eddies. In fact,
viscosity is the dominant factor limiting the size of small scale eddies.

e Turbulence is an unsteady phenomenon and it is inherently three-dimensional.
Eddies overlap in space and larger eddies carry smaller eddizcs.

¢ The majority of turbulence production in a boundary layer takes place in the
near wall buffer zone where bursting process occurs.

o Kinetic energy contained in large eddies are transferred to smaller eddies and
ultimately dissipated into heat at the level of smallest eddies due to molecular
viscosity.

e The transfer of energy from larger eddies to smaller and smaller eddies is
defined as cascading.

¢ Kolmogorov length scale is the smallest length scale of turbulence. It is estab-
lished based on the equilibrium of rate of transfer of energy from the larger
eddies to smaller eddies and the dissipation of energy to heat by smallest
eddies. The Kolmogrov length scale for a typical flow is about 0.1~1mm.
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o As the flow Reynolds number is increased, the range of eddy sizes becomes
wider with the smallest eddies getting smaller.

e An increase in the low Reynolds number results in longer energy cascade.

e It is perfectly reasonable and logical to solve the governing equations of fluid
motion subject to well defined initial and boundary conditions by numerical
schemes for turbulent flows. This approach is known as direct numerical
simulation (DNS). All relevant scales of turbulence must be accommodated
for DNS of turbulent flows. As a result, DNS is extremely computer intensive
and for most applications beyond the capabilities of available computers.

e The number of grid points for DNS of turbulent flows scales as Re®/* for
three-dimensional problems and as Re? for two-dimensional problems. When
the smallest scales of the flow are filtered out and the remaining scales are
directly computed by the filtered Navier-Stokes equation, the procedure is
called large eddy simulation (LES). The filtered small scales are determined
with the subgrid scale models and thus introduce some degree of uncertainties
into the computations.
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Turbulent Flow and Turbulence Models

21.1 Introductory Remarks

Fundamental concepts, basic definitions, conceptual models, and numerical
considerations for turbulent flows were established in the previous chapter. Three
different techniques for the computation of turbulent flows were identified, and a
brief description of each was presented. It was pointed out that, due to large com-
putational time and computational resource requirements for DNS and, to some
extent, for LES, these techniques are used more or less for research-oriented appli-
cations at this time. For routine computations involving turbulence, the averaged
Navier-Stokes equations complemented with turbulence models are utilized. The
objectives of this chapter are (a} to review the relevant averaged Navier-Stokes
equations and turbulence models, (b) to explore the appropriate numerical schemes
for solutions, and (c) to investigate several applications. Discussion of LES and
DNS are presented in Chapter 23.

21.2 Fundamental Concepts

In this section, the fundamentals of turbulent flows, some of which were in-
troduced in the previous chapter, are explored and reiterated. This explanation is
accomplished by considering the classical turbulent boundary layers.

In many high Reynolds number flows, the effect of viscous forces is dominant
in the regions adjacent to the surface. This region is known as the boundary layer.
As it was pointed out in the previous chapter, a boundary layer usually starts
with well-behaved streamlines where the fluid mixing is at a microscopic level.
This type of boundary layer flow is identified as a laminar boundary layer. Due
to conditions imposed by the geometry and flow field, such as surface roughness,
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surface temperature, surface injection, and pressure gradient, the mixing of the
fluid increases and takes place at the macroscopic level; streamlines are no longer
well-behaved. This type of flow is known as turbulent flow. There is a transitional
region between laminar and turbulent boundary layers known as the transition
region, which was described in Section 20.3. The various boundary layer regions

are shown in Figure 21-1.

lilile

|

Laminar

Transition

Turbulent

Figure 21-1 Various flow regimes near the surface.

Laminar

Turbulent

U/u_

Figure 21-2 Comparison of typical velocity profiles in laminar and
turbulent boundary layers.
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As a result of heavy mixing of the fluid in a turbulent boundary layer and the
associated large momentum flux, the velocity profile becomes fuller in a turbulent
boundary layer as compared to a laminar boundary layer; i.e., the velocity gradient
near the wall for a turbulent boundary layer is larger than the velocity gradient
of a laminar boundary layer. Typical velocity profiles for laminar and turbulent
boundary layers are shown in Figure 21-2.

In addition, boundary layer flows can be classified into velocity boundary layers
and thermal boundary layers. For most problems, velocity boundary layer thick-
ness and thermal boundary layer thickness are not identical. Typical velocity and
thermal boundary layers are shown in Figure 21-3.

Ua Ty

Thermat Boundary Layer

Velocity Boundary Layer
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-
r
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. —

Figure 21-3 A typical comparison of velocity and thermal boundary layers.

Recall that a nondimensional parameter was previously defined as the Prandtl

number and expressed as
pr— Y _Ho
o k

This parameter represents the ratio of momentum transfer in the flow to that of
heat transfer. Therefore, it may represent relative velocity and thermal boundary
layer thicknesses. Figure 21-4 illustrates this relation. If § and &; are used to denote
the velocity and thermal boundary layer thicknesses, respectively, then,

for Pr<i , b >0
Pr=1 , be=26

and for Pr>1 . § < b
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Figure 21-4. The velocity and thermal boundary layer thicknesses for
various Prandt! numbers.

21.2.1 Universal Velocity Distribution

A turbulent boundary layer over a smooth flat plate with zero pressure gra-
dient is perhaps one of the simplest type of turbulent flows. However, even this
“simple” turbulent flow is in fact very complex, and an analytical solution can not
be obtained. It is therefore desirable to develop semi-empirical relations, which
can be used to provide approximate solutions for the simple turbulent flows. One
such relation is the Universal Velocity Distribution, which is reviewed in this sec-
tion. This relation is developed based on dimensional analysis and incorporation of
experimental data to determine the constants appearing in the expression.

Physical parameters which influence the velocity profile near the wall include
density (p), viscosity (u), distance to the wall (y), surface roughness (k), and the
velocity gradient at the wall [(du/dy).), or, equivalently, the shear stress at the wall
(1w). Thus, a functional relation for the near wall velocity is written as

u= F(ps VY, k: Tw) (21'1)

Note that the influence of the outer layer on the near wall velocity profile enters
through

u = f(y*, k) (21-2)
where

k= (21-3)
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Expression {21-2) is reduced to

ut = fy") (21-4)

for a smooth wall. This relation is known as the law of the wall. In terms of the
different regions of turbulent boundary layer defined previously in Section 20.2, the
law of the wall is valid for the viscous layer, the buffer zone, and the fully turbulent
portions of the boundary layer. It should be noted that the total shear stress
composed of viscous stress and Reynolds stress is approximately constant within
the regime governed by the law of the wall.

The outer region velocity profile can be expressed as

u —u. = G(p,y, 6, ur, dp/dz) (21-5)

or in terms of nondimensional parameters as

u-u _ (v & dp -

This relation is known as the defect law. Observe that viscosity does not appear
in the functional relation (21-5). Recall that as previously discussed in Section 20-
20, the effect of viscosity is to dissipate the small eddies due to existence of large
velocity gradient. This effect is dominant near the wall where the Reynolds number
is relatively low. However, the contribution of small eddies to the Reynolds stress
in the high Reynolds number outer region is in fact negligible. As a consequence it
is argued that the outer region of the velocity profile is essentially independent of
viscosity.

At this point, a relation for the near wall region known as the law of the wall,
given by the functional form (21-1) or equivalently by (21-2), and a relation for the
outer region known as the defect law, given by (21-5) or (21-6), has been established
based on dimensional analysis and experimental observations. It is then obvious
that these relations must merge together smoothly over a finite region between
the near wall region and the outer region. This region is known as the log layer
or the overlap layer. The length of the log layer is problem dependent, and, in
particular, a function of Reynolds number (u,8)/v. Typical range of log layer is
~ 50 < y* <~ 400, or, in terms of y/§, ~ 0.01 <y/é <~ 0.2.

Now consider a smooth flat plate with no imposed pressure gradient. Then,
from relation (21-4), the law of the wall is

Lo g (L) =g (% .“:'V_‘S) (21-7)
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and, from relation (21-6), the defect law is written as

Y Y v -
Ur uT+g(6) (21-8)
Since, in the log layer relations, (21-7) and (21-8) must merge together, we set
u© us6 Ue J
= =~ L 21-
f(6 V) ur+g(5) (21-9)

Functional analysis indicates the validity of relation (21-9) if both f and ¢ have
logarithmic form. Thus an equation in the following form is established

u 1

— =Zfny*+ B 21-

w ny’ + (21-10)
where B and « (von Karman Constant) are nondimensional constants determined
from experimental data, with typical values of kK = 0.4 ~ 0.41 and B = 5.0 ~ 5.5.

Thus, Equation (21-10) is written as
ut =2.5¢ny* + 5.5 (21-11)

The equation for the outer layer can be expressed as

oL éfng - (21-12)

6

Uy

where
A=235

It is important to emphasize that both relations given by (21-11) and (21-12)
are valid only for incompressible flows over smooth flat plates with zero pressure
gradient.

Now consider the velocity profile very near the wall within the viscous sublayer,
that is, y* < 2 ~ 8. This is a region where viscous shear dominates and the velocity
profile can be approximated to be linear. Therefore,

ot T, u u
Tw _HY_ U
PPy Y
or "
1=t
from which
UrY
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or
ut =4t (21-13)

The velocity profile in the sublayer region given by (21-13) must smoothly merge
with the velocity profile for the log layer given by (21-11). A relation satisfying this
requirement is established using experimental data as

ut =5.0fny" - 3.05 (21-14)

which is valid for the buffer zone, that is, 2 ~ 8 < y* < 2 ~ 50.

Now that several relations which essentially form the law of the wall have been
established, Figure 20-3 is repeated as Figure 21-5, where the equation for each
region is identified. The compressibility law of the wall for the log layer can be
derived for most turbulence models. The main assumption used in the derivation
is based on the fact that the convection effects are small within the log layer, and
therefore they are ignored in the equations of fluid motion and the turbulence models
are considered. The mathematical details are omitted here, however the details can
be found in References (21.1, 21.2). The resulting expressions from the k — ¢ model
and the k — w model are, respectively,

1
uwt=—tny*+B (21-15)
where
1 .\ 5/4
B.= B+ —tn (E_ ) (21-16)
Ke Puw
and
wt = - ny* + B (21-17)
where
] _\1/4
B,=B+—fn (-f’—) (21-18)
Ky Pw

and p,, is the density at the wall. The constants k. and &, are known as the effective
von Karman constants. In fact, k. and k. are not constants, but are variables for
which expressions can be developed, as in Reference (21.1). However, the variation
in the values of k. and k, is typically small, in the range of about 0.2 percent for
k., and b percent for k. when the Mach number range is up to about 5. Therefore,
for simplicity, one may select k, = k. = k = 0.41.
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Figure 21-5. Nondimensional velocity profile for an incompressible turbu-
lent flow over a flat plate and identification of different regions
within the turbulent boundary layer.

21.3 Modifications of the Equations of Fluid Motion

In order to include and account for the effect of turbulence in a flow field, the
equations of fluid motion are modified and amended by turbulence models. There
are two approaches to reformulate the Navier-Stokes equations for this purpose. In
both approaches, an averaging process is used. The resulting equations are kqown
as the Reynolds Averaged Navier-Stokes equations (RANS) and the Favre Averaged
Navier-Stokes equations (FANS). The governing equations and assumptions for each
approach are presented in the section (21.3.1) for RANS and in the section (21.8)

for FANS.
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21.3.1 Reynolds Averaged Navier-Stokes Equations

Traditionally this modification is accomplished by representing the instanta-
neous flow quantities by the sum of a mean value (denoted by a bar over the variable)
and a time-dependent fluctuating value (denoted by a prime). Mathematically, it
is expressed as

f=f+f (21-19)
where
_ 1 t+AL
== f fat (21-20)

These quantities are shown graphically in Figure 21-6. The time averaging of a
fluctuating quantity over a time interval At results in
1 L+ AL

F=x t/ fldt =0 (21-21)

f/ Sl
fI ) —_

Figure 21-6. Illustration of the average and fluctuating quantities for
steady and unsteady flows.

The time interval, At, used in the definitions above must be larger than the period
of fluctuating quantities but smaller than the time interval associated with the
unsteady flow. Thus the time interval is problem dependent, i.e., depends on the
geometry and physics of the flow field being investigated. Note that for a steady
flow the time-averaged mean value is constant while for an unsteady flow it is a
function of time.

In order to carry out the mathematical details, the following averaging rules are
applied:

f=7 (21-22a)
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f+e9 = f+7 (21-22b)
fo = T3 (21-22c)

g _ gi (21-22d)

7 # 0 (21-22¢)

fd # 0 (21-22f)
F+i = F+77 (21-22g)

It is important to recognize that the averaged values of the products of fluctuat-
ing terms represented by f7¢’ are not, in general, zero. Indeed, these quantities—in
particular, those involving the velocity fluctuations—are critically important and
represent the cornerstone of turbulent flow effects.

The conservation of mass for a two-dimensional flow is given by the first com-
ponent of Equation (11-192), which can be expressed in dimensional form as

%+ 5lon) + (o) + S(ow) = 0

The density and velocity components are replaced by relation (21-19) to provide
a — / a - ! — ! a —_— I\ v f
5P+ P) + 5 [P+ ) @+ u)) + 3y (7 +6) (T+ V)]

+ 21+ ) @ +V)] =0
Once this equation is expanded, it is time averaged according to rules set by
(21-22) to provide
Lo/ 2N R — O/ G ——\
ét—+&-(pu+p’u’)+5§(pv+p’v’)+§(pv+p’v’)—0 (21-23)

The mathematical manipulation for the momentum equation is considered for
the z-component, and, subsequently, the results are extended to the y-component.
The z-component of the momentum equation in dimensional form is given by the
second component of (11-192) as

9 ., , 3 ) 46u 28w
g0+ w494 o+ Sl = (352 - 55)

g Ou v o ou Ov 2 9 v
42338 2]
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The instantaneous values are replaced by time-averaged mean and fluctuating values
to provide

2 {p+e) @)+ 2 [@+e) @)+ G+ 9)]

+ % [(P+p) (T+ o) (@ + ) + % [(B+p) @+u') (T+0)] =

P

Since the fluctuating component of viscosity is usually small, it has not been in-
cluded in this equation. Now the entire equation is time averaged and subsequently
rearranged as

ai (puv + puv’ + apv' + TP + UV ) + % (PUT + DUV + TPV + TPW + UV ) =
+ o @ v Jv 2 4 T
v a oy Oz 3Yar #y

Writing this equation in terms of shear stresses, one obtains

%(ﬁﬁ+p/u’)+—a-(pu +p+up’u)+(%(ﬁﬁﬁ+ﬂ'—_’)+%(ﬁﬁﬁ+ﬂ7)=
Y
+= [m 352 (# ( ) Py’ — Tpu’ — P’uv] (21-24)

Similarly, the y-component of the momentum equation becomes

g (P74 79) + g (v 97) + o (74 5+ 97)

+ ¢ PU: 4+ TpV) = —(?— Tzy — pu'v! — Up't' — pu'v
v oz
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2 = 02 _ A2 al_ =
+ By (Tm, — pu* — pv? — iy’ ) ” l'rwp — T

2p_ 2 0 ( U\ = e
ByU 3y8y (uy) pu? — p'v? — vply (21-25)

The energy equation given by the fourth component of (11-192) in terms of the
total energy per unit mass is expressed as

55 000+ 3 e+ P)ul + 5 (e +.)v) + S (e ) o) =

ad
+ ‘% ['Uf'r:xp + UTzy — Q:r] + b—y' [’u’sz + UTyyp — Q'y]

+2ur+v7-—gv—-—623— 9 (2 w
" Ty we — Qy 3#y yay 3'uy yax ,uy

Note that the total energy is assumed to be composed of internal energy and ki-
netic energy. The mathematical procedure used to include turbulence is similar to
previous manipulations. The final form of the energy equation becomes

O 1 1 N ~
&[pc; + 5P (u"2 + v’z) +pe + 5 (p’u’2 + p’v’z) +upu’ + vp’v’]

d 1 —_— — —
+ — [’ﬁ (. +P) + 5pT (w2 +v7) + T (P + g + vp'u')

T (pu + P0?) + 7 ( + %173"+ -;—u’_v"z) +7 (Tu? + T

e 1,
+Epu + pe'u + 3 (p’uﬂ + 2up'u + pulv + %p’u’v’) +p’u’]

3 1 — — =
+ 5 [ﬁ (P& +P) + §ﬁﬁ( 2+ %) + 7 (J€ + TP + TPV ) +

1l b — — 1l 1 L
+37 (p’u’2 + p’v’ﬁ) +p (e’v’ + §u’2v' + §v’3) +p (ﬁu’v’ + ﬁv’”)

+ &PV + pev + = (p’v’u’z + 2TpUV + v 2"p’v’2) +p’v]
9 (W7 +v2) + 7 (7€ + Tod + 050

_— 1 1 _
(a2 2) 45 gy 2B 5 (% T2
v(p/u +p’v’)+p(e’u’+2u v’+2v )+p(uu’v’+vv )
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_ e 1 —-— -
+ BT + FET + o (P + 2T + O + TR + p’v'] -

i[ﬁ? +77 —ka—T+ 10 2,00
dx | T " Fer TH 3" e 3" dy

+ _g I.Q}.‘i_{_vfggt ?_EE ]
“\73\" oz dy +3y

+3[ﬁ— I Ty LA u'%Jru'@ 2wy
A A M ol W ay) " 3y
4 ov 2 ,0u 2p 0\ 24—
”(3"5“ 3 E)_rii( ) =5 )
_agﬁ—z"ﬁ_igﬁ*—_ﬂ] -
yay (3y ('U + v )) yax (3y (uv+uv) (21 26)

Now it is obvious that the number of unknowns in the system of equations
composed of (21-23) through (21-26) has increased significantly. Before considering
additional relations to close the system, some reduction of terms is introduced. It
has been shown experimentally that, for flows up to about Mach five, turbulence
structure remains unchanged and is similar to that of incompressible flows (the
so-called Morkovin hypothesis). Therefore, the fluctuating correlations involving
density fluctuations are usually neglected. In addition, triple correlations such as
v® are assumed smaller than the double correlations and are neglected as well.
Finally, Equations (21-23) through (21-26) are expressed as

! !
%+%+%§+%+ah’=a§’+a@? aH.,+%€-+%—§+aH’ (21-27)
where
5 0
Q= pu (21-28a) Q= 0 (21-28b)
pv 0
e 1p (w7 +v7)
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pu [ pT
_H2 + P R
E=| "7 | a8y  F= |07 (21-284)
puv pU+D
(e +pu (pe:+3)7
pv [ O
puUv T
p=1]? \ (21-28¢) E,=| "~ (21-28f)
Y|Py Try
(ﬁEI + ﬁ) v L ﬁFz:p + ﬁ-'fzy q::
0
Tz
F,=| " (21-28g)
Tyyp
UTzy + TTyyp — Gy
) i
= 2,08 ]
Toy — 3Y5s (M
Hy=2| " "’_a’(;’)_ s 5/ ® (21-28h)
Y| Fom — oo — 557 — 595 (1Y)
| TTay + U7y — Ty = 4 (0%) -0, %ﬂ';) ~-yZ (%ﬂ"?") ]
. )
i
E'=| —puv (21-292)
175 (F+7) =3 (%) 75 () ~55(77) - 77
| e (3% - 2B 4 u[-E (v v + 4 _
- ]
_ﬁ,ulvl
F=|-p? (21-29b)
—3P7 (u’2 + v’z) -p (e’v’) —-Pu E’_v’) —-pT (W) — v
[ T ) + 43+ (-
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(21-29¢)

Additional unknowns appear in the system of equations given by (21-27) as a
result of modification of the original system (11-192) to include the effect of turbu-
lence. It is obvious that the solution of Equation (21-27), which includes turbulence
quantities, would be a very challenging task. In fact, in practice, the effect of tur-
bulence in most applications is simulated by the introduction of turbulent viscosity
and turbulent conductivity, as will be shown in Section 21.3.1.1. In either case,
there are additional unknowns in the Navier-Stokes equations, due to turbulence.

In order to close the system, supplementary relations must be introduced. These
relations are known as turbulence models, which in general relate the fluctuating
correlations to the mean flow properties by means of empirical constants. Turbu-
lence models vary in degree of sophistication from simple algebraic equations to
systems of partial differential equations. Surprisingly enough, in many instances
simple algebraic models provide as good a result as sophisticated models, with less
computation time. Obviously, the ultimate goal is to simulate and resolve all scales
of turbulence directly by the Navier-Stokes equations. However, due to limitations
in the capacity of current computers, the direct simulation approach is more or less
at the research level, and it has not matured for routine computations as yet. With
the advancement in computer technology, however, this goal will be accomplished
in the future. Research toward this goal is underway.

21.3.1.1 Turbulent Shear Stress and Heat Flux:

In this section, some of the fundamental concepts introduced by the early inves-
tigating pioneers are explored. For the sake of simplicity, the steady incompressible
boundary layer equations are considered. The governing equations are expressed as

ou Ov
a2 = 21-30
e o 0 ( )
_8u  _0Ou 19p , 0% 0
- = = _-ZF S — — (U 21-31
u6z+v6y p Oz o2 By (uv) ( )
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= Iyl

Oy

Cp

In the equation above, « is the thermal diffusivity.

It can be shown that the macroscopic momentum exchange due to turbulence is
represented by —puv’, which is referred to as the turbulent shear stress (or Reynolds
stress), denoted herein by ;. It is customary to combine the laminar and turbulent
shear stress terms in Equation (21-31) as

8T 8T v (dm)\ 1(__)8a &'T

9 2y

Oz 9 ,— 138
Ua—y-i — Ey- (u 'U) = "; 5;(7'( +T¢) (21-33)

For a laminar flow under the assumptions stated, one may write

du du

= ,ua—y = pua—y (21-34)

In order to express the turbulent shear in a similar form, consider the concept of
eddy viscosity, where the turbulent shear stress is related to the gradient of the
mean flow velocity. This analogy was introduced by Boussinesq and is referred to
as the Boussinesq assumption. Thus, one writes

ou au
n= “‘a_: = pwa—; (21-35)

where u; (or v;) is known as the turbulent viscosity or eddy viscosity. Hence,
Equation (21-31) may be expressed as

(7} 1
—_— - —_ 21-36

In a similar fashion, turbulent conductivity is defined to combine laminar and
turbulent heat fluxes. For a laminar flow, the Fourier heat conduction law is ex-
pressed as

q oT 6T
_ [ —_— T e — 1"
(A); Koy = TP, (21-37)
For turbulent heat flux, the following is written,
q\ _ aT _ aT
(£),=* gy = Py (21-38)

where k; is the turbulent conductivity and a; is the turbulent diffusivity. Now, the
energy equation may be rearranged as

ﬁ% + ag—T; = i(‘n + n)g—z - iaa_y [(%)‘ + (i)c] (21-39)
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or in terms of turbulent parameters,

0u 1 o°T

8T T 1 :
7 — =) +—(k+k)— 21-40
(B + ) (5y) pc,,( ‘)ay2 ( )

"3;4—'0-6;:[)0?

U

Note that, up to this point, the problem of closure has not been addressed,
i.e., two additional unknowns still remain. All that has been accomplished is the
rewriting of the equations by introducing the Boussinesq assumption.

It is well known that in a laminar flow the mixing of fluid is at the molecular
level, and the viscous stresses and heat fluxes are due to momentum and energy
transfer by molecules traveling a distance of mean-free path before collision. A
similar concept is extended to turbulent flows, where it is assumed that lumps of
fluid travel a finite distance before collision and before losing their identity. The
resulting momentum and energy exchange give rise to what was defined as turbulent
shear stress and turbulent heat flux. This finite distance is defined as the mixing
length, l,,. This concept was introduced by Prandtl and is known as the Prandtl
mixing length. The Prandt] hypothesis is expressed as

_ 0w\’
= —mii — pl2 | 2= -
T pu'v' = pli, (ay) (21-41)
Similarly,
—\ 2
q 2 oT
9y _ p(%2 21-42
(%), (%) (21.42)

In terms of turbulent viscosity and turbulent conductivity, the following may be
written:

ou
- ) -
ar
= i et —4

The concept of turbulent viscosity and turbulent conductivity can be easily ex-
tended to general flow fields governed by the Navier-Stokes equations. For example,

for a 2-D problem,
t
2 271
pe = pl, [(Z_z) + (gg) ] (21-45)

What has been accomplished up to this point is the introduction of new param-
eters, and the central issue of closure is not complete as yet since one still has two
additional unknowns, now in the form of p; and k;, or, equivalently, in and [..
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In order to write expressions for mixing lengths, experimental investigations are
heavily relied upon; and [, and I, are modeled for the various flow regimes, namely
the inner and outer regions.

Before proceeding further, it is beneificial to elaborate on the concept of mixing
length [, and the turbulence length scale !, because both are used in the develop-
ment of turbulence models. Recall that previously, in Chapter 20, the turbulence
length scale was defined as a characteristic length associated with the eddy size in a
turbulent flow. The smallest of the length scales was defined as Kolmogorov length
scale associated with the smallest eddy. It was also established that the size of the
length scale within a flow varies substantially from the smallest scale (Kolmogorov
length scale) to the largest scale (the size of boundary layer or shear layer thick-
nesses). Furthermore, length scales are flow dependent and would be different for
different flow conditions.

The concept of mixing length proposed by Prandtl was developed based on
the analogy of momentum exchange in laminar and turbulent flows. Thus, mixing
length is a nonphysical property. The mixing length concept was used by pioneering
investigators in the development of turbulence models expressed as algebraic rela-
tions. Later on, when one- and two-equation models were developed, the concept
of turbulence length scale was incorporated in the expressions for turbulence quan-
titites. Thus, the mixing length and the turbulence length scale are in fact different
quantities, and in general the mixing length would not be equal to the turbulence
length scale. However, for a special case where the ratio of production to dissipation
remains constant, the length scale would be proportional to the mixing length, that
is, [ =constant - I,.

In the introduction of turbulence models to follow, the mixing length concept will
be used primarily for the algebraic turbulence models, whereas turbulence length
scale is used in the one- and two-equation turbulence models.

21.3.1.2 Flux Vector RANS Formulation:

A simple and practical approach to include the effect of turbulence in the Navier-
Stokes equations is simply to replace the molecular viscosity p in the stress terms
by (i + p:) and the term (u/Pr) in the heat conduction term by (u/Pr -+ p,/ Pry).
The parameter Pry is called the turbulent Prandtl number, and for air it is generally
taken to be 0.9 for wall bounded flows and 0.5 for shear layers.

Returning to the nondimensional Navier-Stokes equations in the computational
space given by Equation (11-60) and repeated here for convenience, one has

8Q OH8E OF 4G OPE, OF, 0G,
5?+6—£+a—n'+a—c= 3f+3’f]+aC (21-46)

where the flux vectors are given by (11-62) through (11-67). Now, to include the
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effect of turbulence, Equation (21-46) is used along with the following definitions
for the viscous stress and heat conduction terms.
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where the value of y, is provided by a turbulence model.

21.4 Turbulence Models

(21-47)

(21-48)

(21-49)

(21-50)

(21-51)

(21-52)

(21-53)

(21-54)

(21-55)

A turbulence model is a semi-empirical equation relating the fluctuating cor-
relation to mean flow variables with various constants provided from experimental
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investigations. When this equation is expressed as an algebraic equation, it is re-
ferred to as the zero-equation model. When partial differential equations are used,
they are referred to as one-equation or two-equation models, depending on the num-
ber of PDEs utilized. Some models employ ordinary differential equations, in which
case they are referred to as half-equation models. Finally, it is possible to write a
partial differential equation directly for each of the turbulence correlations such as
u’, u, etc., in which case they compose a system of PDEs known as the Reynolds
stress equations.

In the following sections, some commonly used zero-equation, one-equation, and
two-equation turbulence models, as a sample of the wide range of models, are inves-
tigated. Several recently published texts, survey papers, and comparative analysis
papers on turbulence models are excellent references for those interested in various
aspects of turbulence models, [21-1] through [21-8].

21.4.1 Zero-Equation Turbulence Models

The zero-equation models are equations wherein the turbulent fluctuating cor-
relations are related to the mean flow field quantities by algebraic relations. The
underlying assumption in zero-equation models is that the local rate of production
of turbulence and the rate of dissipation of turbulence are approximately equal.
Furthermore, they do not include the convection of turbulence. Obviously, this is
contrary to the physics of most flow fields, since the past history of the low must
be accounted for. Nevertheless, these models are mathematically simple and their
incorporation into a numerical code can be accomplished with relative ease.

Generally, most models employ an inner region/outer region formulation to rep-
resent mixing length (the subscript m will be dropped from I, in the following). A
commonly used model utilizes an exponential function (van Driest damping func-
tion) for the inner region, whereas the outer region is proportional to the boundary
layer thickness. Mathematically they are expressed as

i=k(l—e VMY (21-56)
and
lo =Ch6 (21-57)
where k is the von Karman constant (~ 0.41), and A" is a parameter which depends
on the streamwise pressure gradient. For a zero-pressure gradient flow, it has a value
of 26. The constant C, in Equation (21-57) is usually assigned a value of 0.08 ~ 0.09,
whereas § is the boundary layer thickness.

Another formulation commonly used for the outer region turbulent viscosity is
the Cebeci/Smith model expressed as

1 = au.b’ (21-58)
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where o is usually assigned a value of 0.0168 for flows where Rey (momentum
thickness Reynolds number) is greater than 5000 and é* is the kinetic displacement
thickness defined as

6 = /m (l — Lu—) dy for an incompressible flow, and (21-59)
. o pu .
6 = f (1 — ) dy for a compressible flow (21-60)
o Pclie

Recall that the Reynolds number based on momentum thickness is defined as

Rey = P2 (21-61)
where the momentum thickness @ is
6 =/ uﬂ (1 - ui) dy for an incompressible flow, and (21-62)
) =/ pu (1 - i) dy for a compressible flow (21-63)
o p¢u¢ ue

The algebraic model described above requires information regarding the bound-
ary layer thickness and flow properties at the boundary layer edge. When the
Navier-Stokes equations are being solved, it may be a difficult task to determine
the boundary layer thickness and the required properties at the edge. That is es-
pecially the case when flow separation exists within the domain. However, when it
is necessary to determine the extent of the viscous region within the domain, the
total enthalpy is usually used.

A turbulence model which is not written in terms of the boundary layer quanti-

ties was introduced by Baldwin and Lomax [21-9]. The inner region is approximated
by

e = pl2lo| (21-64)
where w is the vorticity defined as
dv  Jdu
= - 21-65
YS9z &y (21-65)

and [ is given by (21-56). The nondimensional space coordinate y* can be written

as
y+ — uri —] l?_-‘_u_l p_wy
Vw v pw I-tw

or
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yt = \/pwlmi#l

w
where the subscript w indicates the wall quantities. The outer region is approxi-
mated by

pe = apCepFuskeFiies (21-66)
where « is assigned a value of 0.0168 (as in the Cebeci/Smith model) and
. AV)?
Fuse = min {ymquax v CuakelYmax (_é_)] (21-67)
max

A typical value for Cyae is 1.0. In Equation (21-67), the following definitions are
employed,

Gmax = max (%|w|) (21-68)

where x is the von Karman constant, and /, the mixing length, is determined by the
van Driest function given by (21-56). The difference between the absolute values
of the maximum and minimum velocities within the viscous region is denoted by
AV. For wall bounded flows, the minimum velocity occurs at the surface where the
velocity is zero, then

AV = (u? + )2

For shear layer flows, AV is defined as the difference between the maximum velocity
and the velocity at the ymax location, that is,

/2

1
Yoax

AV = (u? + v*)3 - (u? + v

Fxiep is the intermittency factor defined as

-1

C 6
Fxieb = |:1 + 9.5 (M) ] (21-69)

Ymax

and Ymay is the y location where G, occurs.

The typical values for the Klebanoff constant Ckie, and Cep are respectively 0.3
and 1.6 for zero or mild pressure gradient. However, to include the influence of
pressure gradient, the following expressions as suggested in Reference [21-10] may
be used:

2 0.01312
Ckiep = = — ————— 21-
Ke» =37 01724 - (21-70)
where
ﬁt — ymax av

ur Oz
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and u, is the friction velocity. The velocity gradient in §* is calculated outside the
viscous region. Once the Klebanoff constant is evaluated, Ccp is determined from

_ 3 - 4CK1eb
2CKieb(2 — 3Cxier + c’la(leb)

Cep (21-71)
Finally, the turbulent viscosity distribution across the boundary layer is deter-
mined from

pe = min{p,, p,) (21-72)
that is, p is set to g, from the wall to a location for which y,, exceeds the value of
i,, at which point , is set to p.,.

To model the eddy diffusivity, a;, or equivalently the turbulent conductivity,
the Reynolds analogy may be used. Recall that the Reynolds analogy assumes a
similarity between the momentum transfer and heat transfer. Therefore, a turbulent
Prandtl number is defined as

Pr,= 2 = B% (21-73)

(87} kt

For most flows, it is assumed that the turbulent Prandtl number remains con-
stant across the boundary layer. For air, Pr, = 0.9 for wall bounded flows and 0.5
for shear layers. Thus, the turbulent conductivity is determined as

= 1S ;
ko= (21-74)

where p, is provided by the turbulence models just described.

To initiate the computations, a transition location z;, is specified, and the initial
value of the turbulent viscosity is set equal to zero everywhere within the domain.
Subsequently, in regions where z > x,., the turbulent viscosity is computed from
(21-72) and updated after each time step (or iteration).

21.4.2 One-Equation Turbulence Models

As seen in the previous section, zero-equation models employ an algebraic
relation for the eddy viscosity. These models specify length and velocity scales in
terms of the mean flow, thus implying an equilibrium between mean motion and
turbulence.

One-equation models employ a partial differential equation for velocity scale,
whereas the length scale is specified algebraically. The velocity scale is typically
written in terms of turbulent kinetic energy k defined as

1 — —
k= §(u’2 + v 4+ w?) (21-75)
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The turbulent viscosity p.; is now written as
e = pkie (21-76)

In the following section, two recently developed one-equation turbulence models
are reviewed.

21.4.2.1 Baldwin-Barth One-Equation Turbulence Model:

The Baldwin-Barth one-equation model is obtained from the standard k-¢ two-
equation model. Note that the k-¢ model has not been introduced as yet, and it will
be introduced later on in Section 21.4.3.1. However, since the mathematical details
of the Baldwin-Barth one-equation model will not be considered here, knowledge of
the k-¢ model at this point is not necessary. Mathematical details can be found in
a report by Baldwin and Barth [21-11].

The procedure to obtain the Baldwin-Barth one-equation model is to combine
the k-e¢ two-equation model to provide a single equation in terms of the Turbulence
Reynolds number Rer, where Rer = k*/ve. The variables in Rer which are k,
€, and v are, respectively, turbulence kinetic energy given by (21-75), dissipation
of turbulence given by (21-152), and kinematic viscosity. To account for the near
wall regions, the turbulence Reynolds number is split into two parts as Rep =
Rer f(Rer), where f is a damping function such that Rer = Rer for large Rer.

The transport equation for turbulence Reynolds number Rez is written as

%(Vﬁr)’f‘ ‘7 V(V_RTCT) =

(V + gi) VQ(URET) - zrl—(th) . V(VET) -+ (c€2f2 - Cq) V VFETP (21_77)

The turbulence production based on Boussinesq assumption is provided from

o {ow dw\ Bue 2 (Aw\'
P = 14 (aﬂjj -+ aI") Bz:j - §Vg (axk) = V;S (21-78)

The kinematic eddy viscosity v, is determined from
v = c,(vRer) D, D, (21-79)

where D, and D, are damping functions which extend the validity of the model to
near wall regions and are given by

Dy = 1-exp(—y"/A") (21-80)
Dy = 1-exp(—y*/AD) (21.81)
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Various functions and constants appearing in Equation (21-77) are as follows.

1
;: = (cfz - 061)\/'1/"32
ke = pi

k=041, ¢, =12  cq=20
¢, =009, A*=26  Af=10
Equation (21-77) can be written as

%(VI_{ET)-F V -V(vRer) = ( p ) V3(vRer) — --(VV;) V(vRer)

C¢2f2 - Cﬂ)\/C#D D?SVRCT (21-83)

where

Ou v\’ u dv au\® (8v\’ du B\’
SP=2 [(ax) + (%) * 5 ax] + (a—y) + (5:5) -3 l5:t a—-) (21-84)
as obtained from (21-78) for two-dimensional applications. Due to numerical con-

siderations, Equation (21-83) can be rewritten by manipulation of the diffusion term
and with the assumption of constant v as follows:

%(V-R_CT)+ ‘7 'V(V_R_CT) = 2 (V + "gt—) VQ(VRET) - o_iV . VgV(VEET)

+ (C¢2f2 - cel)v CleD;SVﬁET (21-85)

Note that the unknown in either Equation (21-83) or (21-85) is Rer. Once Rer is
determined, relation (21-79) is used to determine v;.

21.4.2.1.1 Nondimensional form: Since the governing equations to be solved are
typically in nondimensional form, the equations for turbulence models are also
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nondimensionalized. The same nondimensional variables, as defined in Section 11.3,
are used, namely,

. tu ., X
S A
* u . p | 74
o= I;_ ' ,0=._0_‘ ’ Vt:';*
s o] (s ¢} [s ¢]
L
o= o K=o f=ey
Veo u?, ud,
Kk
Re), =
T Vet

Now, the nondimensional form of the Baldwin-Barth one-equation turbulence
model corresponding to (21-83) or (21-85) is given by the following equations where
the asterisk has been dropped.

& — 1 1
—(Rer)+V VRer) = —— ( ) V(v Rer) — — —(vu,) V(vRer)
+ (ceaf2 — ca)y/cuD1D2SvRer (21-86)
or
3 —_— — _ _ 2 V; D, S 1 1 —
5 (Ren)+ V- V(Rer) = 72— (u+ 0() VH(Rer) - g 5V - uV(vRer)
-+ (CEQfQ - Cel) C#DlDz SV-RTCT (21-87)

21.4.2.1.2 Baldwin-Barth turbulence model in computational space: In order
to numerically solve either Equation (21-86) or (21-87) for a general domain, a co-
ordinate transformation is performed. This transformation is similar to the trans-
formation of the Navier-Stokes equations given in Chapter 11. The expressions for

the Cartesian derivatives are
a d d

R (21-88)
(_% _ Ey%+m(% (21-89)
aa—; = & 66;2+2£m77: a?; + 7 aa;
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62 ) 62 62 9 32
a7~ ag T %M gt oy

o, 8  on a] | [ag,, an, a_]

+¢, [ (21-91)

AT on 8¢ ' dn o

Now, for simplicity, define

V-RET=R

Then, the transformed Baldwin-Barth turbulence model given by Equation
(21-86) is written as follows. The details of transformation and mathematical ma-
nipulation is provided in Appendix I.

OR _ 0R OR 1 ( ﬂ)[ &R &R R

ot~ Ve o0t Re \¥ 352”"'5 ga,*b‘an

OR OR 1 1 vy OR o, OR v, OR b ov, OR
8¢ dn ' dn O 4

H95e ¥ 95y |~ Rew 0| “ 0 86 1 B B
+ (ceafs — ca) yJeuD1 Dy SR (21-92)
where U and V are the contravarient velocity components

U = &Lu+§u

vV = 77:“+77yv

and
a, = E+¢€ (21-93)
b = ni+n - (21-94)
cs = &Mzt &y (21-95)

06 | 8 9 aeg

Q= &3_5 + 7): + &—— af (21-96)
_ 3772 a'r,’: Ty any
2 = & B¢ t g +€y 3¢ + 7y an (21-97)

Furthermore, the expression for S in the last term of Equation (21-92) is

# = (G) () o () ()
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+ 2 (‘—93@)+2c (@@)+2 Gu Oy
‘ n *\@Ean) " “ e B¢

Ou v du Bv + 2045‘3_'5 59_11 (2198)

+ 2
g an 2% an T 5, 6

where the coeficients a,, aq, a3, by, be, b3, €1, ¢o, c3 and ¢4 are given by (11-210a), (11-
210b), (11-210¢), (11-211a), (11-211b), (11-211¢), (11-212a), (11-212b), (11-212¢),
and (11-212d), respectively. The transformation of Equation (21-87) is carried out
in a slightly different fashion, the details of which are given in Appendix 1. The
transformed equation is given as

JR JdR OR 2 OA JdB
i _U?S_.f—_va—n_*'_—Rem( )[’85 fyaf'l"n: +nyan}
1 Oa ag do op
" Rem o [E’ag g T, ”an]
-+ (ngfg - Cﬂ) C#D1D2 SR (21-99)
where
JdR JR R
JR OR R
OR R
a = v (EIE_E_ -+ nza—n) (21-102)
OR IR
- o

In order to simplify the development of finite difference equations, Equation

(21-99) is expressed as
OR

ot
The term M, which represents the convection and diffusion of turbulence can be
written as

=M+P (21-104)

- 2
M =M+ M} + M} + M} + M (21-105)
where

M = —U%?—V%; (21-106)
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M = Rim > (g, ‘; £ a?) (21-107)
M} = —ﬁi—mi(n aa+ ,,gg) (21-108)
M = R—im( ) (@ 5 6 ag) (21-109)
M = Rzm (u+2) (n:%%Jrnyg—?) (21-110)

and
P = (ngfg — Ctl)\/CHD]_DQ SR

The initial and boundary conditions are set according to:

(1) Initial condition: A value of Rer == (Rer)o < 1 is specified within the domain
to initiate the solution.

(2) Boundary conditions: The value of Rey is set equal to zero at the solid surface,
and it is set to its initial value of (Rer)w at the inflow. At the outflow,
extrapolation from the interior domain is used to specify Rer at the boundary.

21.4.2.2 Spalart-Allmaras One-Equation Turbulence Model: The
Spalart- Allmaras model solves a transport equation for a working variable 7 which is
related to the eddy viscosity. The governing equation is derived by using empiricism,
dimensional analysis, Galilean invariance, and selected dependence on the molecular
viscosity [21-12]. The transport equation is expressed as

dv 1 ..
d_lt, = - [v. ((u + ‘ﬁ)V'ﬁ) + CbQ(V7)2] + cnd7(1 — f)
=12
= [otu = Zsa] 5] + falaar (21-111)
where the eddy viscosity is given by
v =Vfu (21-112)
and
X’ 21
L = -113
o X +ch ( )

(21-114)

>
Il
NN
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Various functions and constants appearing in Equation (21-111) are defined as

v
K2d?
where d is the distance to the wall,  is the von Karman constant, S is the magnitude
of the vorticity,

5=8+ fu2 (21-115)

dv  du
and X
el X 21-11
S T (@

It should be noted that expression (21-66) has also been used for S. The function
fu is

_ 1+c8;\?
fulr) =9 (gs " c?ua) (21-118)
“where
g=r+cun(®-r) (21-119)
and —
= 21-120)
"7 S (

Large values of r should be truncated to a value of about 10. The function f is
given by
feo = czexp(—cux?) (21-121)

and the trip function f;; is

2
f“ = cCcug: exp [—Ctg (Z—;) (d2 + g?d?) (21-122)

The following are used in Equation (21-122):
d;: The distance from the field point to the trip which is located on the surface.
wy: The wall vorticity at the trip.
Agq: The difference between the velocities at the field point and trip.
g: ¢ = min[l1.0, Aq/w,Az], where Az is the grid spacing along the wall at the
trip.

The constants used in the equations above are

2
o= 3 ey = 0.1355 e = 0.622

c
c,,,1=;b21+(1+c:bz)/0' 2 =03 cu=2 k=041

Cy) = 7.1 Cy — 1.0 Cp = 2.0 Ci3 = 1.1 Cy = 2.0
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The Spalart-Allmaras turbulence model given by (21-111) can also be written
as

z - (FE2) v 16+ 795 - 2 4 79

ben(l = Fa)78 - [ewfu— Bsa] [5] + mala0® 1129

x?
The first two terms on the right-hand side of Equation (21-123) can be expanded
and recombined to provide the following equation.

Q _ (1+Cb2
dt

) (V(v+7) Vo] + é(u + PV

+enll— a8~ [enfo~ Do) [3] + albay  (or129)

Either one of Equations (21-123) or (21-124) can be used.
The initial condition for ¥ is specified to be zero up to a value of v /10, that is,
v =0 — 1 /10. The boundary conditions are set according to:

(1) At the inflow, & = b,
(2) At the solid surface ¥ = 0, and

(3) At the outflow, extrapolation is used.

21.4.2.2.1 Nondimensional form: Using the same nondimensional variables de-
fined previously, the nondimensionalized Spalart-Allmaras turbulence model is given
by the following equation. Again, as in the previous model, the notation of asterisk
has been dropped.

@~ (m) (5B) vrtemwi- (7)) (3) eemvs

+ el — fi2)Sv - (Riem) (cur fo) (5)2

K2

+ (RLem) (Cbl) (1~ f)fu + fol (_Z.)Q + Reo fu(Ag)?  (21-125)

which corresponds to Equation (21-123) and

% B (Rim) (14;@,2) V(v +7)- V7] -+ (R%:m) %(V+'7)V2‘7

ot () et (5



Turbulent Flow and Turbulence Models 51

(R(lam) (Cbl) (1 = fi2) for + fia) ( ) + Rey, fa(Ag)®  (21-126)

corresponding to Equation (21-124).

21.4.2.2.2 Spalart-Allmaras turbulence model in computational space: Using
the expressions for Cartesian derivatives given by (21-80) through (21-91), the
Spalart-Allmaras turbulence model given by (21-126) in generalized coordinates
is written as

av ov av ( 1

. 14 Ea —
at+Uas+V5n" Rem)( ){ 6£6£("+")+b‘6 Y

ov 3 v
+c.r>la 5E(V )+ (V"{v-ll)]}"lr- Rem (V-H/)[a..; 6{1;
o*v v ov 1 7\?
+ 2c5 3¢ + b, a7 + iy + 92 3_77] +cp (1 — fr)Sv - (R_eo,,) (curfuw) (E)
1 Ch v 2
+(g) () [ - s fa+ fa (5) + Rewfulaar? (21-127)
where N 5
v
fy 3¢ =y an —e % ag ey (21-128)
and, as defined previously,
a = E£+& (21-129)
by = i+, (21-130)
s = &N+ &Ny (21-131)
PO S _
— a 677: 8

The transformed Spalart-Allmaras turbulence model given by (21-125) is

gt_ Ug;J“Vg; (Rim) (ltm) {525 = +va? nygﬁ}
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* (R;em) (CM) (1 = fi) foa + frol (;)2_ (Eé;) (o fu) (%)2

+ en(l — fa)ST + Rew fu(Ag)? (21-134)
where
ov ov av
0v 7 ov
B = ==& +Mg 21-136
— v ov
a = (v+7) (6’5'5 + nzgr—l) (21-137)
_ ov ov
g = (v+7) (Eygg + ””5?;) (21-138)
Equation (21-134) is now written as
%—M+P+D+T (21-139)

where

(a) The term M represents the convection and diffusion of turbulence and, due
to numerical consideration, is decomposed as follows:

M=M"+ M+ M (21-140)
Each term in expression (21-140) is defined as

o av ov
M' = (Ua§+V ) (21-141)

M= (Rflam) (“f”) {5‘85 = 5”2? aﬁ} (21-142)

s _ (.1 Ve - dA 0A aB 9B 91.14
M= (Reoo) v+ ){ 354‘77: +€y8£+ ( 3)
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The terms M? and M? can be further regrouped as terms including £ deriva-
tives and terms involving n derivatives as follow

M = (Rzm) (1";'3"2) (6; % o ?) (21-144)
M, = (Rew) (Hc”) ( gz+nyg§) (21-145)
() een (62 62) i
M2 = () 2049 (15 4n3) @
(b) The second term in Equation (21-139) represents the production of turbulence

and is

P = cn(l = fu)Sv+ (R_) CM( — fi2) fu2 [g]z

= cu(l - fo)v [S + Eg;c-—gdz-fUQ] = cn(l — f)7S  (21-148)

_ 1 v
Note that S = S + Tow (W) fu2

(c) The third term D represents the destruction of turbulence and is given by

D= () (wfu - %5a) Hi (21-149)

(d) And, finally, the last term in Equation (21-139) represents the trip term which
causes/ triggers transition from laminar flow to turbulent flow.

T = (Rew) fu(Ag)? (21-150)

21.4.3 Two-Equation Turbulence Models

It was pointed out previously that the convection of turbulence is not modeled
in zero-equation models. Therefore, the physical effect of past history of the flow is
not included in simple algebraic models. In order to account for this physical effect,
a transport equation based on the Navier-Stokes equation may be derived. When
one such equation is employed, it is referred to as a one-equation model which was
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discussed in the previous section. When two transport equations are used, it is
known as a {wo-equation model.

Complex flowfields which include massivcly separated flows, unsteadiness, and
flows involving multiple-length scales occur frequently in fluid mechanics applica-
tions. In these types of complex flows, the lower order turbulence models, that is,
zero-, half-, or one-equation models, become very complicated and often ambiguous.
Two-equation models are developed to better represent the physics of turbulence
in these types of complex flowfields. In this section, k-¢ and k-w two-equation
turbulence models are reviewed.

21.4.3.1 k-e Two-Equation Turbulence Model: A commonly used two-
equation turbulence model is the k-¢ model. The partial differential equations are
derived for kinetic energy of turbulence (k), and the dissipation of turbulence (e},
where

- % [ + 7 + 07 (21-151)

aul\ [ 9y

Since it is important to identify the terms involved in these equations, and, for
the benefit of those who are not familiar with the origin and derivation of these
equations, the details of the kinetic energy of turbulence equation and interpretation
of terms are provided in Appendix K. Now, the standard k-¢ two-equation model is
expressed by the turbulent kinetic equation

and

—_— = = )— — pe 21-1
pdt an [(,U:‘l" O'k) 6:1:_,-] + Pk Pt ( 53)
and the dissipation rate equation
de a e\ O € €2
- = 2 | + ey Pes — cop— 21-154
Pat = oz, K“*m) a:,-]“‘ TP (21-154)

where P; is the production of turbulence defined as Pr = 7i;(0ui/9z;).

The turbulent kinetic equation and the dissipation rate equation given by (21-
153) and (21-154) can be written in an expanded form in Cartesian coordinates for
two-dimensional problems as

o 0k O\ _ 0 um\ok| 8 m\Ok|,
p(at +u(9:z:+v29_;6) ~ Or [(#4'5_:) 31:]+5§[(#4 ak) 5y]+Pk pe
(21-155)
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and
é O¢ de 0 e\ Oe a i\ Oc
p(6t+uax+v6y) Oz [(#+a¢)5;]+éz{(u+;:)c_9§]

€ €l

+ ca P TGPy (21-156)

where typical constants are
0:=10 0,=13 cqu =144 (n=1.92

and the turbulent viscosity is related to € by

k2
Mt = pc,.? (21—157)
where ¢, = 0.09.

Before proceeding further, it is important to note that the left-hand side of the
k and ¢ equations, given by (21-155) and (21-156), can also be written as

o, o ,__ a ,_ ..
3 (pk)+ 3z (puk)+ 3y (U k) = RHS, (21-158)

and
d a d
—p —(pu —(pVe) = -1
T (pe)+a$ (pue)+ay (p7¢) = RHS, (21-159)

which is simply obtained by multiplying the continuity equation by k, adding it to
the left-hand side of (21-155), and subsequently combining the terms. A similar
approach is used for the e-equation.

As for the zero-equation models, a two-layer approach is incorporated. That is,
Equations (21-155) and (21-156) are used in the outer region down to the vicinity
of the viscous sublayer. For a typical wall flow, that corresponds to a y* range
of 30-50. Adjacent to the surface, wall functions such as (21-56) are employed.
The values of k and ¢ must be provided at the interface as the inner boundary
conditions for Equations (21-155) and (21-156). These values may be obtained by
the following: if y; denotes the interface between the outer region and the viscous
sublayer, then

Kyeye = — (21-160)
pCh
where cp is typically 0.164, and =; is the shear stress at 1; location. Similarly,

1
Eymye = "Dkf"‘ (21-161)
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where the length scale may be evaluated by the simple linear relation for the viscous
sublayer given by

=Ky (21-162)
Once the local values of the kinetic energy of turbulence and dissipation of
turbulence have been computed, turbulent viscosity given by (21-157) may be de-

termined. It is noted that correlations such as w2, v2, and w? can be determined
by semi-empirical relations. For example,

u? = 2a5k (21-163)
12 = 2a3k (21-164)
w? =2(1 — ap — a3g)k (21-165)

where a; and az are structural scales usually assigned values of 0.556 and 0.15,
respectively.

21.4.3.1.1 Low Reynolds number k-¢ model: The difficulty with the standard
k-e¢ model introduced in the previous section is that the equations become numeri-
cally unstable when integrated to the wall. To overcome this problem, a two-layer
approach is implemented, as discussed previously. However, a better approach is
perhaps to directly integrate the k-¢ equations through the viscous sublayer all the
way to the wall. In order to enable the integration to the wall and to improve the
capability of the standard k-e¢ model, several modifications are introduced. The
resulting formulation is known as the low-Reynolds number k-¢ equations. The
first low-Reynolds number k-¢ model was developed by Jones and Launder [21-13,
21-14], and subsequently it has been modified by several investigators. The pri-
mary modifications introduced by Jones and Launder were to include turbulence
Reynolds number dependency functions f; and f, in Equation (21-154) and f, in
relation (21-157). Furthermore, additional terms Ly and L, were added to the equa-
tions to account for the dissipation processes which may not be isotropic. Thus the
low-Reynolds number k-¢ equation is written as

dk ad dk
- = — P, — L 21-166
P ij[(p+ok)6xj}+ k= pe+ L ( )
and .
9 l ] ¥ ca fi Pk —caf p% + L, (21-167)

where the turbulent v130031ty is now computed according to
k2
e =pfuc, - (21-168)
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The following relations are proposed by Jones and Launder.

h
f2

fu
Ly

and

L.

1.0

1 — 0.3exp (—Rel)

. [ —25
P |17 0.02Rer

. (oVEY
K 6.7:_7'
2# He

Bzu.- ?
5 (5)

Since the early 1970’s several modifications to the low Reynolds number terms
and the model constants have been introduced. A summary of selected k-e models
are provided in Table 21.1.

Model Ref.No. | fi fa Ju
Standard 1.0 1.0 1.0
Jones-Laund B ol1-03 Re? 35
ones-Launder 19.14 . — 0.3exp(—Re?) exp TTo0zRe
—1.7%
_ - —Re2 -
Hoffman 12-15 | 1.0 | 1 - 0.3exp(—Re}) | exp 17 0.02Ren
Nagano-Hishida | 12-16 | 1.0 | 1 —0.3exp(—Re2) | [1 — exp(—Rer/26.5)}"
Model L; L, C, Cel Ca2 | Ok | O
Standard 0 0 009(144119211.011.30
< 2
Jones-Launder —2,1(3‘/5) ylalal a“‘) 0.09 | 1.44 ] 1.92} 1.0 | 1.30
‘?mj p_\Oz;
Hoffman _v ok 0 009|181 20 |20/ 30
4oy
. . 2 2 .
Nagano-Hishida | —2v (-‘%‘;—k—) vi(l— f.) (%3-/%) 0091145(1.90}1.0]1.30

Table 21.1

Functions and constants for the k-¢ turbulence models.
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21.4.3.1.2 Compressibility correction and axisymmetric consideration: 1In addi-
tion to the modifications of the low Reynolds number terms and model constants
shown in Table 21.1, other modifications have also been introduced into the k-¢
equations, most notably, the compressibiility correction terms and axisymmetric
considerations.

The compressibility correction term is typically included by introduction of the
turbulent Mach number M, defined by

2k
M, =5
a

Now, the k-e equations including the compressibility correction terms are written
as

%(ﬁk)-i-a% (Bak) = 2 l(,ﬁ i‘i) ﬁ] + Py - ple+e) + P& + Ly (21-169)
J

Oz; ox/ 0z;
and
o d ,__ 3] ﬂg) Oe € €
9 O = 2 By 9¢ Pt cofap-+L. (21-1
6t(pe)+al_j(pu,e) 7z, [(u+ p azj]+Ql fi P P Ce2 fap A +Le ( 70)

The term €, represents the contribution due to compressible dissipation, and the
term p’d" represents the pressure dilatation term. They are given respectively by

e =mMle (21-171)

and
P'd" = —vy Py M} + v3 pe M} (21-172)

The following values based on DNS have been suggested.
m =10, v =04, and =02

The simplest approach to include axisymmetric correction is to modify the co-

efficient ¢,; as
{ 1.44 for planar 2-D flows
el =

1.60 for axisymmetric 2-D flows

21.4.3.1.3 Initial and boundary conditions: The initial and boundary conditions
must be specified for both k£ and e. The initial condition for the turbulent kinetic
energy k is specified in terms of the freestream turbulence intensity T;, as follows

koo = 1.5(Ti Us)?
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where T; = 0.0001 to 10 percent of mean velocity. The turbulent viscosity is specified
as

pr, = (0.1 — 100) oo

and, therefore,
2
€oo = .ac#;.o

too

The boundary conditions are
(1) At the inflow, the freestream values are specified, that is, ¢ = € and k = ke

(2) At the solid surface, k =0, p; = 0, and € = ¢, = 0. For some k-¢ models, a
value for e, is prescribed.

(3) At the outflow, extrapolation is used.

21.4.3.2 k-0 Two-Equation Turbulence Model: This two-equation model
includes one equation for the turbulent kinetic energy k, as developed previously,
and a second equation for the specific turbulent dissipation rate (or turbulent fre-
quency) w.

Recall that the development of the k-equation was based on the governing equa-
tions of fluid motion. A second approach for the development of a transport equa-
tion may be considered whereby the equation is constructed based on the known
physical processes along with dimensional analysis. This is the approach taken to
establish a transport equation for w,

The concept of parameter w was introduced by Kolmogorov, which he called
dissipation per unit turbulence kinetic energy. Recall that the process of dissipation
takes place at the level of smallest eddies, while the rate of dissipation is the rate of
transfer of turbulence energy to the smallest eddies. Therefore, this rate is set by
the properties of the large eddies. Perhaps the simplest physical interpretation of w
is that it represents the ratio of turbulent dissipation rate to the turbulence mixing
energy or, alternatively, the rate of dissipation of turbulence per unit energy which
in essence is an inverse time scale of the large eddies.

Now, to develop a transport equation for w, several physical processes which are
observed in fluids are utilized. These processes include unsteadiness, convection,
diffusion, dissipation, and production. A combination of these physical processes,
along with dimensional arguments, yield

dw dw

e dw

2

0— + pu; — = —Bpw? + — oy — 21-

at 7 Oz, [ ‘ ] (21-173)

BIJ' axj

where 8 and o are coefficients to be specified.
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In comparison to the k-equation, several observations can be made. First, note
that a production term does not appear in Equation (21-173). Second, a molecular
diffusion term is also absent from this equation. Inclusion of a molecular diffusion
term is essential if one intends to integrate the equation through the viscous sublayer
to the wall. Equation (21-173) is considered as the basic w-equation upon which
modifications are introduced.

As in the case of the k-e¢ model, there are several versions of the k-w model.
Perhaps one of the best known is the k~v model of Wilcox [21-17], which is provided
below.

The turbulent kinetic energy equation is given by

.dk o [ Ok ]
P == |+ o' w)g—| + B — B’ pwk (21-174)
dt Oz, “ z;
and the specific dissipation rate equation is
dw i) dw w
f— = — —_— —Py - Bpw’? 21-1
The eddy viscosity is determined from
=k (21-176)
He = PJ -
and the auxiliary relations are
e = Bwk (21-177)
Kk
The constants used in Equations (21-174) and (21-175) are
_ § _ 3 .9 1 o1
“Tg " T Tz T3

21.4.3.3 Combined k-¢/k-o Two-equation Turbulence Model: The
k~w turbulence model performs well and, in fact, is superior to the k-¢ model within
the laminar sublayer and the logarithmic region of the boundary layer. However,
the k-w model has been shown to be influenced strongly by the specification of
freestream value of w outside the boundary layer. Therefore, the k-w model does
not appear to be an ideal model for applications in the wake region of the boundary
layer. On the other hand, the k-¢ model behaves superior to that of the k-w model
in the outer portion and wake regions of the boundary layer, but inferior in the
inner region of the boundary layer.
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To include the best features of each model, Menter [21-18] has combined different
elements of the k-¢ and k<« models to form a new two-equation turbulence model.
This model incorporates the k-w model for the inner region of the boundary layer,
and it switches to the k-¢ model for the outer and wake regions of the boundary
layer. T'wo versions of the model introduced by Menter are referred to as the baseline
(BSL) model and, a modified version of the BSL model, the shear-siress transport
(SST) model. It has been shown that the SST model performs well in the prediction
of flows with adverse pressure gradient.

The baseline model is identical to the k-w model given by Equations (21-174)
and (21-175) in the sublayer and the log layer of the boundary layer, and it gradually
switches to the k-¢ model given by Equation (21-153) and (21-154) in the outer wake
region. These equations are repeated here for convenience. The k-w equations are

é] 0 k N
(pk) + 5 (Pusk) = [(u + Ok f1e) —] + P — B phw (21-179)
zj 9z Zj
and
E(' ) —9-('17- )= 9 (L+o )— + “p -8 (21-180)
Tt +anP j W 6:1:, K+ Oy e z; 1Lk s’
where %
and
e=R'wk (21-182)
Furthermore, the following are used
Gk=0", Oul =0 , ﬁ1=ﬂ, and ) =0
The k-¢ equations are
J . e e\ Ok .
k)= +— —) — - -183
7 (Pk) + 5 — oz, (W;k) oz, [(u+ ok) axj] + Pe — pe (21-183)

and

a

] 7} He
509+ o (pye) = [(u+

O¢ € €2
LU Wkl 1~ P — Co p— 21-184
0}) an]+CIk k C2pk ( 8)

where
k2
He = pc, - (21-185)
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and

= 21-1
w Y (21-186)

Now, in order to combine the two sets of equations, the k-¢ set is transformed into
a k-w formulation using relation (21-182). In the process of this transformation,
two additional terms appear in the new w-equation. One of these terms is a cross-
diffusion term and the other occurs if o, and o, are not equal. It has been shown
that the second term is relatively small and does not affect significantly the solution.
Therefore it is neglected. Subsequently, the transformed k-¢ equations written in a
k-w formulation are written as

o) ,

T (pk) + — (pu, k) = [(u + TR 1) gk ] + P, — B'pkw (21-187)

J Ij

and
a _ a ,__ 4 Ow
E(W)‘ng_j(ﬂujw) = oz, [(#+0'u2u:)6—zj]
1 8k Ow
k w Oz, Bz,

The relations between the coefficients in the original k-e equations and the trans-
formed set are established as follows

+ oy — Pk —Bap pw + 2002 — (21-188)

1 1

Oky = — g = — , B2 =pB'(ca —1)
T T,

B*=cu, as = (ca — 1)

Now the two sets of equations are combined by the introduction of a blending
function F. The k-w set given by Equations (21-179) and (21-180) is multiplied
by F, and the transofmred k-¢ set given by Equations (21-187) and (21-188) is
multiplied by (1—F). They are subsequently added together. The blending function
F is designed such that it will be equal to 1 in the vicinity of the wall region, thereby
activating the k-w model, and it will be zero away from the wall, thus activating
the transformed k-¢ model.

The resulting combined k-w/k-¢ two-equation model is given by

a ,_ . 6 Ok | .
T (pk)+ (PUJ k) = {(# + Uk.ut)g + P - B pwk (21-189)
y

and

ﬁ(—w)+i(—ﬁ.w)_i (1 + )6_0.:' n
ot P T g, MUY T gy [T T g, |

1 Ok 0w | 2P, _ gt (21-190)

21— F)pounz; 5 oz, %%
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where the production of turbulence as defined previously is given by

Bu.v

Be=my5— (21-191)
7

and

6u‘- auj 2 auk 2
i = ~ 70 5 | — zpkby;
Ty = e (ax,- + dz; 3 " or, 3pk6]
The constants appearing in Equations (21-189) and (21-290) are expressed in a
general compact form by

¢ =Fig1+ (1 — Fi)¢e (21-192)

where ¢, represents the constants associated with the k-w model (when Fy = 1),
and ¢, represents the constants associated with the k-¢ model (when F, = 0).

The difference between the baseline model and the shear stress transport model
is in the definition of turbulent viscosity and the specification of constants.

21.4.3.3.1 Baseline model: The turbulent viscosity for the baseline model is de-
fined by

= p— 21-193
My Pw ( )

and the constants for ¢ are set as follows.
The values of the constants for set ¢, are specified according to

g =05 | Our =05 | 8 = 0.075
8 =0.09 , Kk = 0.41

Q) == — awan/\/ﬁ_

And the constants for ¢, are

1

Oy = ——1— =1.0 , O, =—=0.856 , [y =0.0828
Ok Te
g =0.09 , k= 0.41

In addition, the following definitions are used.
F, = Tanh (arg}) (21-194)

are. = tin |max vk 5000\  dpook
&1 0.09wy ’ wy? ) ' CDpy?

(21-195)
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where y is the distance to the nearest surface, and CDy, is the positive portion of
the cross-diffusion term

C Dy, = max 2,00,‘,2l Ok ouw

—_—— -2 -
o3 5m 10 | (21-196)

Note that far away from solid surface as y — large, term arg, approaches zero
due to 1/y and 1/y%. Furthermore, the three arguments within arg; represent the
following:

1) The term (vk/0.09wy) is the turbulence length scale divided by y. It is
equal to 2.5 in the log layer of the boundary layer and approaches zero at the
boundary-layer edge.

2) The term (500v/wy?) enforces Fi to be one in the sublayer region and 1/y in
the log layer. Recall that w is proportional to 1/y? near the surface, and it is
proportional to 1/y in the log region. Therefore, 1/wy* will be constant near
the surface and will approach zero in the log layer.

3) The third term (4pou2k/CD.ky?) is included to prevent solution dependency
on the freestream. It can be shown that, as the boundary-layer edge is ap-
proached, arg; as well as F; become zero and, therefore, the k-e model is
utilized in this region.

Transition to turbulence is activated by phasing in the production term, typically
over a few grid points at a specified transition point. Note that the production term
is turned off in the laminar portion of the flow.

21.4.3.3.2 Initial and boundary conditions: The following freestream conditions
are recommended.

woo = mT N Vtm —_ 10_"1/00 , km = Vtmwoo
where
1<m<10, 2<n<5

and L is a characteristic length of the problem, for example, the length of compu-
tational domain. At the solid surface, the boundary condition for w is set according

to 6
v
w=10—7— 21-197
BBy (#1190
where Ay, is the distance of the first point away from the wall. This boundary
condition is specified for a smooth wall, and Ay{ must be less than about 3. At

the outflow boundary, extrapolation is used.
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21.4.3.3.3 Shear-stress transport model: The turbulent viscosity of the BSL
model is modified based on the assumption that the turbulent shear stress is pro-
portional to the turbulent kinetic energy in the logarithmic and wake regions of the
turbulent boundary layer. The amount of computed turbulent viscosity is limited
in order to satisfy the proportionality requirement. This limitation on the turbu-
lent viscosity is imposed on by the turbulent kinetic energy, and thus the turbulent
viscosity is defined as

alk

max{a\w, QF;)

where a, = 0.31, Q2 is the absolute value of vorticity 2 = [dv/0x — Bu/dy|, and
F, = Tanh (arg?) with

w = (21-198)

vk 5001/]

arg, = max [20.09(%, o

(21-199)

The constants for ¢, and ¢, are identical to the baseline model, except o,
where

Or1 = 0.85

21.4.3.3.4 Compressibility correction: Similar to that of the k-e model, the com-
pressibility correction term is included by introduction of turbulent Mach number.
Thus, Equations (17-189) and (17-190) are formulated as

O e & iy = O %
-a—t(Pk)"ra—Ij(pujk) = oz, [(#"rak.ut) 6Ij]+Pk

~B'pwk [1+ aM}(1~ F)| + (1 - F)pd" (21-200)

and
9 O 2oy = 9 Ow
E(Pw)’*‘a—%(ﬁ*%w) = A [(#+0uﬂt) 8x-]

J 1

1 0k Ow
— r 2 — n —— —— —
Pe—Bpw +2(1 F‘)pa‘”w Jx; Ox;

w

+Oik

1 -
+(1-FR)Bay M} pu’ - -;(1 - R)p"d’  (21-201)
)
where the blending function Fy is defined as in the original model.

21.4.3.3.56 Nondimensional form: The nondimensional variables defined previ-
ously are used to express Equations (21-189) and (21-190) in a nondimensional form.
Again, the notation of asterisk has been dropped. However, the appearance of the
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Reynolds number in the equation is a good indication of nondimensional equation.
The nondimensional k-¢/k-w two-equation model is written as

d_k—— a_k+u§,i+ QIE ( + )ak
Par =P\ o Or Uay Rem B Okl g,

1 4 ak .
+ —Rgé:‘a—y [(#+O'k#z)'é—i"] + P — B pwk (21-202)

and

do (0w Ow O0w)_ 1 0f 0w
5t %oz "Vay) T Rem oz | M T Moz

i
1 9 0k dw Ok Ow
¥ Rew 8y [(*‘ o “0—] T2 Rlea g [ax oz 3y a—y]
w 2
+ a7 P~ Bpw (21-203)

where the production term Py is determined from

Ay du; Ou; 2 _ Ou 2 du;
o= o (G G- Sou )~ S|

— — 21-204
oz, " 8z, 3% 3s, (21-204)
21.4.3.3.6 k-c/ k-w Turbulence model in computational space: Using the expres-
sions for the Cartesian derivatives given by (21-88) and (21-89), the k-equation in
the computational space becomes

ok ok 0k 1 (, 0 3

P5= e Vo TR {ﬁ:a—é[(MUS) (KX)]+nIa—n-[(MUS) (K X))+

6z [(MUS) (KY)] 4+, 57 [(MUS) (KY)] |+ Pe- frpwk (21:205)
where

MUS = p+ o (21-206)

Ok ok
KX = g‘a§+"’an (21-207)
ky = &% 5% (21-208)

& ag+ Yon
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Similarly, the w-equation is given by

Ow 8w Bw 1

s U - = {e a% (MUR) (OX))

s % (MUR) (X)) + 6 5 (MUR) (OY)] +1, 5 [(MUR) (OY)] }

+ (2001 - Foua =] 1) (0x) + (5Y) (OY)) - pu?

(21-209)
where
MUR = p+ o, (21-210)
ow dw
oXx = —_— — 21-211
Ow Ow
oYy = fy a—f' + 7y 8—?'] (21—212)

The production term P, given by (21-204) is first expanded and subsequently trans-
formed to the computational space as follows.

Py =7 % = Tazp— gz + Tay (g—: + g_;)) + Tyy % (21-213)
where
N T
ry = ('R:T.,) e (.Z_Z 4 %) (21-215)
N N R

Utilizing the expressions (21-88) and (21-89), the shear stresses defined by (21-214)
through (21-216) become

1 Bu 2(, Bv ov 2
Tex = (R_em') l (fz 5 _) - 5 (gygé +77y3_17)] - gpk = Tt (21'217)
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1 [ Ou Bu v
Try = (_Reoo) He fya_g + legﬁ + EIEE + T

v
5_77 = Tén

(21-218)

1 (4 ( Ov v 2(. Ou du 2
= [ — — _— —] - = — r— || — =—pk = 21-21
Tyy (Rem) He -3 (§y EY; + nyan) 3 (fzaé- +7 37})} 3P Trm ( 9)

Now, the production term becomes

P = 6u+ @-4—9—?— + T 6_u
BT Moy T T \Gy Toz) " Moy

du 0 du
= Tg (fzag +n~'ﬂau) +Tf'l (E"BE +ija

?_1{ ?P_ N f dv
+ Ez 66 -+ n:an T yag 77!/0,’7

du Ju
= (€ Tee + &y Ten) % + (7= Tee + My Ten) p

+ (& 7en + &, Tm) + (M= Ten + Ty "'rm)

~ (P1) 8“+(Pz) (P3)2—6+ (P4)g—:;
where
Pl = &+ &Te
P2 =

Nz Tee + Ty Ten
P3 = €z Ten -+ €y Tom

P4 = ne1gm+ 1y T

21.5 Numerical Considerations

(21-220)

(21-221)
(21-222)
(21-223)

(21-224)

Numerical simulation of turbulent low may be divided into three categories.
The simplest and most practical approach in use at present is the solution of the
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time-averaged Navier-Stokes equations along with a turbulence model. The second
level of sophistication includes the simulation of time-dependent, large-scale eddy
motion. In this approach, the effects of smaller scales are included by turbulence
models. The third category includes the direct numerical simulation of all important
scales of turbulence.

The second and third categories are presently in the infancy stage. One of the
difficulties associated with these methods is the limitation of present day comput-
ers. However, with the advancement in computer technology, large eddy and full
turbulent simulations seem possible for practical problems within the next decade
or so.

Currently, the system of equations such as (21-27) along with some turbulence
models are solved for engineering applications. The solution schemes for the system
of equations given by (21-27) have been discussed in the previous chapters. One
important point to emphasize here is grid resolution, In order to accurately resolve
the feature of turbulent flow near the surface, a grid point within the laminar
sublayer must be included. Generally, this corresponds to a grid point within y* of
2.0.

The inclusion of a turbulence model into the system of governing equations
may be accomplished either explicitly or implicitly. One may solve the governing
equations [such as (21-27)] implicitly and use the turbulence quantities from the
previous time-level, i.e., explicitly. On the other hand, the governing equations,
along with turbulence equations such as (21-155) and (21-156), may be solved si-
multaneously, i.e., implicitly. Obviously, a fully implicit formulation will increase
the size of the Jacobian matrices and will require major modification of the (lam-
inar) Navier-Stokes code. On the other hand, explicit treatment of turbulence is
simple and straightforward, and modification of an existing Navier-Stokes code to
include turbulence can be accomplished with ease.

21.6 Finite Difference Formulations

The one-equation and two-equation turbulence models in different forms given
in Sections 21.4.2 and 21.4.3 are parabolic equations. Therefore, various numerical
methods discussed previously for the solution of parabolic equations can be used to
develop solution algorithms.

To illustrate the development of the numerical schemes for the turbulence mod-
els, both explicit and implicit formulations are considered. However, the implicit
formulations will be limited to the one-equation models. The turbulence models
in nondimensional form and in the generalized curvilinear coordinate system are
considered to provide the FDEs for general applications.
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21.6.1 Baldwin-Barth One-Equation Turbulence Model

A first-order upwind approximation is used for the convective terms, and a
second-order central difference approximation is used for the diffusion terms. The
finite difference expression for each term is developed separately due to the com-
plexity of the equation. The first-order upwind scheme can be easily extended to a
second-order upwind scheme.

21.6.1.1 Implicit Formulation: The Baldwin-Barth one-equation turbu-
lence model written as

%? =M+ P (21-225)
is used to illustrate the development of an implicit scheme. Equation (21-225) is
written as et

(%};) — MM prl (21-226)

Since the governing equation is nonlinear, a linearization procedure similar to
that introduced previously, for example, by relation (11-81), is used to provide the
following.

M"*‘:M"-’;—%—%AR:M”-%H"AR (21-227)
and ap
prl=prg R AR=P'+P"AR (21-228)
Now Equation (21-226) is written as
—AA? - (M +P)AR = (M"+ P") (21-229)

Recall that the term M can be decomposed into terms involving £ or n derivatives
as defined by (21-107) through (21-110). Thus, M is expressed as M = My + M,,.
Now, Equation (21-229) is written as

AR AL Fva D n n n
~p ~ M+ M, + P)AR = (ME + My + P") (21-230)
or
[1— (M¢+M,+ P)At] AR = (M + MJ + F) At (21-231)
and decomposed as
(1~ AtM| (1~ At(M, + P)| AR = (M + My + PM)At (21-232)

Equation (21-232) is solved sequentially be the following equations.

(1-AtM)AR' = (M} + M; + PM)At (21-233)
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and
[1- At(M, + P)| AR = AR* (21-234)

The finite difference expressions for each one of the terms appearing in Equations
(21-233) and (21-234) are developed separately.

The convective term M! given by (21-106) is appromma.ted by a first-order
upwind formulation as follows.

oR OR
l —_— — — — —
M = UBE Van

1 i — Ri_L;
- - {jos s (Rl

1 — R
+ 2( — Ui D) (T)

# g Uhs 4 Vi) (2

+ 50— ) (B )} (21-235)

If a second-order approximation for the convective term is desired, then the formu-
lation is as follows.

. OR _ OR
M = _U—BE V—a77
_ 1 Yar oy (SR — 4R + Ricg
= {Z(U‘J+|U,J|) ( VY )

1o oy [ Ry + 4Ry — 3R
+ 2(UIJ |U’J|) ( 2A€ )

l 3R ; ~4R;; 1+ Rij_o
# 30y iy (R gt R )

1 o (R 4R — 3R i
+ 304 = Vi ( e )} o

Since all the terms within M? given by (21-107) or (21-108) are similar, the de-
velopment of the finite difference expression will be illustrated in detail for one
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term only. Subsequently, the conclusion will be extended to the remaining terms.
Now, consider the term & (8a/0€) which is approximated by a second-order central
difference expression as follows.

da ~ Xitdg — Xt
86 = 616; T (21'237)
Furthermore, recall that from (21-84)
OR OR
= — + e 21-2

The finite difference expression for ¢ can be written as

Ry — Rij Ri+‘,'+‘ -
irgy = Vt.‘ﬁj[g’uh ( * JA& J) + 7z b ndr

R'+1 '_,l
L I¥ g | X))
e ] (21-239)

and

- Rij; — Riy R-’—;,j+; - Ri-.{,g‘—g
a"‘%.j - Vt-‘—&_i [&6-&5 ( Af ) + 7’:‘"*‘1 A'n (21—240)

Substitution of (21-239) and (21-240) into (21-237) yields

— i R|'+1,j_R1',' Ri+§d‘+§ -R.-+i‘j_1
5:: E = 5:-‘_,‘ Ag{”‘i-ﬁ%d [£I¢+§j (——Af J) +77¢‘_+&J_ ( A7 i !)

$ i — : Ri_1-1—R‘-_|_
~ Vi, [Ez'é-! (R—'JA'E'R';Ii) + ey ( whAn 3 %) ]} (21-241)

A similar expression is developed for £,(98/8€) and is combined with £, (da/8€) to
provide an approximation for M} as follows.

9 1 1 da g i
M} = ((5, 5t 35) (21-242)

N Rip1j~ Ry
&zBE +€y 8¢ -+§J {(52"’ EI b &y 53"4"') [_ (A)? }}
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,-R‘ . —R‘- . -
+ t {(Ex‘d nz +£!v'-.777y+“) +i'|J+£ +i'aJ i }

- Vt""éﬂ {(EI._, T’-‘r‘_h + Eyi,j nv.-_&_,)

AﬁAn
(21-243)
Similarly for M2,
da ap ., Rijn — Ry
" T Wan - M {(""’"’w& ¥ ThasThsey) [ (An)?
- (Rij— Rij
Y- {(”’*’”’u~% T y) | 7 Gy ]}
[Biryiry — Biyiny ]
+ Vt\ﬁ_k {(UIUEIU*_% + ny“,fyiﬂ%) i AEA'I] }
[Rirgsoy ~ Regiy)
"V {(”’“f’u—k b)) | T azan #1249
The terms in M? are also similar to that of M2. Recall that
- ) »
Mg = R &2 ag 6,, ag (21-245)
3 2 ( Vt) A 3_B
M, = Tro v+ . Nem on + 7y an (21-246)
and
aR
A = ¢ 98 5 5 == (21-247)
dR  OR
B = gya—£+nygn- (21-248)

Now the finite difference approximation for M following (21-243) can be ex-
pressed as

3 _ _2_ ] Riyyy — Rij
Me = Res (V M at)u {(&“‘" Sege T o by [ (A6)? ]

Ri; — Rioy4
~ Gy, aby,) [W]
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"Ry it = Rivy i)
(& My, F b Ty,) H‘”&An +hich
(R, 1.1 —R,_1,1]

= Gy ey, T o) "”&E An 1 } (21-249)

Similarly, following (21-244)
2 v, Ry — Ry
3 hei J+l J
1\»’[,7 = ““-**-Rem (U + Ue)ij {(77:”77:”+5 + Tiyuﬂyi_,+%) (ATI)2 ]

R,;—Rii_

—R‘- 1 |—R"_-l' 1
+ (nxu£=- ) + n"‘“’£”*i+i) +5J+3€An sJ+g

w

(21-250)

[ Rivys-y = Bty
- (nzquu_; + ny‘JE”-‘.i-i) i AtAn ! ]}

At this point, the finite difference approximation of the terms in Equations (21-
233) and (21-234) have been identified. However, the bar quantities such as M
require some deliberation.

The procedure for obtaining these quantities is illustrated for _M_; in detail, and
the remaining terms can be obtained in a similar fashion.

Recall that M{ is approximated by (21-235) when first-order approximation is
used. Thus,

OR -
Mg = _Ugg = - {%(Um"“ Vi) (&-K?‘ﬂ)
1o oy (B = R\ ]

Note that, as before, when second-order approximation is used, that is, Equation
(21-236), the terms at grid points 7 — 2 and ¢ + 2 are taken to the right-hand side
of the equation and treated explicitly. Now from Equation (21-251) expressions for
7\7; are developed as follow.

= - Mel (1., Nl
MEL—!J ~ AR i—l,j_{z(U"j-’-'UiJl) (Af)}

M} 1 1
y -5 e {§(U-'J + [Uish) (—A—é)
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+ %(Uu — Us1) (l_l_tl')}
{|Uml (Alf)}
= {%(U,J Uss1) (Alf)}

Now, with all the terms in Equations (21-233) and (21-234) identified, the two
tridiagonal systems of equations are solved sequentially by any tridiagonal solver,
for example, by the scheme introduced in Appendix B.

oM
Yy OR

21.6.1.2 Explicit Formulation: The Baldwin-Barth turbulence model given
by (21-99) is considered to develop an explicit scheme. Again, as in the implicit for-
mulation, an upwind approximation is used for the convective term which could be
either first-order or second-order, and a central difference approximation of second-
order is used for the diffusion terms. In the following formulation, a first-order
upwind scheme is used. However, as seen in the previous section, extension to
second-order is simple and straightforward.

R = R" At{ Ui+ |Uis) (E‘ﬁ-—g"—”) +

+ ;( U1 (Rwl,j &,,-)

L (Vig + Vi) M)

1 Rijt1— R
+ §(V§J — [Visl) (“A—W—J)}

1 1 Rinyg — Ry
~ At (Rs_m) (Z ["‘N&J {(g’“‘“ Cugo T by [(—iW_JJ}

Rij — Riovy
_.V.! }J{EI;JEI‘__J"J'*'EMJ&%_&J) —W]}

Ri ; - Ri y—
+u,, 4 ey Meyy T 6w n"w};) [ +§.:+é£An +g %] }
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__Vt

77::\, 7]1‘

‘J**’

Tx, +Ey._,nyl’)[

+ ny..,- nyv +&)

w

+ 77%., "hl

Ripoy = Bioysy
A€An

)

/}

Rijn —

(An)?

-Ri,j o R1,J—l

2‘
L)

) | (An)?

‘R,

- R

|

i-§.+%

+Lggl
(7):.‘,52 +ny.‘,£yd+&) el

u+§

-Ri+§a‘—i -

AtAn

Ri—}j—ﬂ

(M= &=,

e
{
o
{
"o

+ Mg 'fy 4)

+ At (R—Zm) (u + E)U [(Ez., Eopyy + s Gy ) [

}

— K.

l+§,j

Rij — Riy;
- (f._,'.d fzi_ b + fy.-_,' fy‘._“) [W

b

+ (Ez.-h,- Nz AfATI

g + uy nyw}d

‘R,

iligr =Ry
— (éII'J n::.,_&., + 51’\) ny_,_&u,) 5.Jt3 2J"%

AtAT

|
|

— R,

-
_R‘.. __.R‘.'.
+(77:-._, Thu*é +ny.,,77y,-d+%) J(Aln)z :

_ [Rij — Rij1
(M, 77:.‘,_% + Ty ny,r_,-,i) i (An)?

‘R.

O 5.0+
+nyu£yu+i) ] AEAT

+ (7}::.-,, fzu 3

[ Firgsy —
| A€An

+ &t (cafu, — ca)y/euDr; Do SiiRi;

- (77:._, Ez"-i'i + Ny, Eyu_%)

AfAn

Ry
(A£)?

i3t}

Bioyyoi]

J

— R

2]

'J

(21-252)
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Uitl,; — Ui-1 Ui+l — Uij-1
+ 2cl.‘|_, (

Yirly — Yi-1,5 Vig+1 — Y31
ONE ong ) T ( oYY ) ( 2T )

Ui j+1 — Uii-1 Vig+1 = Vij-1
2An 24n

+ 2aq, (u¢+1j - uil,j) ('Ui+1,j i P A 2ba,,

2AE IAE

Uipr,j — Ui-1,5 UVig+1l — Vij-1
2c3.
+ C“‘J( 2A¢ ) ( 2An

21.6.2 Spalart-Allmaras One-Equation Turbulence Model

As in the previous section, an upwind approximation is used for the convective
terms, and central difference approximation is used for the viscous terms. Since
the approach is similar to that of the previous scction, the final form of the finite
difference expression and/or equations are provided in the following subsections.

21.6.2.1 Implicit Formulation: The convective term can be approximated
by either a first-order or a second-order upwind formulation. The first-order ap-
proximation yields

1 Vii—Uic1s
- (S (Peglew)

1 Tirrs — Uij
+ 5 (Ui = U1 (V“"A—gu")

B8O | =

-17“,‘ - Vi y —
+ 5 (Vi + Vi) (JA—nJI)
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- 50— 1 (B} (21-250)
The second-order approximation provides
1 3v,; — 4_[/_"—]. i+ Ui
Ml = ¢ Ui ) s %) J uJ
e

_ 1 —7"+2d + 47"_“‘]' - 3!7"0'
- + Z(U‘J [U‘Jl) ( 2A€

1 30 — AT 41 + Tigoa
—_ ‘/‘ . s $J 20 L%}

+

(Vg = [VisD) (_V“j+2 +:Z”“ = 3 ) } (21-255)
n

b | e

The terms M? and M3 given by (21-144) through (21-147) are approximated fol-
lowing the procedure illustrated in the previous section.

v = (m) (55) (o6 +6%¢)

where
B . - Vit1; — Vig
61 af +€y aE - (V + V)i+é-,j {(E-‘h’g g-‘tﬂ_&d. + fy.',, Eyﬂ_h) [ (36)2 J] }

e (G, oty P50

+ (U + F)Hi»j {(Ezg, Th’ﬁ}a + g!h.j nyﬁ»h) UH%J*—A%gdAI:;*-%J_%] }

— (V + v)i"‘inj {(E:.-J T]:‘._JH + Sy.-d ny""lu‘) V‘_%J+g£--Al:;—‘!d_%j| } (21-256)
2nd 1y /1 da 0B

+ Cio «
M= (5) (557) (’h% * ”%)

where

do B . Vigr — Vig
NGt o (v + P)igey {(nz nxw%*"w”ym&)[ (An)? ]}
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(V + V)l.J {(nl'._,"h ! + ny‘-ﬂ]y,_ﬁ%)

Viehi+y — Vi

+ (U + F)i..ﬁi {(Ur._,fr‘wi + ny-.igyu”,)

L

U‘+énj_%

AEAD

tu%,j—

I

— (v +7),y {(Ti:t.dfz e, y)
(o) Soen (5%

A BB) N

and
1

Rey,

3
My
where

- (V—f—ﬁ) (Ex"(;)_g' + &ya_f

(V+V)la{(gz\,£= 1, +£y.._,£y )

0+%J

+(V+v).‘_,

(V + V EI‘J nz‘.*id -+ Ey‘d 'ny

b g
V + V {

and

1

Re,

)

— (V + l_’)i.j {(W:‘Jn:“j } + ThyesTly

it

M? 2+ 7)

n

-

0A +n dB
“on yc’i

)%

Tz

[

where

—(u+v)(

)

+ (V+ ) {(’humu-g + nwﬂy\,_g)

EI\J' Ezi—éa’ + Ey.—d Eyi_*‘,.)
)

fx.—,,- Thr‘._%d. + ﬁy.;,' ny‘_é_,.)

Uij+1 — Vi

Vij —

AfArn

Eyag)

r_17|'+1J' —Vij
| (Ag)?

Vijg = Vi

(Ag)?

Viegivy — ¥

l}
I

i+5.4-

} (21-257)

-

1]

AfAn

Vi-jith

~ Vi

gl

1

A¢An

)

dA + dB

(An)?

Vs j—1

(An)?

_ } (21-258)
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Prrhirh ~Pihiei ]

AfAny

— (1/ + U);J {(7]:‘_,6;: + nyugy.'_ﬁ{,)

w+d

Vicki} ~ Vigi-d

ALAn

+ (l/ + 1—/)i|_; {(n"dg"u—; + Tiy._,gy‘,d_i)

} (21-259)
The production term in this model is simulated by

P = Cblg_l/_(l — fm)

where ¢, = 0.1355 is a constant, and

g = S+ R—e'ykz—dzfﬂ ) £ =0.41
(s o]
X v
"y = 1— , =
f 2 1 -+ Xful. X v
XS
vl = o g ’ ey =T7.1
fl x3+cgl 1
fo = enexp(—cux’) , cu=20
At location (1, 7),
P, = cuSivis(l - fa,) (21-260)
— Vi ‘
Sij Si j + 52 kJ? Z for, (21-261)
dv  du
Si ; = A~
id oz Oyl
*a¢ " oy voe T Mo,
- Vitlj — Vi-14 Uij+1 — Vij—1
by 2A¢ + s 24An
_ Elh‘.: Uir1j —Ui-1j " Ugj+1 = Uu-l\ (21—262)

2AE

24
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Xy = 2 (21-263)
Vi ;
ftzg, = exrﬁ(—f—‘nx?d-) (21-264)
Xij
v - 21-265
X3
L= 21-266
Fos X +cn ( )
The destruction term is given by
- Gt ) {Er
D = Reo (cu. fu— 3 fe 1 (21-267)
where
i
1+, \°¢
fo = ¢ (—‘”’) (21-268)
9+,
g = THceu(®-r) (21-269)
1 v
= 5— =55 21-
r Re,, Sk2d? (21-270)
= v
= S+ ——5 21-271
S t Remrczdzf”2 (21-271)
Thus,
1 C, Ui 2
Dy = —— (c,,, fu; — — fun ) (i) (21-272
J Re, i Ju prRlet a4, )
1
1+ \*
wy = Gij | 21-273
Gij = Tij+Cu(re; —ny) (21-274)
S . . (21-275)
W Req, Fi,j'i2d?d -

The trip term is given by
T = Rew fn(Ag)?
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where
fn = cugiexp [_0‘2(:—5)2 (d2 + gfdf)] (21-276)
and
g: = min (0.1, w;(AAq:c);) (21-277)

Ag: Is the difference between the velocities at the field point and at the trip point
at the wall. Since the velocity at the wall is zero (no suction}, Agq is simply
the velocity at the field point.

w,: Is the wall vorticity at the trip.
Ax,: Is the grid spacing along the wall at the trip.
d,: Is the distance from the field point to the trip point.
d: Is the nearest distance from the field point to the wall.

At this point, all the finite difference expressions are in place to develop a nu-
merical scheme. The ADI formulation, which was introduced in Chapter 3, will be
used for this purpose. Recall that the governing equation given by (21-139) is

§=M+P—D+T (21-278)
Furthermore, Equation (21-278) is nonlinear due to the terms in M, P, and D.
Thus, before a numerical scheme is considered, Equation (21-278) must be lin-
earized. The linearization procedure developed in Chapter 6, and similarly devel-
oped in Chapter 11, and given by Relation (11-81), is used to linearize Equation
(21-278). The general expression is

EMl = E"+ AAu (21-279)

where
_ oF

T

Now, to develop an implicit scheme, Equation (21-278) is applied at time level n+ 1.
Therefore,

A

67 nt+l
(5?) =M™ 4 prl_ pril e (21-280)
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where the trip term is treated as a source term evaluated at time level n. Now the
lincarization (21-279) provides

MM = MM+ %A;Av =M"+ MAV (21-281)

Pn-(»l _ Pn 61 — n B A — _
= + ——AV = P" 4+ PAU (21-282)

DMt = D" 4 %I;A‘u' = D"+ DAV (21-283)

Now Equation (21-280) can be written as

%—(H+?—E)A7=M"+P"—D"+T“ (21-284)
or
[1- (M +P-D)At| Av = (M™ + P* — D" + T")At (21-285)

Recall that, in the development of finite difference expressions for M, it was decom-
posed as M, and M,,. Therefore, the Equation (21-285) can be written as

[1 - (M¢+ M, + P -D)At| Av = (M" + P" — D" + T") At
Now this equation is factored as

[1-atd| [1- At (M,+P-D)|av =

(M7 + M} + P~ D" +T") At
and solved sequentially with the following equations
(1- AtM¢)Av* = RHS (21-286)
[1-At(M,+P-D)| ar = Av* (21-287)

As seen previously, each one of these equations, once applied to all of the grid
points, will result in a tridiagonal system. For example, Equation (21-286) will yield

+ (1 = At M) AP, ; = RHS; (21-288)

The finite difference expressions for the terms in RHS;; of Equation (21-288) have
already been identified. The “bar” quantities are determined in a similar fashion
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as that of Section 21.6.1.1. For example, the results for H; are as follows
1 1
o, = —§(U¢J— Ui 50) (A_f)
1
= — U | ==
A G

1 1
oy §(Ui.j+|Ua.j|) (Ké)

Similar expressions can be obtained for the remaining terms.
Once the tridiagonal system of equations given by (21-286) is solved, the right-
hand side of (21-287) is known, and, subsequently, it can be solved. The system of

tridiagonal equations given by (21-286) or (21-287) can be solved by any tridiagonal
solver such as the scheme discussed in Appendix B.

21.6.2.2 Explicit Formulation: The explicit formulation of Equation (21-
127) is similar to that of (21-252) and is given by

—n n 1 '17‘- R Fl'-l . 1 -'7|‘+1 ) —V.- i
ngl = U‘-J—At{E(mlj-{-'U‘-j]) (—i—A—E—J) + '2'(Ui,j _ |U“J|) ( ,JAE J)

1 Vij — Vij-1 1 Vijs1 — Ui
BPACARICY (T) + 5 (Vi = Vg (———“ A )}

- At (Rim) (1 +ng2) [(y+ 17)%“,- {(Ez,.,-c’xﬂh + fy.,fy,.*&_,) [%N

_ Vi — Vi1
- (V + V)i—i.j {(g:cule._&" + gyi"&yi“id) [ J(AE)2_J] }

) Dot yith = Pirdiy |
ALAn

+ v+ ‘—’)H-i.j {(&"anwé.j + &My

i+§d

) [ Pigie = iy
—(v+ V),-_%J {(gz.-‘,nz‘._h + fy.J"]y,-_JN) .. AEAD ]

+ (v + D)4y {(n:.dnzw + My, ) [Lﬁn;):—"}}
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— (v +P)isy {(nz Eopy T sy ) ::7.-+§J—g€—A‘_:;—id—i: }]
R a5
(v + )i {(emufx o T ewbuy) :ﬁu(;:)‘; u]}
v+ D) { (Eaimz, g, + Ewiy,y ;) :I_/H&ﬁAi'E_Ai;ﬁJ_%; }
oy g [Pt )
— (v + D)y { (s Mzj, ) o+ sy, y) %fﬁ }
+(v+ V).J{ Mallz_y o+ Ty, ) Eﬁij}
—(v+D) .J{ 77,—.\,51_&5 + 'iwfs'“i) [ ‘+W+A!.€_Ar;;_élj+%:|}
+ (v + V)i {(vmfz by, ) [D ig—;;_;,,-_;] }]
+ At{chuz’/‘-J(l = fuy)
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21.6.3 Two-Equation Turbulence Models

Similar to the one-equation models, the convective terms are approximated by
either a first-order or a second-order upwind scheme. Second-order central differ-
ence approximation is used for the remaining terms either at the grid points or at
midpoints. If central difference approximation is applied at the points next to the
boundaries, a difficulty will be encountered due to the appearance of points in the
finite difference equation which are outside the domain. At these points, one-sided
approximation can be used to eliminate the difficulty. When approximation at the
midpoints is used, this difficulty does not occur. Both formulations are provided in
this section. In the following formulations, the first-order upwind scheme is used.
Furthermore, since the many terms in the k-equation, e-equation, and w-equation
are similar, only the finite difference equation for the k-equation is provided in
detail. Subsequently, the extra terms in the e-equation and the w-equation are
investigated. The k-equation given by (21-205) is divided by p and written as

ok Ok ok 1 d

e 5 [(MUS) (KX + 6 3¢ ((MUS) (KY))

1, % [(MUS) (KY)] } + % _ Bwk (21-290)

Now an explicit formulation for Equation (21-290) is written as follows

n

1 kP — ki ;
{E(Um‘ + |Usg) 1 4

n+l n

1 _ F+1,j - k:j
+ 2 (Uu - |Ut.1|) AE

+1(V.+|v.|)ui
g W An

I
+ = (Vig — IVayl) =5 —4

1
2 An

1 1
+ &“’pijem (2A§) {[(MUS) (KX)]:'HJ‘ - [(MUS) (KX)]-'—I.J'}
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1 1
s () {MUS) (K050, - (04U8) (KX,

+ o (g ) {((MUS) (KD, = (MUS) (K7}

+ Ty, p.-,,-}lzem (2/;”) {(MUS) (KY)),y,, — (MUS)(KY) ], }

1
+ ;—(Pk)u - ﬁ'wegku] (21-291)
i

where the production term P, as given by (21-220) is computed as follows

= Uit — Uil Uigl — Uig-1
(Pr)ig (P1)i; 2AE + (P2)s 2A7

+ (P3): Ui+1,j2;£]i—l,j + (P4)s, Ui,j+12;1;fi,j-1

~ To illustrate the midpoint approximation, consider the first four terms on the
right-hand side of Equation (21-205). Keep in mind that the convective terms
are approximated by upwind scheme, as before. The four terms of (21-205) under

consideration are

1
et on(egend)
1 o ak ok
R— F[(MUS)( 3£+7ha—n)]
1 o | Bk dk\ ]
R_m€y§ L(MUS) (Ey6_6+ny6_n)
+L 8 'MUS Ok ok \ |
Remn"’gn' -( )(Eya_g'f'ngé‘r‘])-

1 A dB 1 0A 8B
= _Rem {ﬁz 3¢ + &, 65} —m {nzgr; + 1y -6—77} (21-292)
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where 6k
A = (MUS) (sz * )
and

= (MUS} (fy 3¢ + My gk)

Now consider the finite difference expression for ({;04/8€) where central differ-
ence approximation is used.

9A\ . A Ay,
(Eza_g‘) g = £-"i,j AE : (21'293)

ak ok
Ai+%d = (MUS)H--:..J (&a—f”l"ﬂ;a—n)
i+4,7

ki — ki LT
= (MUS),,,; {ﬁzﬂéj*—‘zg—”+nﬁ+h s An —1d ’} (21-294)
and
ki:— kioy s
Ay = (MUS)_y; {gz‘_h__u_rfu
ki 1.0—ki_1..1
it h I s 21-295
T,y Am } ( )
Similarly,
kivij — kij Kiyed — kiﬂj—i
Bii; = (MUS)iy; 5”+w_—A5 1 An (21-296)

k(’j - ki—l,j kl'—l,j-*-% —_ k"_%l]-__l
By, = (MUS)_y; {511.-_5_,—_AE‘— + g ! An 25 (21-297)

Now the first term of expression (21-292) becomes

1 [ 94
Rew {ﬁf 2 g a } =

1 €2z,
R—Eoo (MUS)W,,J (Af) (kl+1,.1 i;J')
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£I¢ 77:,,, J
+ (MUS),»+;J7§{E$_(’°-’+&J+& ~ Kisp-p)
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€257,
~ (MUS) gy penr b (Kipeg = kigay)

S.Vu 6# v b

+ (MUS)H'[,] (A§)2

(ki+1,j - ki,j)

E!/\Jny+ 19
+(MUS)|+§J AtAy (k i+hgtd T ki+§,j-§)

ES"J 59 % (ku kl"la)

= (MUS) 45—rma TGE

SuMy,. Svi gy

—_ (MUS)‘_qu AgAT] (k| !J+%—k| %J "z)}

1

1
B ﬁ_éo—o {(MUS)'+%J(A_€)2_ (&‘szw}j + gy\'dgyni,j) (kﬂ'l;j - kid)

_(MUS),_} (gmgx‘,_wgyugy‘,_,ﬁ) (kis — kiors)

i !,](AE)Q
+ (MUS)H"JAEA (Ez iz, + fyuny”é.’) (k(+§-j+% - k.’+iJ—§)

1
- (MUS).-—L,'EA—” (E::.-J-m_._%ui + Eg-\,ny‘_h) (Kicy oy — Koy H)} (21-298)

The midpoint values are determined according to

[( )ig+ (i)

[

( )iié,j =

( Dijey = %[( Jig + (it + ( g+ (0 )igeil

4
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[ g+ { Dizrg +( Digor+( Dizrg)

| -

( )ii.},,j—g =
For example,
Kivyjey = %(ki.j + kicrg + ki + ki)
Similarly, the second term of (21-292) which is given by
1 0A 0B
Tew {Tizg;’“ + Wyb‘ﬁ}

is approximated by

1 1
R—'eoo— {(MUS)IJ‘*%‘(A—.”)-E (nm‘dnxu+% + nyuny..d+§) (k‘aJ‘f'% - k( )
1
- (MUS)“J_é(_A_T;)_i (nzunru_i + nyi_jny‘-_,_i) (khJ - k'.uj"l)
1
+MUS)ises renn (’fwfrw + ﬂwfvm;) (kis g = ki gey)

1
- (MUS)i,j—&m (n’-‘dé‘u_; + Wyajfyu_i) (ki+§,jf§ - ki—i,j—.{.) } (21-299)
Finally, the finite difference equation for the k-equation becomes,

n n 1 k:l - k?— ;
ki o= kY- At [{E(U‘u‘ + Ui 1) ’J—Ag——li

1 kg =k 1 Kbo—kn.
+§(U.~J--—Ilﬁjl)_&._ﬂ,i__i(vu_*_w‘_dl)_u -1

A An
1 ki’:j+1 - krj
+ 5V = 1)

1

1 3
-+ P.‘,jReoo {(MUS)H-%J(AT)Q (Ez;dfz‘._i_&‘! + Ey.'déy..+“) (’Cg.;.l‘j - k"J)

1
- (MUS)I—iJ(AT)Q (EIiJEII._&J + Ey.-.,-fy‘,_}j) (kij - ki—l,j)

1
-+ (MUS)H‘éJA—E—.A_T) (Ez;_,-nxwh -+ Sy.-_,nyﬂi‘j)
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[(0-25) (Kiger + Kivrer — ki1 — k¢+1,j—1)]
1
- (MUS),._;jm (Gx.-,nz__h + E“Jny‘_ij)
[(0-25)(ku+1 + kicy g1 — kijor — ki—l,_;—l)]

1
+ (MUS)"J*-;(_A_T;)._Q‘ (Tizqn:v‘d + ny,\’-ny‘.,+&) ( 173+1 |,J)

- (MUS)EJ-_; (An)? (77::.-\,-71::“_'!r + Ww’?y“,_%) (kij — kij-1)
1
(MUS)"H'!AEA ('I),—_ ng‘J+£ + T]y.,_,&yv_i_%)
[(0.25) (kis14+ Kiv1541 = kic15 — ki—1j+1)] -

1
— (MUS)"J—%M (nzquo_é + ny.-h,-fyu_&)

[(0-25) (kipr5 + Kivrg-1 — ki1 — ki—ld—l)] }

" {pl’,j}lzeoo (Pk)ilj - ﬁ‘w'ﬁk"-"} } (21-300)

The w-equation has similar terms as the k-equation and, therefore, the FDE just

investigated can be used for the w-equation by replacing k with w. However, recall

that the w-equation has an extra term which will be investigated at this point.
The seventh term of the w-equation given by (21-209) is

Bk ak Ow dw
[21-’)(1 — F)ow— ] [( af ) (fza—£+nza—n)

ok ok Ow ow
(’5’*6& M ) (5” 5 " Wan )]

The second bracket can be rearranged as

s .00k Ow Ok Ow
(£2+¢ )65 o +(£nmz+£,my)36 B
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dk o gk
+(&me + &g, e + R+ )G 5
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The finite difference for the expression above is written as

(ki+1,jk1—1,j) (wi+1,_;’ - wi-l,j)

o (AL

(ki-HJ - ki—l,j) (wi,j+1 - wi,j—l) + (ki,j+1 - ki,j—l) (wi+l,j = w.‘-u)

4(Ag) (An)

+ Cs,,

(ki1 = Kig-1) (Wijer — wWig-1)
4(An)?

+ by, (21-301)

21.7 Applications

Several turbulence models have been introduced in this chapter. The appli-
cations of these models to three different flowfields are illustrated in this section.
Computations are performed with several turbulence models for each domain such
that the solutions can be compared to each other and the experimental data.

The flowfield is solved either by the first-order and/or second-order flux-vector
splitting schemes described in Section 14.4.1.2 and given by Equations (14-21) and
(14-22) or by the modified fourth-order Runge-Kutta scheme described in Section
14.4.1.3.

21.7.1 Shock/Boundary Layer Interaction

The oblique shock generated at a compression corner and its interaction with
turbulent boundary layer developed near the surface occurs in several engineering
applications. Thus, the prediction of such a complex flowfield is essential for design
and analysis purposes.

Consider now a two-dimensional compression corner in a supersonic flow. Sev-
eral physical observations have been made with regard to this type of flowfield as
illustrated in Figure (21-7). (1) At the corner a shock will form causing rise in pres-
sure. From basic compressible fluid mechanics it is well known that the strength of
the shock and subsequent rise in pressure will increase as the angle of compression
corner, and/or the free stream Mach number is increased. (2) A consequence of the
flow separation is the appearance of a stagnation point at the reattachment location.
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Figure 21-7. Illustration of a typical supersonic flow at a compression
corner.

Note that at this stagnation point higher values of pressure and heat transfer are
produced. (3) The shock/turbulent boundary layer interaction is highly unsteady.
The shock typically oscillates back and forth, creating large pressure fluctuations
at the surface. This physical phenomenon has been shown by several researchers,
for example, Dolling and his co-workers [21-19 - 21-21].

A detailed flowfield survey for several compression corners have been conducted
by Settles [21-23]. The flowfield corresponding to a compression corner of 24° is
used in the application presented in this section. The flow conditions are specified
as follow, M, = 2.85(u, = 1875 ft/sec), T, = 180 °R, and a constant wall tem-
perature of T,, = 498 °R. The Reynolds number base on §y, where §; = 0.83 inches,
was 1.33 x 10°.

The grid system is composed of 101 x 81 grid points as shown in Figure 21-
8. The grid points clustering near the surface and at the compression corner is
enforced. The y* for the first grid point off the wall, (: = 2), varied from about 1
at the inlet to about 4 at the downstream of reattachment point. It is important
to reiterate that for turbulent flow computations, a y* of less than 5, preferably a
y* of 1 ~ 2 are necessary. Satisfying this requirement will ensure that at least one
grid point is located within the viscous sublayer.
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Figure 21-8. The grid system for the compression corner.

The initial conditions at the inlet can be obtained by several methods. For ex-
ample, a computation can be conducted over a flat plate and at a location where
the computed boundary layer thickness matches the experimental value, the data,
including the turbulent viscosity distribution, is stored to be used as the inlet con-
ditions.

The no slip boundary condition and the constant wall temperature are imposed
at the surface, that is, the lower surface. At the upper boundary, the free stream
conditions are specified. Finally, at the downstream boundary, a first-order extrap-
olation is used. The solution is initiated by imposing the specified flow condition
at the inlet over the entire domain.

Comparisons of the computed surface pressure distributions with the experi-
mental data are shown in Figures (21-9) and (21-10). The solutions shown in these
figures are obtained using the Spalart-Allmaras one-equation model and the Jones-
Launder two-equation k-¢ model, respectively.

Recall that one of the physical phenomena of the shock /turbulent boundary layer
interaction identified previously is the unsteadiness of this interaction. However,
the solutions obtained in this example are developed for steady state. There are a
couple of reasons for doing so. First, the experimental data used in comparisons
are provided as their mean values. Second, and perhaps more important, is the
formulations used in the computations. Since an averaging process is used in the
development of the Reynolds Average Navier-Stokes equation, the occurrence of
any high frequency processes within the domain cannot be predicted. In order to
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Figure 21-9. Surface pressure distri- Figure 21-10. Surface pressure distri-
butions, Spalart-Allmaras butions, Jones-Launder
Turbulence model, k-¢ Turbulence model.

accurately predict the unsteady nature of this problem, large eddy simulation or
direct numerical simulation should be used. Nonetheless, the RANS equations com-
plemented with a turbulence model can predict the overall behavior of the flowfield.
Comparisons of the velocity profiles at the compression corner and downstream of
the corner are shown in Figures (21-11) and (21-12). The computed values compare
reasonably well with the experimental data in light of the complexity of the flow-
field. Observe that the reverse flow at the corner is predicted fairly well, as shown
in Figure (21-11).

It should be noted that, due to the uncertainties in experimentally measured
turbulence quantities, the approximations used in the RANS equations, and the
uncertainties in turbulence models, a prediction with a range of +£20 percent can
be considered reasonable for complex flows involving turbulence.

21.7.2 Two-Dimensional Base Flow

Near-wake flowfield behind a finite thickness base generated when two streams
of turbulent flows merge occurs in several applications. The complexity of flowfield
is manifested if the flow is supersonic. In this type of flowfields, the upper and
lower streams separate at the corners of the base forming turbulent shear layers.
These shear layers interact with the expansion waves near the corners and undergo
recompression and reattachment downstream of the base. Near the base, there is
a low speed-recirculating region approximately at a constant pressure bounded by
the shear layers. The base flowfield is illustrated in Figure 21-13.
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Figure 21-13 Illustration of the two-dimensional supersonic base flow.
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The objectives of this exercise are to numerically simulate this complex flow-
field and, in the process, to evaluate the performance of several turbulence models
discussed previously.

The flow properties at the upper and lower streams are designated by subscripts
1 and 2, respectively, and they are specified as

M, = 2.56, u, = 584.13 m/sec, p = 27,566 N/m?
and
M, =205, wuy;=>523.83 m/sec, p,=61,110 N/m2
The corresponding total pressure and total temperature are 517KP and 299 K,
respectively. The properties of stream 1 are used to nondimensionalize all the flow
properties.

The domain of solution is shown in Figure 21-14, where the origin of the coor-

dinate system is located at the upper corner, as illustrated.

Computations are performed on a multi-block grid system where the domain is
divided into three blocks, as shown in Figure 21-15. The governing equations are
solved on each block by communicating the solutions at the connection boundaries
of blocks. Since this approach has not been previously introduced, some deliberation
is warranted.

Consider a domain shown in Figure 21-16. For simplicity assume that it is
required to decompose the domain into two blocks, as shown in Figure 21-17, where
transfer of data between the two blocks is accomplished through the connection
boundary. The overlapping lines CD and EF are used as the connection boundary
between blocks 1 and 2. Note that line EF is identified by i« = IM1 for block 1,
and i = 2 for block 2. Similarly, line CD is identified as i = IM1 — 1 for block 1
and line ¢ = 1 for block 2.

The solution procedure consists of two steps at each time level. Solution begins
in block 1 where, for the first time, the specified initial condition is used to initiate
the solution. Subsequently, solution proceeds to block 2 where the data along line
CD (i = IM1 — 1) of the block 1 which has just been completed are used as the
boundary data along i = 1 of block 2. That is, the boundary values are set according
to

(pld)BlockZ = (p-’Ml-ld)Blockl
(U15)Block 2 = (UrM1-15)Block 1
(vii)Block 2 = (ViM1-13)Block 1

(en;)Block 2 = (Etma-1s)Block 1
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Figure 21-16. Domain of solution. Figure 21-17. Decomposition of the
domain into two blocks.

Once the solution for block 2 is completed, the computed values of the variables
along the line EF of block 2 are used as the boundary values along line EF(i =
IM1) of block 1, and solution of block 1 is initiated for the next time level. The
specification of boundary condition from block 2 to block 1 is set according to

(PrM15)Block 1
(urM14) Block 1
(vimM15)Block 1

(etmu)Block 1

= (P25)Block 2
= (u24)Block 2
= (v24)Block 2

= (€;)Block 2
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Figure 21-18. Initial rectangular grid Figure 21-19. Adapted grid system,

block 1: 44x32, block block 1: 44x70, block
2: 100x131, block 3: 2: 100x245, block 3:
44x18. 44%50.

Computations for the base flow are performed on the rectangular multi-block
grid system shown in Figure 21-18. This initial computation is performed to obtain
an estimate of the shear layer in order to generate a more appropriate grid where
there is a clustering of grid in the shear layer region, and, furthermore, the grid
lines are more or less aligned along the shear layer. Thus, once a solution on the
grid system shown in Figure 21-18 is obtained, a second grid based on the flow
data is generated which is shown in Figure 21-19, Subsequently, the solution from
the initial rectangular grid is mapped onto the new grid system and used as the
initial condition. Turbulent flow computations are initiated on this grid. Transition
to turbulence is specified on the upper and lower surfaces in blocks 1 and 3 at a
distance of half base thickness downstream of the inflow. Observe that there is
clustering of grid points along the upper and lower walls and at the inlet location
in addition to grid clustering along the shear layer.

As the solution develops, the grid system may be updated in order to better align
the grid line along the shear layer and to impose more efficiently the grid clustering.
The inlet flow conditions are generated in a similar approach, as described in the
previous example.

Computed streamwise mean velocity profiles obtained by the Baldwin-Barth
one-equation model, the Spalart-Allmaras one-equation model, and the Baseline k-
¢/k-w two-equation model with compressibility correction are shown in Figures 21-
20 through 21-22. The axial locations in Figures 21-20 through 21-22 are at
z = dmm, 25mm, and 556 mm, respectively. Observation of the experimental data
indicates that the axial locations of z = 5mm and 25mm approximately correspond
to the separation/recirculation region and the shear layer mixing region, where an
axial location of z = 5bmm corresponds to the recompression/reattachment region.

The streamwise velocity profiles obtained by the baseline two-equation turbu-
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lence model with compressibility correction provide the best prediction, as com-
pared to the experimental data. Comparison of the baseline pressure is shown in
Figure 21-23. The pressure values obtained from the baseline two-equation model
with compressibility correction and the Baldwin-Barth model compare well with
the experimental data, wherecas the pressure values predicted by the baseline and
Spalart-Allmaras models are much lower.

21.7.3 Axisymmetric, Supersonic, Turbulent Exhaust Flow

A typical supersonic exhaust flow includes viscous/inviscid interaction, turbulence,
and possibly it may include thermochemistry. The boundary layers developed in
the interior and/or exterior walls of the nozzle produce shear layers at the exit
plane. A complex series of expansion waves and compression waves are generated
which interact with the shear layer. As a consequence, the so-called barrel shocks
are formed. Shock reflection from the axis of symmetry may occur in the form of
either a Mach Reflection or a regular reflection. A typical flowfield is illustrated
in Figure (21-24). The plume structure is further influenced by the external flow
conditions, which may be subsonic or supersonic. Other significant physical factors
which influence the plume flowfield are turbulence and thermochemistry. Typically
the shear layer is turbulent, and, therefore, appropriate turbulence models must
be considered in flow simulations. Furthermore, due to large variations in the
temperature field within the plume, a proper chemistry model should be utilized
to capture the physics of the problem. In fact, the temperature behind the Mach
disc could reach as high as the stagnation temperature. Since the primary objective
in this section is to investigate solutions of several turbulence models without any
added complexity, the effect of chemistry is not included and the perfect gas model
is used. Indeed, for the example problem considered, temperatures do not reach
values for which chemistry consideration would be warranted.
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Figure 21-24. A typical jet exhaust flowfield.
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Figure 21-25. The grid system for the jet exhaust flow, block 1:
56x52, block 2: 200x78
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Consider now the exhaust flow of an underexpanded nozzle at Mach 2 into a
quiescent ambient with a pressure ratio of P;/F, = 1.45, where P; is the jet exit
pressure and P, is the back pressure. Furthermore, the temperature ratio is given
as T;/T, = 1.0. The freestream pressure and temperature are 101,325 N/m? and
293K, respectively. The jet exit radius R; is 2.54cm.

A grid system composed of two blocks, as shown in Figure 21-25, is used for
computations. The grid system includes 56x52 and 200x 78 grid points for blocks
1 and 2, respectively. Due to symmetry, only the upper half of the domain is
considered in computation. Block 1 extends upstream from the jet exit plane 2.5R;,
whereas block 2 extends 15R; downstream from the jet exit plane. The outer
boundary is set at 9R; from the axis of symmetry. The origin of the coordinate
system is set at the jet exit plane on the axis of symmetry.

The boundary condition at the jet exit plane is specified, based on the experimen-
tally measured velocity profile. In the course of investigation, it was concluded that
the solution is sensitive to specification of boundary conditions set at the freestream.
In fact, depending on how the boundary conditions were imposed, it was necessary
in some cases to specify a small external coflow in the order of My = 0.01 or larger
in order to obtain a stable solution. A detailed investigation of boundary conditions
for the jet exhaust flow is provided by Hoffmann, et al., [21-23).

Turbulent flow computations are initiated by setting onset of transition at three
grid points downstream of the jet exit plane. The transition is simulated by phasing
in the production term in the turbulence model over several (e.g., three) grid points.

The center line pressure distribution obtained with the Baldwin-Barth model
and a modified Baldwin-Barth model are shown in Figure 21-26, where the numer-
ical solutions are compared to the experimental data of Seiner and Norum [21-24].
The Baldwin-Barth model used in this example corresponds to Equation (21-77),
with ¢y = 1.2. The modified version, which includes axisymmetric correction, is
again Equation (21-77) with simply increasing the value of ¢ to 1.47.

Solutions by Spalart-Allmaras model are shown in Figure 21-27. The Spalart-
Allmaras one-equation model is given by Equation (21-124) where ¢, is specified
as 0.1355. Observe that this model produces an excessive amount of turbulent
dissipation, and, as a result, the shock cells are dissipated at around z/d of about
10. The modified Spalart-Allmaras model is the same as given by Equation (21-
124), except a value of 0.06 is used for cy. Finally, the solutions by the baseline
k-¢/k-w two-equation model are shown in Figure 21-28. Again, as in the case of the
Spalart-Allmaras model, the original baseline model produces excessive turbulent
dissipation. Terms are included for compressibility correction (BSL-cc) with a; =
1.0, @z = 0.4, and a3 = 0.2, and compressibility and axisymmetric corrections (BSL-
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0.6. The best solution is obtained

1.0, oy = 0.4, a3 = 0.2, and o,
when both compressibility and axisymmetric correction terms are included.
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21.8 Favre-Averaged Navier-Stokes Equations

Previously in Section 21.3.1, the Reynolds-averaged Navier-Stokes equations,
based on time averaging, were developed. One of the main assumptions imple-
mented in the development of RANS is the Morkovin's hypothesis which allows the
elimination of terms involving density fluctuations. Recall that Morkovin’s hypothe-
sis states that the structure of turbulence is negligibly affected by compressibility up
to Mach number of about 5 and remains similar to that of incompressible flow. To
remove this assumption and to increase the range of applications to high speed com-
pressible flows, the density fluctuating correlations such as p'u’, p/v' are retained.
The resulting equations are known as the Favre-averaged Navier-Stokes (FANS)
equations which are also referred to as the mass-averaged Navier-Stokes equations.
Thus, the terms Favre-averaged and mass-averaged are used interchangeably. The
objective of this section is to review the development of FANS equations.

A mass-(or Favre-)averaged quantity denoted by a tilde over the variable is
define as

———

- 1 sttt of
= — — = 2
f ﬁfto pfdt F (21-302)

where, as before, a bar over a variable indicates a Reynolds-averaged quantity. It
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is important to note that Favre-averaging is a mathernatical concept introduced to
simplify the equations, and it is not a physical phenormenon.
Relation (21-302) can be written as

pf=pf=0G+p)(f+ ) =pf+7T (21-303)
Any quantity f can be decomposed as
f=f+4 (21-304)

where f and f” are the Favre mean and Favre fluctuating part of the turbulent
motion. Relation (21-304) can be multiplied by p and time-averaged to yield

pf=pf+pf" (21-305)

Recall that from relation (21-303)

pf=pf (21-306)
and therefore it follows that
pf =0 (21-307)
Now, from definition (21-304), one has
f'=f-f (21-308)
and from (21-303)
-
f=r+ % (21-309)

The combination of relations (21-308) and (21-309) yields

pref-j=g-f-2Loyp 2L
p p

(21-310)

where relation (21-19) is also used. Subsequently, the time-averaging of (21-310)
provides

i _F #£0 (21-311)
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Now, the rules of Favre-averaging are summarized as follows

fF=17 (21-312)
pff =0 (21-313)
= o P )

f 5 (21-314)
ofg = pfi+pfg" (21-315)

With the definitions and rules of Favre-averaging established, consider the time-
or Reynolds-averaged continuity equation (for a two-dimensional flow) as given by
Equation (21-23), that is,

B, 8 (o ==, D o ooy
§+£(pu+p’u)+%(pv+p’v)—0 (21-316)
Using relation (21-303), the Favre-averaged continuity equation now can be written
as
gp 0 a
L GE)+ —(pD) = 21-
5 T 5 PO+ 8y(pv) 0 (21-317)

Observe that the Favre-averaged continuity equation retains the same form as the
Reynolds-averaged continuity equation, and, in fact, the same form as the original
continuity equation. This is precisely the reason for the definition of mass-averaged
quantities, as given by (21-303). That is, the mass-averaged quantities are defined
in such a way as to write the resulting equation in a similar form as the original
equations, while retaining the effect of density fluctuations. Furthermore, this is
the reason why it was stated previously that the concept of Favre-averaging is
mathematical.

Now consider the z-component of the momentum equation for a two-dimensional
flow given by

9 3, 9v O _ Op On 01y
7 P + 5o (pu) + 3y (puv) = —5-+ 2=+ By (21-318)

For simplicity, each term will be considered separately. The procedure, as illus-
trated previously, begins with time-averaging, and subsequently the Favre-averaging
concept is applied. Now the first term is written as

d,.__. 0= _ a  __ . g ,_.
5D =5 [G+ ) @+ )| = 5 i+ 7w = 3 (51)
Similarly, the remaining terms are modified and given by the following

R -1

o 5 2
7z W) = oo (pE + pu”)
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6_y(Tv) = % (ﬁﬁﬁ+pu" v”)
7 ; (i 94 _ EQB)
= 39z 30y
and 3 )
Fry = fL (Z_Z + %) (21-319)

Therefore, the z-component of the momentum equation, given by (21-318), is writ-
ten in a mass-averaged form as

a ,__ 0 - ~9 a = 90 _ _a_—_ T 9 07
5 P+ 5- (P )+6y (pid) = + o= (T —p pu”)+ 3y (Fey—pu”v") (21-320)

Note that the density in pu” and pu”+” is the instantaneous density, and that
these terms represent Reynolds stresses.
Similarly, the y-component of the momentum equation is written as

a,_.. 0 ,_... 0, _. Op
&(ﬁv)+$("”“)+%(ﬂv2)———p+ (Fey—p0" ")+—(m —pv") (21-321)

The energy equation in terms of the total energy per unit mass expressed in Carte-
sian coordinates for two-dimensional problems is given by

D ey + L (puei+pu) + 2 (pvectpv) =
3 (PEe 8I(pue: pu ay(pve: pv) =

0 a
3y (WTee T 9Ty — ) + o (uTey + U Ty — @) (21-322)

Again, considering the modification of each term separately, the first term is

2 )= [GT G+ D] = 5 (P2 +76) = 51 (58)

The term g€, can be rewritten as

. 1
per=pe=pcT + 5 p(u? + v2) (21-323)
where the following relation is used

1 1
ee=¢e+ =Vi=¢T+ = u2+v2)

2 2 (
Observe that, in the equation above, the potential energy has been dropped.
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Now the instantaneous terms in Equation (21-323) are replaced by their mean
and fluctuating values, thus,

— 1 1—— 1 —
peT + 5P+ 97) = (p+ ) (T 4 T) + 5 P + 5 907

- 1 1
=c,(pT + €'T") + EPU2+ §pv2

Using relations (21-309) and (21-315}, one can now write

-1 1—; 1 1—;
= 5T Bt Rt -t S i
pe = (pT) + o pU + cpu” + 5 pT + 5 pv

or
.1 ] —  —
pe=cpT+3 p(a?+ %) + 3 (pu"” + pv®) (21-324)

The last term in relation (21-324) is defined as the turbulence kinetic energy (per
unit mass) as follows

N2 A Y

pk==p (urr + )

1
2
or

1 p(ulﬂ+ U:ﬂ)

p=-P% *Tv) 1-

5 F (21-325)
It is important to note that the turbulence kinetic energy defined in the Favre-
averaged formulation is different from the turbulence kinetic energy defined in the

Reynolds-averaged formulation given by (21-75) as

k= % (u” + v™*) (21-326)

which is essentially based on incompressible flow considerations. Now relation (21-
292) can be written as

per=copT +=pE>+ ) +pk (21-327)

K| -

The second term of the energy equation (21-322) is considered next, which is rewrit-
ten as

1
pue.+pu=(pe-+plu= [pc,,T-}- -ép(u2+v2)+p U (21-328)
Using the perfect gas equation of state, one may write

peT+p=pcT+pRT =pT(cv+ R)=pc, T
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Thus, (21-328) is written as
{pcpT+-§p(u2+v2)] u=cppuT+-§pu(u2+v2) (21-329)
which can be time-averaged to provide
oul =puT + pu' T" (21-330)

according to (21-315), and

1 1 1
-é-pu(u2 +v?) = Epu3+ Eputﬂ

ol

. e - [1
i (22 + %) + i [Ep(u”’+v”z)] + ipu”

[ R

1
+ ﬁpu"v”+ 5 (pulf3 +pu”‘u’”)

1 —_— -
§ﬁﬂ(ﬂ2 + )+ pka+apu’ + 3 puT”

1
il "3 1o R
+ 2 (pu + puv )
Finally, the second term is written as

TN |
(pe¢+p)u = pu {%T+§(ﬁg+52)+k]+cppu"T"

— —— 1
+ 4 pu™ + 3 puv" + 5 (purﬁ + punvfﬁ) (21_331)

Recalling the relations
I G 1 — —
wpT+5p(E +3)+3 (0™ + pu"v?®) = pé&

and

Il
by
ol
M~
+
3

o pT

where

3
It
ol
o
~,

Then (21-331) is written as

(pec+pu = (P& +P)i+cpuT" +ipu” +3pu™”

+ (,0 u” +p ‘U."'U’ﬂ)

1
2
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Similarly, the third term is modified to yield

(peetp)v = (P& +P)T+GpvT" +ipu™” + pv”

+% (pulfzvlf+pvlfa)

The terms on the right-hand side of the energy equation include shear stress terms
such as u7,;. These terms, for example, are written as

UTzz = (T + U") Tex = U Tpx + U Tz

Finally, the Favre-averaged energy equation is written as

o e )
&(ﬁet)%‘&‘[(ﬁ€g+p)u+cppullTll+upuf,2+vp'—“‘—u,,v”

d
+ (pu/ﬂ + pu"v”z)] + a [(ﬁég"rﬁ) T+ c, p"T" + 1 pulin”

1
2

— 1 a J.._ -
+ 3 pv” + 3 (pu"’v” + pv"’)] =3 [u Trz + WiTez

S —— 0 (.. —_— L e
+Usz+U”sz_q: ]‘f“a_y [Usz+u,’T:y+UTyy+v'ITyy_Qy

and rearranged as

2 (p8) + o (8 + D)) + 5 (78, + )7 =

d e -
E [—ﬂpu"? —ﬁpu”v”+ﬁﬁ,+ﬁﬂy]
O (s _ =" n = =
+6y |—upu'y —Upv” +urzy+v7w]
d  —_ 1 8 _
+ 3 |~ pu"T" — q,] + By [—c,,pv”T” - qy]
g [_1 "» 1012 i i
+E:- —3 (pu + pu'v )+u Tzz +V T,_-y]
__3 1 Y] " P o
+6y =3 (,ou v +pv )+u Tey F V' Tyy
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The terms involving triple products such as pu”, pu”v"”, etc. are typically smaller
than other terms and are usually dropped. Therefore, the energy equation is reduced

to
%(pgtw(% [(ﬁét+ﬁ)&]+(% [(pé+p) o] =
a_az @ (P + 7z ) + 7 (—pUV + 7y ) |
+(’% i (—pu" + 7y ) + 5 (—pv™ + 7)) |
where
_ 0T ¢ .OT
P
and
= i & 0T
¥ By Pr™ 8y

Now the system of equations, composed of the Favre-averaged Navier-Stokes

equations, are written in a vector form as

aQ OFE JF OE, OJF,
E"ﬁ‘aﬁ-a—y—gﬁ-—@- (21-333)
where
p U
pit pi’ + p
Q=1 _ (21-334) E={ (21-335)
py puv
pé: (pe+p)i
pu
puu
F= g (21-336)
pv°+ P
(PE + P)T
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r 0 T
Trr — pu”z
E, = | ___ (21-337)
Try — punvu
..ﬁ (?xz_punz +ﬁ (%xy_m)—ax—ct)mj

"0 -
:J:zy_‘m
F, = | . — (21-338)
Tyy — pV'
| it (7 — pu0") + 5 (T — p¥7) — G — G pV'T” |

Similar to the Reynolds-averaged equations, the Favre-fluctuating terms are re-
lated to the Favre-averaged mean quantitites through the introduction of turbulent
viscosity. The procedure and definition of terms are provided in the following sec-
tion.

21.8.1 Turbulent Viscosity

Following the Boussinesq approximation introduced in Section 21.3.1.1, the
turbulent shear stresses are related to the rate of strain in a similar way as the
laminar shear stresses. Thus, a turbulent (or eddy) viscosity is introduced in the
expressions for turbulent shear stresses as follows.

_ du 8y
—aauly = - -
pu'lv I (8y + 82:) (21-339)
on 2 -~ 2
—pu” = 2 C _fg.v)-%2; .
pu T ( o 3V V) 3pk (21-340)
— a 2_ = 2
—pv* = 22~ _Zvy. —Z5 -
Py 1 ( 53" V) 3ok (21-341)

The stress terms defined above can be expressed in a tensor notation given by
—— du; Ou; 2 0y

—pu'u! = ! E R
P Uity b (6.7:,- + 623;‘ 3 6:15;;

5.,-) _ -g 5k 6 (21-342)

Relation (21-342) can be written in the following form as well

—— = 1 di 2
- puﬁ’u}’ = 2, (Sij - '3‘ ‘a?: 6|'j) 3 pk by (21-343)
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where
- 1 /8t Bu;
[P - L 21-344
J 2 (BIJ' + B:c.r) ( )
Turbulent heat flux terms are also written in a form such as to resemble the laminar
heat flux term. For this purpose, a turbulent thermal conductivity is introduced
such that

- T

cppu”T” == —k; —a'; (21-345)
and _
—_— oT

CpV"T" =~k By (21-346)

It is a common practice to write the turbulent thermal conductivity in terms of
turbulent viscosity by the introduction of a turbulent Prandtl number defined as

PT: — cﬂkfjt

This is the same approach taken in the Reynolds-averaged formulation. Typically
the value of the turbulent Prandtl number is selected as a constant, and for air is
specified as either 0.9 for wall bounded flows or 0.5 for free shear layers.

Now the stress and heat flux terms in (21-337) and (21-338) are redefined as
follows.

— o 2 = 2

~=I = Tpz — " — (g —_— - =V — =9 21-347
- . —_— ou a7

Tey = Tay — pUuv" = (B + ) (_ay -+ _6.7:) (21-348)
- _ — - ou 2 = 2 _

Ty = Tyy—pv" = (R4 m) [28_;(; —3 V- V] 3 pk (21-349)
~ - —mi _ (3 orT i g\ OT

—_ — —_ —_— e — -_— = e _— —_— -
= Gz — cpp"T" = (k+ ky) 5 (Pr + Pr, ) . (21-350)
" ~ —_— = oT fi i ) T

. — —_ —_ nrn — —_—= —_— —_— _ - 1
dy Gy — cp V" T" = (k+ k) 3y & (Pr + Pr.) By (21-351)

Finally, the FANS equations are written as
oQ + OE + oF _ dE, OF, (21-352)

ot ' 8z  dy Oz Oy
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where
p piu
5l 52+ p
g=|"" (21-353) E=|"" (21-354)
pi pii
pEé (e +p)u
T
puu
F = (21-355)
P +p
| (pé+p) T
" 0 -
:".II
E, = | _ (21-356)
Tay

- 0 ~
F, = ) (21-357)
Tyy

| QT + Ty — Gy |

Observe that the flux vector formulation given by (21-352) and the flux vectors
E, F| E,, and F, given by relations (21-353) through (21-357) are in a similar form
as the corresponding terms in the Reynolds-averaged formulation, and, indeed, in
the same form as the corresponding laminar formulation given by (11-192) and flux
vectors (11-193a) through (11-193c), (11-193e), and (11-193f).

21.9 Concluding Remarks

Turbulence is a very complex physical phenomenon. Direct simulation of the
governing equations with small scale turbulence for a general configuration at high
Reynolds numbers is not currently possible. The available approach for practical
applications, at the present, uses various types of turbulence models which relate
the average effect of turbulence to mean flow. A tremendous amount of work is
still required in turbulence modeling. Currently, a universally accepted turbulence
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model which can be used in diverse flow regimes does not exist. Some models
may perform reasonably well in certain flow regimes butf result in inaccurate pre-
dictions under different situations. Therefore, turbulence models must be carefully
investigated for their range of applicability before being utilized.

An attempt has been made in this chapter to introduce some fundamental con-
cepts of turbulent flow, turbulence models, and limited number of solution schemes.
It is hoped that this attempt will be beneficial as a first step toward the inclusion
of turbulence into the governing equations of fluid motion. An in-depth review of
turbulence may be found in various texts such as [21-25] through [21-27].
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Compact Finite Difference Formulations

22.1 Introductory Remarks

In order to numerically solve a partial differential equation, the differentials
appearing in the equation must be approximated by algebraic expressions. Taylor
series expansions are typically used to develop these expressions as illustrated in
Chapter 2. Several formulations expressed as forward, backward, or central dif-
ference approximations with various orders of accuracy can be easily developed.
Typically, the expressions for the partial derivatives are developed and expressed
solely based on the dependent variable. For example, a second-order and a fourth-
order central difference expression for the first derivative are given respectively by

of _ 4 _ Jin— fin 9
ot fi= ToAr + O(Az) (22-1)
and

ﬂ —f = fiz ~8fi1+ 8fiv1 — fipo
Ox|. A 12Ax
The grid points involved in the computations are shown in Figure 22.1.

Essentially what is being accomplished in the estimation of the derivative f at
point 1 is a curve fit through several points of data and subsequently determination of
the derivative. In fact, the finite difference approximations can be directly obtained
by a curve fit of polynomials as shown in Chapter 2.

Next logical approach to increase the accuracy of the estimates of the deriva-
tives, in particular for problems involving shorter length scales or equivalently high
frequencies is to include the influence of the derivative's of neighboring points in
the calculations. However, keep in mind that these “neighboring” derivatives are
unknowns, and therefore the developed expression will involve more than one un-
known. Nonetheless, when this equation is applied to all the points within the
domain sufficient equations are produced which can be solved simultaneously for
the unknowns. This approach is analogous to the solution of a pde by an implicit

+ O(Az)* (22-2)
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scheme (more than one unknown per equation), compared to an explicit scheme
(one unknown per equation). The resulting approximation is referred to as Com-
pact Finite Difference (CTFD) formulation. They have been also referred to as
Hermitian formulations. The derivation of the CTFD formulation also involves
Taylor series expansions. A simple example is used here to illustrate the procedure,
and subsequently a general formulation is provided.

fixy A

Figure 22-1. Grid points appearing in formulations (22-1) and (22-2).

22.2 Compact Finite Difference Formulations for the
First-Order Derivatives

Consider a three-point Hermitian formula involving the first derivative given
by

m=+1

H; = Z (@m fism + bmf£+m) =0 (22—3)
m=—1
or
a1 fir1 + Qofi+acy ficy + b fipy + b0 f, +b1fiy =0 (22-4)

Substition of Taylor series expansions into Equation (22-4) yields

) ! 1 2" _1_ 3¢ _1_ 4 piv _1_ 5
0 [foot Ozf+ SADPS + (820 + (A} + T (B3 f7 +
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FzE(A z)° Jz"‘+0(Ax)’]+aof.-+a_, [ﬁ Azf+ (AZ)2f — Ax) g

1

-2—4-(A )4 ._ 120( (L‘)sf‘ b — (A.’L‘) .+. O(A:B) ] -+ b1 [f‘ + A:L'fJ +

720

SO0 + (AP + (B I + s (B S+ O (8a)Y] + b, +

120(

' o 1 w1 , 1
bos |1l = Aaf + (AT S — Z(ADP [ + (M) 2 -

s(82)f7 + O(Az)| = 0 (22-5)

or

(@1 + a0+ a-1) fi + [(a1 — @) Az + by + by + bo] fi + [ %(AI)Q(GI +a)+

Az (b, - b_l)] "y [ %(Az)s(al —a)+ %(Az)?(b1 + b_I)J £+

1

120(A:c) (a1 —a-y) +

[ 558"+ a-0) + 5A2f - b)) £+ |

-;Z(Az)%bl +o)| 1+ [ o (AP +a) +

720

(8~ b.0)] £ =0 (22:6)

Now if the relation given by Equation (22-6) is exact, then the coefficients in (22-
6) should be zero. In reality, however, only a few of the coefficients are set to zero,
and the remaining higher order terms are truncated and will form the truncation
error (TE). To obtain a third-order scheme, set the coefficients of f;, f;, f and f,'
equal to zero.

ai+ag+a_;=0 (22-7)
A:r(a1 - a_l) + b1 + bo + b_1 =0 (22—8)
%(Ar)z(al Fas)+ (Az)(b ~boy) = 0 (22:9)

(AI) (al —a- 1) 4 - (Ax)(bl +b_ 1) =0 (22-10)

The coefficients are a,, aq, a_,, and b are solved in terms of by, and b_; to yield

1
a, = E(_sbl_b—*l) (22—11)
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2
ap = Z;(bl—b_l) (22-12)
1
a, = m(b1+5b~1) (22-13)
b, = 2(b1+b_1) (22—14)

The truncation error from (22-6) is

TE = [gi(Ax)‘(a,+a_1)+é(Az)"‘(bl—b-l)] f:’"+[120(Ax) (@1 —aa) +

2g (B2 B+ b)] £+ [ (A0 (e + @) + s (A2)5(b ~ b)) i +

or with the substitution of (22-11) through (22-14)

TE = %(Ax)a(bx —b) £ + 6—10(A-’ﬂ)4(bl +bo) £+ = (Ar) (b — bo) £

180
+ ... (22-15)

The formulation (22-4) can be written as

%llfe.;.l + Eifi f‘—l + fip f + f 1 =0 (22-16)

where the equation is divided by bl. Now, the expressions given by (22-11) through
(22-14) are redefined as

@ _ 2. .
5 = Azl a) (22-18)

oy _ 1 _

= gagl+se) (22-19)
% — 21+a) (22-20)
1

where o = b_1/b.

Substitutions of (22-17) through (22-20) into (22-16) yield an equation for the
derivatives f__,, f;, and f;,,, as follows
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afi +2(1+a) fi+ fip = (1+5a)f‘ 1——(1 a) fit (5+a)f.+1+TE

(22-21)
where

TE = o(Axf(1- ) £+ (A2 (1+ ) 7 + (A (1= ) S+ . (22:2)

Note that for & = 1 the leading error coefficient vanishes and the scheme becomes
fourth-order, whereas, for other selections of «o’s the scheme is third-order. For
a = 1 the formulation is

fia+4fi+ fia= _Aim(fi-—l = fin1) (22-23)

Now a general five-point formulation for the approximation of the first derivative
can be written as

fi-H - fi-—l bft+2 fl 2 fl+3 fl

Bfiatafis+ fitafin+Bfis=a oAz 4Azx +e

(22 24)
The relations between the coefficients in Equation (22-24) are established by
matching of the coefficients obtained by the substitution of the Taylor series expan-
sions. The procedure is illustrated for the second-, fourth-, and sixth-order schemes.
By retaining higher order terms in the Taylor series, the relations for the eighth-
and tenth-order schemes can be established.
The Taylor series expansion of the terms on the left-hand side of (22-24) is

£, = f-2ns fi"+4(AI)2 £ (AI)B 8(Ac)° L, +16(A:.:)4 £ (22.25)
fio = £ -Dzf + (Af’)z £ - (%f)sﬁw%):ﬁ (22-26)
fo, = f;+Axf;’+(AI)2 (Am)s A (A“_’y £ (22-27)
fioo = fi4+20zf + ’31)212 +8(AT"”) f‘.‘"+16—(4‘¥)—4f‘." (22-28)

The left-hand side of (22-24) is

Bfa+af o +f +afi,+ Bfia=BUfio+ fipa) +olfica+ fin) + £ (22-29)
Substitution of expansions (22-25) through (22-28) into (22-29) yields
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32(Ax)*
4!

f"U] + [2fi’ + (Az)® fim' (Z:'I) i+ f =

B2f +4Ax) S +

2z

2o+ 28+ 1) f, + (Ax)(a+408) £ + Z=—(a+168) f*  (22-30)

The required Taylor series expansions for the terms on the right-hand side of
(22-24) are

fam o 30nf 4+ 9(1;.»;)2 o 27(;3!95)3 w 81(A:c)‘ P 243(A$) 2B o 0y 01y
fia=fi—20zf + 4(";‘!“’)2 £ - 8([;;" f g, 1604z (A“”y - 5—(-?!1)— £ (22-32)
fr=ti- g+ g O ey (—Aﬁ—)~f _E (22:33
e (22-34)
fir = fi+ 20z f, + 4(2!3" ) £+ g%—!ﬂif,-" + I—G(%—II F o S (Ax)s SR (22-35)
o — o 30ag + 20 o, TO o 1B 243(5/131-) £+ (2236)

Expansions (22-31) through (22-36) are substituted into the right-hand side of
(22-24) to provide

EZ—IU'“ fic1) + 1A7 (f;+2 fic2) + BTg—a:(f”s_ﬁ_a) =

a (Ax)® (Az)® b 8(Az)®
2Ax[2A'f+2 a3 S f 2 = f]+E[4/.\_f+2 ]
32(A ) ' 27(AI)3 o 243(A$)5
2 5!I f"] + 63; [6Aa:f‘- +2—0 fi + 22— f‘-“}

= (a+b+0)f, + -(—%x'—-)i(a +4b+9c) £ + (A;)‘l(a + 16b -+ 81c) £, (22-37)
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Now from expressions (22-30) and (22-37) one obtains

(20 + 28+ 1) f; + (Az)*(a+40) " + (im)4( o+ 168) f¥ =

(Az)? (Ax)*
3! 5!

(a+b+0)f, + (a+4b+90)f, + (a + 16b + 81¢) f¥ (22-38)

Setting the coefficients of the differentials equal, the following constraints be-
tween the coefficients are established

Second-order: 1+2a+28=a+b+c (22-39)
I
Fourth-order: 2% (a+ 228) = a+ 2%+ 3% (22-40)
f
Sixth-order: 2%(01 +2'8) = a+ 2%+ 3% (22-41)

The constraints for higher-order terms are :

Eighth-order: 2—g—l (a+ 256) = a+ 2% + 3% (22-42)
|
Tenth-order: ; (a+288) = a+ 2%+ 3% (22-43)

To obtain the error term of a particular scheme, the truncated terms are con-
sidered. For example, for the fourth-order scheme, the truncated terms are

TE = ;,( + 2'b 4 3%¢) - —(a+ 28)] (Az)* £ (22-44)

For the values of 8 =0, a = }(a+2),b=3;(4a—1), and c =

TE = —(3a — D(Azx)* £ (22-45)

Depending on how aand Jare specified, either a tridiagonal system or a pen-
tadiagonal system will be generated from Equation (22-24). For the special case of
B = 0, the resulting system of equation will be tridiagonal. Several special cases
are presented in this section.

For f§ = 0 and ¢ = 0, a one-parameter (in terms of a) family of fourth-order
tridiagonal systems can be produced where a = 2(a+ 2) and b = 3(4a—1). As seen
previously, the truncatlon error of the scheme is TE = 5(8a — 1)(Az)*fY

Observe that for « = 1, thenb = 0, and a = 2, and one has

3 fl+1 fl—

By (22-46)

| ‘
Zf'—l + ft‘ + f1+1
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which is identified to Equation (22-23). Furthermore, note that the selection of
a=1/4, =0, and a = 3/2, satisfies the requirement given by relation (22-40).
The one-parameter family of schemes are summarized in Table 22.1

Scheme| Eq. | a B a b c Order of
accuracy
1 2247« 0 Ha+2) | ;4a-1) 0 4th
I |22-48|a 0 s(a+9) | £(82a—-9) |5(—3a+1) 6th
1
=(-3
I 122-49|a 20(~3+ £(12 - Ta) i (5680~ (9o — 4) 8th
8ar) 183)
. Max LHS | Max RHS
Scheme| Eq. Truncation error stencil size | stencil size
I |22-47 §i(Ba— 1) (Az)*f} 3 5
II }22-48 2(~8a+3) (Az)s sy 3 7
1 |22-49 B(2a — 1) (Az)BfF 5 7

Table 22.1. Selected one-parameter family of compact finite difference schemes
for the first-order derivative.

The following observations can be made with regard to the schemes which are
given in Table 22.1:
1. Scheme I
(a) For a = 0 the values of a and b are { and -1, respectively, and relation
(22-24) provides
r_ fica — 8fic1 + Bfiv1 - firz

fi= . (22-50)
which is the fourth-order central difference formulation.
(b) For a = }and the resulting values of a = i} and b = §j, the scheme

becomes formally sixth-order due to vanishing of the leading term in the
truncation error.
2. Scheme II
(a) For a =}, then a = 3, b=}, and ¢ =0, and the result is identical to
formulation of Ib. Therefore, the formulation of Ib can be considered as
a member of II.

b) For ¢ = 2, thena = &, b =}, and ¢ = —Z, and the scheme is eighth-
8 8 5 80
order.
3. Scheme III.
() Fora=2%,8=0,a=25, b=} c=—g, the scheme is identical to IIb.
b) Fora=1 =% a=1 b=1 and ¢ = -+, the scheme becomes
3 % 12 1 5

enth-order accurate.
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22.2.1 One-Sided Approximations

Several schemes identified for the first derivative based on the central difference
approximation of (22-24) will encounter difficulties for nonperiodic boundary condi-
tions. Typically, one-sided approximations are used at the boundaries. Considering
points i = 1 and ¢ = IM to be the boundary points, the following general expressions
for the first derivative may be written.

£ +afi = a(afi+ b+ cfs 4 dR) (22:51)

and

! r 1
Fina + @fir = g7 (@fim + bfinr + cfimans + dfiaenes) (22-52)

The relation between the coefficients are established in the same manner as pre-
sented previously and are given by the following.

Second-order: a = — %(3 + o + 2d)
b = 2+3d
c = - %(1 — a + 6d)

and the truncation error is

1 p

TE=5(2-a- 6d)(Az)*f, (22-53)
. 1
Third-order: a = - 6(11 + 200)
b= %(5 — )
c = %(Za -3)
1
with the truncation error of
2 3 piv

TE = a(a - 3)(Ax)* f, (22-54)

Fourth-order: a = 3

a = ——
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3

b =3

_ 3

€= 3

1

d = -2

and
6 4
TE = g(Ac)fy (22-55)

22.3 Compact Finite Difference Formulations for the
Second-Order Derivatives

A similar expression to that of (22-24) can be written for the second derivative as
follows

finn = 2fi + fia fira = 2fi+ fia

Bfia + afy + £ +afiy + B, = (Az)? tb 4(Az)?
fivs — 2fi 4 fi-a
+c S(Az) (22-56)

The relations among the coefficients are established as

Second-order: 2a+20+1 = a+b+c (22-57)
!
Fourth-order: %(a +228) = a+ 2%+ 3% (22-58)
!
Sixth-order: %(a +228) = a+2'b+3% (22-59)
!
Eighth-order: %(a +288) = a+2%+3% (22-60)
10! B 8
Tenth-order: ﬁ(a +288) = a+ 2%+ 2% (22-61)

Several formulations for the second derivative are provided in Table 22.2.



Compact Finite Difference Formulations

127

Scheme} Eq. | o I5] a b c 39:2(113_;3;

I [2262la] O {1-a) | 3(10a-1) 0 4th

g 1 24 Lo _
I |2263|a| 8 s(6—9a | 5(=3+2a | 5(2-1la 6th
-120) —60) +1240)
a1 |zo64la 711 (38a | 35(696 as(245a | 575(1179 Sth
-9) —1191a) —294) —344)

Scheme| Eq. Truncation error slt\;/ela?l)(c:ilL?izse sht/:[z;)éi}:{gzse

I {2262 F(1la — 2) (Az)' ™ 3 5

II (2263 —&(9-38a+2148) (Ax)®f 5 7

I |22-64 seemin; (899 — 334) (Ax)Bf* 5 (f
Table 22.2. Selected compact finite difference schemes for the second order
derivative.

Observe that for the scheme given by Equation (22-62), when o = 0, the values
of @ and b are determined to be § and —; respectively. Subsequently Equation

(22-56) provides

f = — fica + 16 fioy — 30fi + 16fis1 — fiyo
' 12(Ax)?
which is the fourth-order central difference approximation of f,'. For the case of

a=%,a=1, andb=32, the scheme is formally sixth-order accurate.

(22-65)

22.4 Error Analysis

To investigate the resolution characteristics of finite difference approximations
and to perform error analysis, the Fourier analysis approach is undertaken. This
procedure is relatively simple and provides an effective method to quantify the
resolution issue of the finite difference scheme as well as error analysis.

To further simplify the Fourier analysis of error, a function which is periodic
over the domain is assumed. Now, the function is expressed with a complex Fourier
series by

k=1IM/2 -
flz)= 3 Fee'v
k=—IM/2
where I = /-1, L is the length of the domain, x is the independent variable, and

F; is the kth component of complex Fourier coefficient. Furthermore, Az = ﬁ is

(22-66)
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the spatial grid size, s = & and K = "”'T’ = 2™ are defined as the scaled wave

™
number, Now,

k=IM/2
fls)= Y F.e'* (22-67)
k=—IM/2
and the first derivative of (22-67) is
k=IM/2
fliss= > FJIKeXe (22-68)
k=—IM/2
or
, k=IM/2 ,
fiis)= 5. F ™ (22-69)
k=—IM/[2
where
F, =IKF; (22-70)

Now, consider a finite difference approximation of the first derivative of f as

) IM/[2 )
fa®= Y. B, (22-71)
k=—-IM/2
or , IM/2 ,
Fa(s)= 3 FJK ™ (22-72)
k=—IM)2
where
F, = IK'F, (22-73)

and K' = K'(k) is the modified wave number. One obtains the exact value if

!

Fy, = Fy (22-74)

or

K =K (22-75)

which would be a straight line in a wave number, modified wave number coordinate.
Now, define the error as
_K-K'

ER 7

(22-76)

from which one may write
K' = K(1- ER) (22-77)
From the definition given by (22-76), the following may be written
_fU(8) = fra(s) EFRJIK ¥ — S FIK'e'X*

ER = ——5rs S ETK % (22-78)
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Now, consider an example where a sine wave is used. In this case, the Fourier
series is reduced to one term only, therefore,

f(x) = sin(Ks) = sin(K—A%_—) (22-79)

and

, K K
f' (@) = 3= cos (ng) = - cos(K(s) (22-80)

APPROXIMATION OF FIRST DERIVATIVE

—3- Exact

—©— Compac{ finite differesnce (41h order, alpha=5/14)

—&— Compac{ finile difference (6th order, alpha=1/3)
S Compaci finite difference (4(h order, alpha=1/4)
~—— Central finite difference {4th order)

Modified wave number K'

e 00 ' I ! i | ' I ] T
000 0 50 100 150 200 250 300
Wave number K

Figure 22-2. Comparison of several schemes for the approximation of the first
derivative of (22-79).

A comparison of the wave number K versus the modified wave number K’ is
shown in Figure 22-2 for several schemes. It is evident that the compact finite
difference follows the exact differentiation over a wider range of wave numbers com-
pared to the fourth-order central difference approximation. The approximate value
of maximum wave number for well resolved waves (k,) is provided in Table 22.3.
A measure of resolving efficiency of a scheme may be defined by e = 1‘; For ex-
ample, as seen from Table 22.3, the resolving efficiency of the fourth-order scheme
with o= 5/14 is higher than the resolving efficiency of the sixth-order scheme with
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Scheme k, e

Central finite difference (fourth-order) 0.6 0.191

Compact finite difference (fourth-order, o = 3) 1.0 0.318

Compact finite difference (sixth-order, a = 3) 1.25 0.398

Compact finite difference (fourth-order, a = = 1.50 0.477

Table 22.3. Comparison of the resolving efficiency of several
schemes.

22.5 Application to a Hyperbolic Equation

A simple linear hyperbolic equation is used to obtain the solution by several
schemes and compare the solutions to each other and the analytical solution. The
numerical schemes considered are (1) a first-order upwind scheme, (2) a modified
four stage Runge-Kutta scheme where the convective terms are approximated by
a fourth-order central difference expression, and (3) a modified four stage Runge-
Kutta scheme where the convective terms are approximately by a sixth-order central
compact finite difference scheme.

Consider the first-order wave equation

Bu _ du
at %8z

where a is specified to be 40w m/s, and the domain of solution is 0 < z < 107 m.
An initial wave is specified as

a>0 (22-81)

u(z,0) = 0.0 0<zr< 2w
u(z,0) = 1.0 —cosz 2r<z<A4m (22-82)
u(z,0) = 0.0 4r <z < 107w
The spatial grid is
Ar = 107
IM-1

where TM = 51.

Several temporal steps (or corresponding Courant numbers) are specified as
follow.

1. (a) At=0.005 sec, c=10
(b) At = 0.0025 sec, c=0.5
(c) At =10.00125 sec, c=0.25
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The explicit first-order upwind scheme applied to Equation (22-81) yields the
following FDE.

U= - o(uf - ) (22-83)
The modified Runge-Kutta scheme is given by
u? = o (22-84)
u? = - a‘jt(a”)‘” (22-85)
u?) = u] — aéé(% @ (22-86)
u =y - aAt(gu)(;;) (22-87)
du
M= Ul - aAt() 22-88
W = uf - Ay, (22:89)

Two options are considered in the approximation of the first-order derivative
on the right hand side of Equations (22-85) through (22-88). In the first option, a
fourth-order central difference approximation given by

Ou _ wi-g — 8uiy + Buir —
ox 124z

is used for 3 < 1 < IM — 2, where a second-order scheme is implemented at ¢ = 2
andi=IM - 1.

For the second option, the derivatives are evaluated by the central compact
formulation given by Equation (22-48) with o = 1/3, a = 14/9, and b=1/9,
which is formally six-order accurate.

Before the inspection of numerical solutions, a review of several abservations
with regard to the numerical schemes to be used is in order.

%42 4 o(Ax)t (22-89)

1. Recall that the error term for the explicit first-order upwind scheme is given
by Equation {(4-77), repeated here for convenience.

alAx 0*u  a(Azx)?
R = 2020 gTu B i g )Tu,
Ol(Az)?, (Ax)(At), (AI) (At), (Az)? (22-90)

Note that the dominant term involves a second derivative 82u / 8z% , and there-
fore the error produced in the solution is dissipative. That is, as the Courant
number is decreased from its maximum value of one, the amplitude of the
wave is decreased and the wave is dissipated to the neighboring points. The
solution at Courant number of 1 is exact as seen from Equation (22-90), where
the error becomes zero.
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2. The dominant error in schemes which utilize central difference approximation
for the convective term is dispersive and results in oscillations in the solution
in the vicinity of large gradients. These observations are clearly evident in
Figures 22-3 and 22-4. The solutions by the first-order upwind scheme for
the three different Courant numbers (or time steps) are shown in Figure 22-3.
The solution for Courant number of 1 is exact as seen in Figure 22-3a. The
dissipation error and its effect on the solution is shown in Figures 22-3b and 22-
3c. The solutions by the modified Runge-Kutta scheme with central difference
approximation of the convective term are given in Figures 22-4a through 22-
4c. Several schemes are available to reduce the oscillations, for example,
addition of a fourth-order damping term or incorporation of a TVD model into
the formulation as shown in Chapter 6. The solutions by the Runge-Kutta
scheme with central compact formulations are illustrated in Figure 22-5. The
solutions retain the original wave shape for all Courant numbers specified in
the problem. A comparison of numerical solutions with each other and the
analytical solution are shown in Figure 22-6.

The solution by the compact formulation is well behaved for all the three spec-
ified Courant numbers, Of course, this increase in accuracy is accompanied by an
increase in computation time. However, it should be stated that in some applica-
tions it will be necessary to implement the compact formulation due to its resolution
efficiency of small scales, which may be present in these applications. Example of
such applications includes problems in computational acoustics and direct numerical
simulation.
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—o—1=00

—O0—1=0 02
—A—1=0 04
—»%—t=0.06
—x—1=0 08

—0— =010

—o—1=0.0

—0— t=0.02
—&— 1=0.04
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—0—1t=00

—O—t=0.02
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—%— =008

—0—1=0.10

Figure 22-3. Solutions of the wave equation by the first-order upwind scheme.
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(a)

—o—1t=00

——t=002
—— 1=0 04
—x— =006
—»—t=0 08

—0—1=0 10

(b}

-05

—o—t=00

—O0— t=0 02
—n—t=004
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—w— t=0.08

-0 t=0 10

30

—0—1=00

——1=0 02
—ty— =0 04
—¥— t=0 05
—%— =008
—0— =0 10

Figure 22-4. Solutions by the fourth-order Runge-Kutta scheme with central

finite difference approximation of the convective term.
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—0— =00
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—»—t=0 06
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Figure 22-5. Solutions by the fourth-order Runge-Kutta scheme with central
compact finite difference approximation of the convective term.
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Figure 22-6. Comparison of the solution of the first-order wave equation by

several schemes.
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22.6 Problems

22.1 Consider a wave which is propagating within a domain with the following

initial distribution and shown in Figure P22.1.

u(z,0) =0

u(z,0) = 0.5 {sin [(3::: - 77r)/2] + 1}
u(z,0) = sin [3(3« - :z:)/Zl

u(z,0) = 0.5 {sin [(3.1: - 11«)/2} - 1}

0<z<2rx

2r <z < 8x/3

87/3 <z < 107/3

10r/3 <z <4nm

u(x,0) =0 4 <z < 107
1.00 i
|
§
(=)
% 0.00
=1
100 ==t e M e e s = e s e
0.0 5.0 10.0 15.0 200 25.0 30.0
X
Figure PP22.1. The initial wave distribution at t = 0.0.

The governing wave equation is given by

Ou Ou
_a_—

ot oz

where a is specified as 407 m/s, and the domain of solution is 0 < z < 107, Select
a spatial step of Az = (10m/IM — 1)m where IM =51, and temporal steps of
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(a) At =0.005sec, c¢=1.0
(b) At =0.0025sec, c=0.5
(c) At =0.00125sec, c¢=0.25
Obtain the solution up to t = 0.1 sec by the following schermes:
(I) Explicit first upwind scheme
(II) Modified fourth-order Runge-Kutta scheme

(IIT) Modified fourth-order Runge-Kutta scheme with central compact finite differ-
ence approximations

Plot the solutions at intervals of 0.02 sec up to 0.1 sec for all three schemes and for
the three Courant numbers.

22.2 Repeat Problem 22.1 for the following initial velocity distribution given by

u(z,0) = 2exp [- (””;/g”)g}

and shown in Figure P22.2.

0.00

200 25.0 30.0

Figure P22.2 The initial wave distribution for Problem 22.2.
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Large Eddy Simulation and
Direct Numerical Simulation

23.1 Introductory Remarks

Computation of turbulent flows has always been challenging and remains so at
the present and in the foreseeable future. However, since most applications involv-
ing fluids include turbulence, a push toward the solution of turbulent flow has been
a continuous endeavour. As discussed previously, essentially three avenues are avail-
able. First is the solution by the Reynolds Averaged Navier-Stokes (RANS) equation
complemented by a turbulence model. Several turbulence models are available for
this purpose. These models are continuously evolving (modified and improved) in
order to increase their accuracy and range of applications. However, since all scales
of turbulence must be modeled in the RANS equations, a model which is capable
of predicting turbulence over a wide range of flow conditions and geometries has
been illusive. Nonetheless, the RANS approach for computation of turbulent flows
is very practical, and the resulting solution is relatively accurate if an appropriate
turbulence model is used.

The second approach is the Large Eddy Simulation (LES), and the third ap-
proach is the Direct Numerical Simulation (DNS). Application of DNS for flowfield
analyses and design purposes at the present is not practical due to limitations on
available computers of today and due to the enormous amount of time required.
Large Eddy Simulation requires less grid points and computation time, typically
five to ten percent of CPU time of DNS computations. However, LES computation
still requires substantially more CPU time than similar RANS computation. LES
and DNS solutions are, however, very valuable as they can be used to improve tur-
bulence models for RANS and to gain better understanding of physics of turbulence.
The objective of this chapter is to introduce LES and DNS.
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23.2 Large Eddy Simulation

Large Eddy Simulation provides a compromise between DNS, where all scales
of turbulence are computed directly from the Navier-Stokes equations, and RANS
equations, where all scales of turbulence must be modeled. In Large Eddy Simula-
tion, small-scale turbulence is filtered out from the Navier-Stokes equations, and a
model is used to evaluate small scales. The resulting filtered Navier-Stokes equation
is solved for the large-scale motion, which is responsible for most of momentum and
energy transport. The large scale of motion is highly dependent on the flow condi-
tions and geometries under consideration. The small scales are computed from the
turbulence model known as the subgridscale model, which in turn influence the large
eddies. Since the small-scale eddies are more or less universal and homogeneous, it
is postulated that the subgridscale model would be applicable to a wide range of
flow regimes and conditions. Recall that the turbulence models for RANS are very
much limited on the range of applications, because they attempt to model a wide
range of scales and the random motion of eddies with no organized behavior.

In the following sections, descriptions of filtered Navier-Stokes equations for LES
computations and typical subgrid models are presented.

23.2.1 Filtered Navier-Stokes Equations

In order to explore the concept of filtering, consider a simple example of central
difference approximation expressed as

Af| _ fiy —fiey _ flz+Az/2) - f(z - Ax/2)
Oz |, B Az - Az

(23-1)

This expression simply approximates the derivative at point 1 as the averaged values
of dependent variable at locations i + § and i — . Therefore, the expression (23-1)
can be written as

A Ulo+ Bafd) - o= dapd) = g1 oz [ sl ()

~Az/2

which may be interpreted as a filtering operator for which any scale smaller than
Az is filtered out. Now, a filtered qua.ntity is defined as

1
)= [ fode= [ G (23-3)

where, in this case, G(x,£) = 1/A, G is called a filter function, and A is the filter
width. Typically, a filter over the entire domain is defined such that

@ = [ 106, §)de (23-4)
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It can be shown that if G is a function of (z — ), then differentiation and filtering
operation commute (23.1]. Now, (23-4) is written as

@) = [ 766 - ode (23-5)
Some examples of one-dimensional filter functions are:

L itlz-el< a2
1. Top hat filter, G(z — §) ={ A

0 otherwise

3/2 2
2. Gaussian filter, G(z — §) = (%) exp [_ 6I_IATE|]
T

The concept of filtering is extended to three dimensions by the following

Fa) = [ 166G - g)dG (23-6)

where z; = z,y,z and §; = ,n, ¢

Now, define any fluctuation at scales smaller than grid scale A as the subgrid
scale (SGS) or unresolved quantity, and denote it by a prime. As defined previously
by (23-4), the filtered or resolved quantity is denoted by an overbar. Thus,

f=f+s (23-7)

With the definitions of the resolved and unresolved quantities completed, the
Navier-Stokes equations are now modified to yield the Filtered Navier-Stokes (FNS)
equations. The FNS equations govern the evolution of large-scale eddies. It will be
given for an incompressible flow initially, and, subsequently it will be extended to
compressible flows.

After the application of a filtering process, the incompressible Navier-Stokes
equations become

ot;

3:1," -
0w 8 . 1 8p P Ony
ot " Oz; (@) =  p Bz Ty dz;0z; * oz;
where 7;; is the subgridscale stress term which represents the effect of small scales.
The subgrid scale stress is given by

0 (23-8)

(23-9)

Tij = Uill; — Ul (23-10)

which, with the substitution of
il = u; — U (23-11)
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can be written as

— A At — ot At eyl
T.’j = U‘uJ u,u_-’ u;ui uju| u“uJ‘

- L,‘j + C.’j + .jo (23'12)

The terms Ly;, Cyj, and R,; are defined as follows:

Li; = ul; — Wk, is called Leonard stress,
Cy = —(uwu}— ujl;) is called cross term stress, and
Ry = —ujuj is called the subgridscale Reynolds stress

Observe that the Leonard stress involves only the resolved quantities, and therefore
it can be explicitly computed. Furthermore, note that this term represents the
interaction of resolved scales which contribute and affect subgrid scales. The cross
term stress and the SGS Reynolds stress involve unresolved quantities and must be
modeled. The cross stress term represents the interaction of resolved and unresolved
scales, whereas the SGS Reynolds stress represents the interaction of unresolved
scales.

It is important to note that a filtered quantity represented by an overbar, that is,
f, is different from the averaging process used in the RANS equation, in particular
f#F.

It is common to rearrange Equation (23-9) and rewrite it as

O, Dy = 12 1,
ot 6.’L‘j wWly) = f2] 63:; P 3kak Y
+ azﬁi + i (7- . — .l;or 6)
Vaxjaa:j (93:,- v 3 Kkl
1 dp* &u;  Or;
= 23-13
0 9z,  VBz;0z; T Bz (23-13)
where a modified pressure is defined as
.1
R (23-14)
and
1

‘T:*- = Tij — §Tkk6"j (23-15)
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Extension of the FNS equations to compressible flow is straightforward except
that Favre-filtering is used. As in the case of Favre- (or mass-) averaged Navier-
Stokes equations, this approach is taken in order to prevent introduction of sub-
gridscale terms into the continuity equation. A Favre-filtered quantity is defined
as

ef

f=t= 23-16
5 (23-16)
Now, the Favre-filtered Navier-Stokes equations are written as
op
bt T &7 QN 23-1
31 + ( )=0 (23-17)

613 _ 61”-.-_,- 67-‘-,-
dr; Oz; Ox;

a a ,_ ..
3 (Pis) + 6_xj(pu‘uj) + (23-18)

As in the case of incompressible flow, Equation (23-18) is rearranged as

s e~ 6p6 _ 1 61‘;;& 817-‘, aﬁj 1 67,,,,

(pu.) * o5, (;m.u,) * Y3 ox 6 ~ Oz; + dz; 3 O, b (23-19)

or

o, _. . o 7. 1 _ 07y 0 1
5 Pl + 3 (Pﬂ-ug) Ml ( 3Tkk) bij = Bz, = oz, (Tu' - §Tkk5ij) (23-20)

Define a modified pressure p* as

1
Pt =P 37k (23-21)
and 1
T = Tig — 3 Thkbij (23-22)
Then, the momentum equation is written as
&, . 8, ... dp* 87y | Orj
5EP) + g, P * 58 = B Y B, (23-23)
where
.2 d ot | du;\
Tij = 3#5‘_%6'7 +p (69:,- 8_1-.) = p5ij (23-24)

is the filtered stress term and

811," a’U,j 2 3uk
+
dz; Oz 30z ¥

Sij = & (23-25)
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Furthermore,
Ty = Pty — wuy) = P pu;/p — Puil; (23-26)
is the subgrid scale stress.

Note that at this point the subgridscale stress =;; appearing in Equation (23-20)
is an additional unknown which must be modeled. Furthermore, the introduction of
Tk in relations (23-21) and (23-22) and the question of how it may be computed need
to be deliberated. These issues will be addressed shortly. For now, the goal is to
establish the required set of filtered Navier-Stokes equations for LES of compressible
flows. To complete the system of equations, consider the filtered energy equation
expressed as

a9, . 3 (——— 0 T 8 —
7; (Pe) + Bz [(pec + p)ui] = 7z, kg;_ + 5‘;(# Siju;) (23-27)
where 1 1
pér = pé + Eﬁ(fﬁ + 9% + w?) - 2Tk (23-28)

With the assumption of perfect gas, the total energy given by relation (23-28)

can be written as
1 1

per = CyﬁT-{- 2 (’U. + 34D ) - 'é'Tkk (23-29)
which can be rearranged as
pe, = op [T — 8 4 L5024 52 + 0?) (23-30)
2c,p 2

Consistent with the definition of modified pressure, define a modified tempera-
ture as

T+ =7 - % (23-31)
Cup
Subsequently
1 o g .
pér = copT* + §ﬁ(u2 + 9% + 1%7) (23-32)

Consider also the equation of state for a perfect gas which, in terms of the filtered
quantities, is written as

p=pRT (23-33)

In order to write the equation of state given by (23-33) in terms of modified

pressure and modified temperature, consider the following

1 Tk _
Ll appo L TR Tkt -R =
p 31'1;/; pR BTkk 2, pR+ - p



Large Eddy Simulation and Direct Numerical Simulation 145

or

R 1
t = 3RT* (— - —)
p P + > 3 Tkk (23—34)

Now the energy equation given by (23-27) is written in terms of the modified
pressure. Consider the second term given by (pe; -+ p)u; and rewrite it as

(pec+p)ui = (pe+ p)u; — (P& + p¥)iki + (P& + p™)iki

= — Qi+ (P& + p)i (23-35)
where
Qi =—(pe: + p)ui + (p& + p* )il (23-36)
is the subgrid heat flux. Thus, the energy equation is now written as
g, . o, _. e 0Qi , 8 aT 0
a1 (Pe B2, [ (P& + ")) = 5z, T 2. ka_xT + 5 (uuj S3)  (23-37)

For a relatively high Reynolds number, typically the following is introduced in
the momentum and energy equations, respectively.

pSy = p gij (23-38)
and
MU S,'j = y,‘l-l.j S,'j (23-39)
Thus, the system of equations composed of filtered continuity, momentum, and
energy equations is written as

ap

> +——( ) =0 (23-40)
2 (i) + (gt + p8y) = a—"— + —(y 3) (23-41)

a0 3] 8, _ =
B (pee) + o [(pe: +p7)ik] = oz T oz ‘ ka—m: )+ 55(#“:‘ Siy)  (23-42)

These equations are now expanded in Cartesian coordinate and are written in a
flux vector formulation by defining

- 5 - i -
pit pi’ + p*
Q=|p | (23-43) E=| pub (23-44)
puw oD
| pé; | | (P + p*)u
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pi ] - pu ]

pw
Pt it
F=|pt*+p* (23-45) G = | pi (23-46)
—— W}2

pow

| (P& + p*)T | | (pE: -+ p* )W |
[ 0
Tz+:+ﬂ‘§z:

E, = | 5+ 1Sy (23-47)
AT Su

| Q-+ k—g«— + p (@8es 4+ 7 8ey + W&
o )
Tow -+ 1 Sye

F,= | T +#5 (23-48)
Ty + ,uSy,

7 4+ 1S,z
G, = | Ty + 15z (23-49)
T:; + ﬂ-gzz

+ ~ ~ -
| Qo+ kL + 1 (a8 + 550y + 5,0) |
Now the flux vector formulation, similar to that of the Navier-Stokes equation
given by (14-1), is written as

9Q +9E OE L oF OF + 96 dG _ OE, + or, " aG,
8t 8z 8y 8z Oz Sy oz
The subgridscale terms 7, and @ are typically expressed in terms of the eddy

viscosity and eddy diffusivity similar to that in RANS equations and is presented
next.

(23-50)

23.2.2 Subgridscale Models

At this point, certain parallelisms between LES and RANS can be realized.
Since a relatively strong background on RANS and turbulence models has already
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been established, continuous reference to RANS and turbulence models will be made
as options for LES and subgridscale models are explored.

As in the case of RANS where turbulence quantities are written in terms of
eddy viscosity and eddy diffusivity, the subgridscale terms are also expressed in
terms of eddy viscosity and eddy diffusivity. For most applications in either RANS
or LES, a model for eddy viscosity is developed, and, subsequently, eddy diffusivity
is determined by the introduction of a turbulent Prandt! number.

Subgridscale models similar to turbulence models vary in sophistication from
simple algebraic models to one-equation models to multi-equation models.

Several concepts with regard to small scales of turbulence were identified in
Chapter One which are relevant to the development of SGS models and are re-
viewed at this point. The small scales are more uniform and isotropic than large
scales. Therefore, modeling of small scales by simple algebraic expression tends to
represent the physics fairly well and is applicable to a wider range of flow condi-
tions. Furthermore, subgridscale stress contributes a fraction of total stress, and,
therefore, small errors in modeling do not substantially effect the overall accuracy.

In addition to assumptions of isotropic and uniformity of small scales, the as-
sumption of equilibrium is also imposed for most applications. The assumption of
equilibrium is referred to as a condition where the energy contained in large ed-
dies is transferred to smaller eddies, and, ultimately, all are dissipated into heat at
the level of smallest eddies (subgridscale) due to molecular viscosity. Although, on
the average, the transfer of energy takes place from resolved scales to unresolved
scales, the reverse can occur (known as backscatter), which is not accounted for
when equilibrium assumption is used.

Based on these discussions, algebraic models appear to be good candidates for
subgridscale terms. Besides their simplicity, they require a minimum amount of
computational effort. In the following sections, algebraic SGS models are intro-

duced.

23.2.2.1 Eddy Viscosity

The subgridscale stress is related to the large-scale strain rate tensor by introduction
of eddy viscosity and is written in a similar form as the laminar stress. For an
incompressible flow, the subgridscale stress term is written as

1 -
=1 - 3 Tk 8ij = 21, S;5 (23-51)

87

where
s _ 1 {0u , ouy
Si; = 5 (—azj + 39:,-) (23-52)
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The subgridscale stress term for compressible flow is written as

1 -
TI-; = 'T.'J' - ngk 6"_-’ = ﬁVg S"j (23-53)
and S;; is given by
~ du;, Ou; 2 iy
S, = i _ % .
1= 9z; 0z 30z, Y
The subgrid heat flux is written in terms of eddy diffusivity and, subsequently,
in terms of turbulent Prandtl number as follows.

Q.—EBT-*-—' 1 2] 3T+
'_Cp 83:; _pP’I‘t (9.’1,';'

(23-54)

(23-55)

Observe that, just as in the RANS equations, the eddy conductivity k; is replaced
by terms of eddy viscosity and turbulent Prandtl number. Again, just as in the
RANS equations, several models are available to determine v;.

23.2.2.1.1 Smagorinsky Model

The first subgridscale stress model was developed by Smagorinsky [23.2] in the
1960’s. It is a simple model which provides reasonable results for some applications.
This model is still commonly used in LES due to its simplicity. Several modifications
have been proposed to improve its prediction capabilities. One such attempt is the
dynamic model which will be discussed in the next section.

The Smagorinsky model is developed based on the assumption of equilibrium.
The eddy viscosity is written to be proportional to a length scale £.

The subgridscale stress is written in terms of eddy viscosity as

1 -
Ty — § Tkk6ij = 2Vt S.-j (23-56)
where, for an incompressible flow, the large-scale strain rate is given by
~ 1 /ou; Ouy
= = - 23-57
Sy 2 (Br,- + 31:;) ( )
and in terms of the velocity scale gsos as follows
Yy ~ fq,gcs (23—58)
The length scale is taken as the filter width A, and the velocity scale gsgs ~ £€]S],
where
15| = /28,5 8 (23-59)
Finally,

v~ A?|5] (23-60)
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which is written as an equation by introduction of the Smagorinsky constant as
v, = c2 A?|S| (23-61)

The Smagorinsky constant can be approximated in terms of Kolmogorov con-
stant ¢, by the following
1/3 -3/4
Cy = — (— Ck)
T

2
where, if ¢, = 1.4, then ¢, = 0.18. This value of Smagorinsky constant is not
universal. In fact, similar to the constants used in the algebraic turbulence models,
it’s value would vary. However, for most applications, a constant in the range of
0.1 < ¢, < 0.24 have been used.
The Smagorinsky model and its application are simple and provide reasonable
results for some flows. However, there are several drawbacks to the model.

e First, as mentioned above, the value of Smagorinsky constant is not universal,
and its value is different for different types of flows.

¢ Second, due to the imposed equilibrium assumption, the subgridscale stress
always decreases the energy of flow, and, therefore, backscatter which may be
present in the flow is omitted.

e Third, it may be necessary to reduce the model constant in the near wall
region.

e Fourth, since, for most applications, grid clustering will be used, specification
of filter width A may be difficult. Among several options available, one may
consider A = (Az? + Ay® + AzY)Y? or A = (AzAyAz)Y2

An improvement to the model can be made where the value of constant ¢, would
vary locally, thereby reducing or increasing eddy viscosity in locations as required,
This concept is the basis of the dynamic model which is provided next.

23.2.2.1.2 Dynamic Model

Several potential problems with the original Smagorinsky model may develop in
LES of near wall flows, shear flows, or in transition regions as discussed in the
previous section, These difficulties are due to the selection of a constant value for
Smagorinsky coefficient. From physical observations, it is known that, for example,
backscatter occurs in some flows which in fact can be significant. Furthermore,
the subgridscale stress must possess assymptotic behavior near the wall and vanish
at the wall. To account for these physical considerations and to overcome the
difficulties associated with a constant value of ¢,, a dynamic model is proposed
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by Germano [23.3]. In this model, the coefficient ¢, is allowed to vary locally to
adjust the level of eddy viscosity in the flowfield. The procedure is initiated by
specifying a value of ¢;, and subsequently after each time level or in practice after
several time levels, the flowfield is examined, and a new value of ¢, at each point
is determined. Therefore, the value of the coeflicient ¢, is continuously modified
as solution proceeds in time. The scheme is similar in principle to adaptive grid,
where the grid system evolves as the solution proceeds in time.

The dynamic model is developed by the introduction of a test filter with a length
scale larger than that of the length scale of the original filter, typically by a factor
of two. Stresses in this range are referred to as subtest-scale (STS) stresses and are
modeled similar to the SGS stresses. The test filter is defined by é, and a tophat
“ is used to identify the associated test-filtered quantities. After the test filter is
applied to the FNS equations, the STS stress is developed and is given by

Fij = il — W (23-62)
and the resolved stress is
flij = U;lt; — ﬁj (23-63)

Recall that the SGS stress as given by (23-10) is

Ty = Willy — W (23-64)
When the test filter is applied to (23-64), one obtains

Ty = 0l — (23-65)

It is then obvious that one can write

~

L - Fij = —Ti (23-66)

The resolved stress f,ij can be computed explicitly from the resolved velocity
field, whereas the SGS stress and STS stress require modeling.

In the following, the dynamic model is used in conjunction with the Smagorinsky
model. In fact, the procedure can be applied to any eddy viscosity model. Now,
the Smagorinsky model applied to SGS and STS stresses is written as

. 1, —_
Tij — 3 Trk 615 = 2C Qi (23-67)

and )
‘7‘.5 -3 T kk bij = 2cPy (23-68)
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where
Gi; = 52|§|§‘j (23—69)
By = A*13)18, (23-70)

Subtracting (23-67) from (23-68), one obtains

s .l .
Ty~ Ty~ 3 (Tkk - 'Tkk) 6ij = 2c By — 2C Gy (23-71)
or :
Ly — < Lux b5 = 2, — 26 G (23-72)
Typically, ¢ is removed from the filtering operation such that (23-72) is written
* 1
L.‘j - 5 ka 6.'_1' = 2c (,B‘-j - d.‘j) =2c Mij (23—73)
where
M;; = Bi; — &y (23-74)

Equation (23-73) yields five independent equations with only one unknown c,
that is, the system is overdetermined. One approach to overcome this problem is
proposed by Germano, in which Equation (23-73) is contracted by S;, resulting in

Li; §i; = 2e¢ My; Sy (23-75)
from which L
1 L; S
= 23-76
“T2M;35, (23-76)

Another approach is proposed by Lilly [23.4], in which the sum of the squares
of the residual is minimized. The result is

(23-77)

This formulation is particularly attractive because the formulation given by (23-76)
may cause a difficulty in that the denominator could become locally zero or very
small such that numerical instability within the solution develops. This difficulty
in formulation (23-76) can be removed by the assumption that c is a function of y
and t only. This assumption allows the introduction of an averaging scheme taken
over the r and 2 directions, that is, parallel to the wall. This averaging scheme
(indicated by < >) also addresses another difficulty which may be encountered
when either (23-76) or (23-77) is used. It has been observed that the value of ¢
could vary significantly over the domain and may possess negative values over large
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regions. This may also become a source of instability in the solution. Though a
certain value of negative ¢ is desireable in the solution, large values could create
serious problems. The negative values of ¢ are interpreted as allowing backscatter
in the solution. Introduction of the averaging procedure discussed above tends to
eliminate the problem of excessive negative values of ¢. However, note that, with
the introduction of the averaging process over the domain, the model can no longer
be considered strictly local.

Now the formulations of ¢ are written in terms of the averaging scheme as follows.
< f/ij 5‘.‘_,' >
< M"j S"J‘ >

o
]

(23-78)

[

and .
1< L;‘j M"J‘ >
2 <MZ>
In closing this section, it is concluded that the dynamic model overcomes some
of the problems associated with eddy viscosity models with constant coefficient. In
the process, however, the dynamic model also creates some difficulties as identified
above. However, some simple procedures were introduced by which these difficulties
can be removed.

c

'II

(23-79)

23.3 Direct Numerical Simulation

The third category of solution scheme for laminar, transitional, and turbulent
flows is Direct Numerical Simulation. This scheme essentially solves the time depen-
dent Navier-Stokes equations and attempts to accommodate all scales of turbulence.
There are two major grand challenges that need to be resolved in order for DNS
to be a routine computational scheme for design and analysis purposes. The first
major obstacle is the limitation of the available resources. Present day computers
do not have the memory, operation speed, and data transfer capabilities to conduct
a DNS of complex configuration at high Reynolds number.

It was shown in Chapter 20 that the number of grid points required for DNS
is proportional to Re%*. For example, a DNS of a complete aircraft will require
about one extaflop, that is 10'® flops. The projected computer performance is
approximately 10'® (operations per second) to be achieved in about 2010. One
approach to gain higher performance and increase memory is to perform DNS on
multi-processor, parallel computers. In this approach, the domain of solution is
divided among several processors, where information is transferred between the
processors. And, of course, consideration of data transfer and the transfer speed is
crucial. However, multi-processor parallel computations have shown great potential
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in performance of DNS for turbulent flows over large domain at high Reynolds
numbers.

The second challenge is the development of a solution algorithm which is free
of significant numerical error. This aspect of the problem includes the grid system,
numerical scheme, and boundary conditions.

The grid system must be developed by a higher-order grid generation scheme
such as to provide a high quality grid, that is, a grid for which there is continuity in
the curvature and the metrics obtained by high-order approximations, for example,
fourth-order or higher. An example of such grid generation is the fourth-order
elliptic grid generation scheme.

The development of numerical schemes must include higher-order approximation
of the derivatives. The fourth-order Runge-Kutta scheme can be used for time
integration, whereas typically sixth-order compact finite difference approximation
is used for the convection and diffusion terms. The third element of the solution
algorithm which is crucial is the treatment of boundary conditions. The sponge layer
type boundary treatment is usually implemented for the inflow/outflow boundaries,
and the standard no-slip boundary condition is applied at the solid surface.

Some examples of DNS of transitional /t urbulent flows which have been reported
in the literature are provided below. As the technology matures, the envelope and
the range of applications will increase to include higher Reynolds numbers and more
complex geometries. The following list is a very limited example of DNS and by no
means is complete.

e Compressible free shear flow. Several computations are performed at convec-
tive Mach number (M) of 0.38 (M; = 1.5, M; = 1.5), M, of 0.4 (M, = 2.0,
M, = 1.2), and M, of 0.8 (M; = 4.0, M, = 2.4). The Reynolds number range
was between 100 and 500, where Re = p)(u; — ug)6, /1. The subscripts 1 and
2 refer to high and low speed streams, and §, is the initial vorticity thickness
[23.5).

o Transitional flow at Mach 0.5 and Re;, of 160,000 over a Joukowsky airfoil.
The effect of suction/blowing is considered as a means for controlled transition
[23.6].

e Ilow transition at Mach 1.6 over a Joukowsky airfoil. The Reynolds number
based on the half-thickness of the airfoil h was Re, = 15000 [23.7).

e Compressible flat plate boundary layer flow at Mach 2.25. The Reynolds
number based on the inlet conditions was 635000/in [23.8].

o Fully turbulent channel flow. Effect of wall injection and suction was investi-
gated. The Reynolds number based on the channel half width and averaged
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friction velocity was 150 [23.9].

e Supersonic turbulent boundary-layer flow over a flat plate and a compression
ramp. The compressible, turbulent flowfield over a flat plate at Mach numbers
of 3, 4.5, and 6, and at momentum thickness Reynolds numbers of 3015,
2618, and 2652 were investigated. In addition, flowfield over an 18 degree
compression ramp at Mach 3 and Reynolds number of 5000 was considered
(23.11).



APPENDIX J:

Transformation of Turbulence Models from
Physical Space to Computational Space

The details of the coordinate transformation for turbulence models are provided
in this appendix. Since the terms for most models in each category, e.g., one-
equation models, are similar, mathematical steps will be carried out for a typical
model only. Extension to similar turbulence models is straightforward.

J.1 Baldwin-Barth Turbulence Model

To better manage the mathematical work, each term in the equation will be
considered separately. Again, using the notation R for vRer, the left-hand side of
(21-86) is dR/dt, which is expanded in Cartesian coordinates to yield

dR OR - JR OR on
& TV VR e Ty
Now, using the Cartesian derivatives (21-88) and (21-89), the convective term be-
comes
oR  OR _  ( OR __OR\  ( OR _OR
uax vay - ag 77: v Ey aE +nya
_ OR R ,OR _ OR
= (Lu+&v) % + (MU + Nyv) Bn =U a£ V—

The diffusion term in Equation (21-86) involves the Laplacian V2R and Vi, - VR.
Each term is treated separately, and details are as follow.
Using the expressions given by (21-90) and (21-91), one has

OR FR_ R, OFR PR
62 62 3662 nlaga 77::62

VR =
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Using previously defined expressions given by (11-210d), (11-211d), and (11-
212e) repeated here for convenience, and additional definitions, the Laplacian be-

comes

V'R = "'462&}'} + 2‘:538;5 + bagz{j + 91(;? + gzgR
where
a, = E+€
be = 77+,
cs = &M+ &My
g = &%ﬁ; 65 +£y?;g W §_
O a"'?z 377,, 3@



Transformation of Turbulence Models: Physical Space to Computational Space

157

The second term Vv, - VR is first expanded as
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Now, using the Cartesian derivatives, one has
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Now, consider the Baldwin-Barth turbulence model given by (21-87). The trans-
formation of the convective term is exactly the same as the previous case, that is
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The Laplacian in the diffusion term is first expanded in Cartesian coordinates

and expressed as
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The second expression in the diffusion term V - 14, VR is written as
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In the generalized coordinates, one has
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Finally, the following definitions are introduced which will be used in the formulation
of FDE.
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The last term of the Baldwin-Barth turbulence model includes a production
term given by
(cafa — ca)y/cuD1D; vRer S
where S in the computational space is given by (21-98).



APPENDIX K:

The Transport Equation for the
Turbulence Kinetic Energy

It is well established that turbulence in a flowfield is generated due to a variety
of factors such as, for example, surface roughness, and it is convected and dissi-
pated throughout the domain. To represent the above-mentioned physical aspect
of turbulence in the development of a turbulence model, a transport equation is
developed in terms of the turbulence kinetic energy. This transport equation which
is derived from the Navier-Stokes equation is referred to as the turbulence kinetic
energqy equation (TKE). The derivation of turbulence kinetic energy and the inter-
pretation of terms in the equation are the focus of this section. The derivation of
the equation will be performed in tensor notation. Recall that a repeated index in
tensor notation indicates summation over that index.

The contintuity equation and the i-component of the momentum equation ex-
pressed in tensor notation are

dp 3 _
Bt + 3_:1',‘] (pu;) =0 (K-1)
and bu 8 op 0
i Wy __9 97 -
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where
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The Reynolds averaged continuity and the i-component of momentum equations
are given by
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To proceed with the derivation of 2 TKE equation, multiply the continuity
equation by 1/2 u? to obtain
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Py 2l e S K-
Multiply the i-component of the momentum equation by u; to obtain
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Note that the second term in Equation (K-7) can be rearranged as
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Thus, Equation (K-7) is written as
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Add Equation (K-8) to Equation (K-1) to obtain
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Now substitute the sum of average and fluctuating quantities for the instanta-

neous quantities, so that Equation (K-9) becomes
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Taking the time average following the rules set by (17-2), one obtains
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Now multiply the momentum equation given by Equation (K-5) by ;.
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Subtract Equation (K-11) from Equation (K-10) and collect terms to obtain
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The fifth and sixth terms can be combined as follows
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The remaining terms can be combined in a similar fashion, and Equation (K-12) is

written as
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Observe that the sum of the first and fifth terms is zero, due to continuity, and one

can write —
ay 07 R — du;
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Now define the turbulent kinetic energy k as

Finally, Equation (K-13) is written as
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This is the turbulence kinetic energy equation.

(K-14)

(K-15)

(K-16)
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Recall that the shear stress is given by
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Furthermore, one can write
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Now, an alternate form of the TKE equation can be written by substitution of
(K-17) and (K-18) into (K-16), as follows
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The interpretation of the terms in the TKE equation given by (K-19) is as
follows.

I. The rate of change of TKE which is composed of a local change and a con-
vective term is

%,
gt (pk) + (p uj k+ pu; k) (K-20)

II. The diffusion term includes the following
S a _ a e
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and represents diffusion of turbulence due to molecular transport processes.
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III. The production term is

=7 aﬂq )
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and it represents the rate of transfer of kinetic energy of the mean flow to
turbulence.

IV. The work done by the turbulent viscous stresses is given by
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V. The turbulence viscous dissipation is
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and finally

V1. The pressure dilatation is
ou

£ (K-25)

Typically the fluctuating correlations involving density fluctuations are dropped.
Furthermore, the Boussinesq assumption is invoked, and the terms defined by (K-
20) through (K-25) are written as

I. Rate of change of TKE is

5 PR+ 5 (55 B (K-26)

Note that this expression can be modified as follows
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where continuity is used to set the bracket term equal to zero.
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The diffusion term is written as
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The production is denoted by Py and is given by
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where 7;; now represents the turbulent shear stress and is given by
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The work done by the turbulent viscous stress is
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The turbulent viscous dissipation, which is typically referred to as dissipation,
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The pressure dilatation term is usually dropped. Finally, the TKE equation
is expressed as follows
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Contravariant velocity, 2(39)
Convective derivative, 1(447)
Convergence, 1{23)
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Difference operators, 1{83)
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Direct numerical simulation,
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Dispersion error, 1(143)
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Finite diffcrence equation, 1(22, 37)

Finite element methods, 2(4{18)

Finite volume method, 2(885)

First backward difference approxima-
tion, 1(81)

First forward difference approximation,
1(30)

First upwind differencing method,
1(186, 218)

Implicit first upwind, 1(188, 218)

Five species model, 2(343)

Forward difference representations,
1(57, 58)

Forward time/central space (FTCS),
1(64, 276, 282)

Flux corrected transport, 1(283)

Flux Jacobian matrix, 1(817), 2(33)

Flux limiter functions, 1(242, 245),
2(118)

Fractional step method, 1(87)

Freestream boundary condition, 2(248)

Friction velocity, 3(5)

Frozen flow, 2(838)

Gas Constant, 1(462)

Gauss-Seidel iteration method, 1(157)
Point Gauss-Seidel, 1(160, 887)
Line Gauss-Seidel, 1(162, 388)

Global time step, 2(146)

Grid Clustering, 1(869, 404), 2(144)
Heat conduction equation, 1(10)
Heat of formation, 2(840)
Holograph characteristics, 1(5)

Heat transfer coefficient, 1(855)

Hyperbolic equations, 1(8,185)
Hyperbolic grid generation, 1{{11)

Implicit flux-vector splitting, 2(116,

194, 279)

Implicit formulation, 1(39, 68), 2(277,
308)

Incompressible Navier-Stokes equa-
tions, 1(802), 2(85)

Integral formulation, 1({{6)

Inviscid Jacobians, 2(86-38, 89, 90, 93)

Irregular boundaries, 1(92)

Jacobi iteration method, 1(157)

Jacobian, 1(209)

Jacobian of transformation, 1(364),
2(25)

k-e¢ model, 8(54)

Kinetic energy of turbulence, 3(54)

k-w model, 8(59)

Kelvin-Helmholtz vortex, 8(15)

Kolmogorov scales, 3(14)

Kolmogorov Universal Equilibrium
Theory, $(14)

Kronecker delta, /(451)
Laasonen method, 1(66)
Laminar sublayer, 3(4)
Lagrangian approach, 1({4{9)
Large eddy simulation, 3(189)
Law of the wall, 8(24)

Lax’s equivalence theorem, 1(23)
Lax method, 1(186, 207)
Lax-Wendroff method, 1(187, 189, 208)
Leonard stress, 8(142)

Linear damping, 1(228)

Linear PDE, 1(3)
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Linearization, 1(90,817), 2(31, 100, 1635,
295)

Lagging, 1(90)
Iterative, 1(91)
Newton’s iterative, 1(91)

Local derivative, 1(447)

Local time step, 2(146)

Low Reynolds number k-¢ model, 8(56)
LU Decomposition, 2(291)

MacCormack method, 1(190, 211, 278,
286, 287), 2(270)

Marker and cell (MAC) formulation,
1(830)

Metrics of transformation,
2(28)

Midpoint leapfrog method, 1{138, 186)

Minmod, 1(246), 2(114)

Mixed boundary condition, 1(20)

Mixed partial derivatives, 1{51)

Modified equation, 1(148)

Modified wave number, 3(128)

Momentum thickness, $({0)

Monotone schemes, 1(236)

Multi-step methods, 1(189)

Navier-Stokes equations, 1(274, 4{55),
2028, 267)
Two-dimensional planar or axisym-
metric, 2(69)

Newtonian fluid, 17452)

Neumann boundary condition, 1(20)

1(963),

Neumann boundary condition for pres-
sure, 1(828)

Nodal point scheme, 2(389)

Nonequilibrium flow, 2(339)

Nonlinear PDE, 1(8)

Numerical flux functions, 1{2{1)
Orr-Sommerfeld equation, §(7)
Orthogonality at the surface, 1(407)
Outflow boundary condition, {826,
348), 2(120, 190, 192, 325)
Parabolic equation, 1(6, 60)
Parabolic grid generation, 1(4{18)

Parbolized Navier-Stokes equations,
2(60, 218)
Two-dimensional planar or axisym-
metric, 2(81)

Partial pressure, 2(3588)

Poisson equation for pressure, 1(810,
311)

Prandt] mixing length, 8(36)

Prandtl number, 1({638), 2(25), 8(22)
Pressure dilatation, 3(58)

Production of turbulence, 8(12, 54)

Reaction rates
Backward reaction, 2(8{1)
Forward reaction, 2(841)

Real gas, 2(837)

Recombination, 2(84{1)

Reynolds Averaged Navier-Stokes
Equation, 3(27, 28)

Reynolds number, 1(806), 2(25)

Richardson method, 1(64)

Richtmyer method, 1(189)

Riemann invariants, 1(435), 2(191)

Robin boundary condition, 1{20)

Rotational energy, 2(339)

Round off error, 1(118)

Runge-Kutta method, 1(219)
Modified Runge-Kutta, 1(225, 290),
2(112, 180, 275)
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Scaled wave number, 8(1258)

Spalart-Allmaras model, 3(48)

Specics continuity equation, 2(846)

Specific heats, 1(461)

Splitting methods, 1/189)

Shock fitting, 2(250)

Shock tube, 2(152)

Smagorinsky model, 8(148)

Staggered grid, 1(328)

Stability, 1(23)

Stability Theory, 3(7)

Static instability, 1(123)

Steger and Warming flux vector split-
ting scheme, 2(107, 116, 170)

Stokes hypothesis, 1{{52)

Stream function, 1(807)

Stream function equation, I(808)

Streamwise pressure gradient, 2(228)

Structural scales, 3(56)

Structured grids, 1(92, 358)

Subgridscale model, 3(140)

Subgridscale Reynolds stress, $(142)

Successive over-relaxation method,

1(164)
Point SOR, 1(164)
Line SOR, 1(165)

Sutherland’s law, 1(459)

System of first-order PDEs, 1(11)
System of second-order PDEs, 1(16)
Thermal conductivity, 1(460)
Thermal diffusivity, $(35)
Thermally perfect gas, 1(461)

Thin-Layer Navier-Stokes
equations, 2(57, 268)

Tollmein-Schlichting waves, 3(7)
Total derivative, 1({47)

Total variation diminishing (TVD),
1(237), 2(112)
First-order TVD, 1(239)
Sccond-order TVD, (244, 292)
Harten-Yee Upwind TVD, 1(245),
2(181)

Roe-Sweby Upwind TVD, 1(2{7),
2(183)
Davis-Yee Symmetric TVD, (250),
2(185)
Transition, $(9)
Translational encrgy, 2(899)
Tridiagonal system, 1(68, 438)
Turbulence Reynolds number, 3(43)
Turbulent boundary layer, $(2)
Turbulent conductivity, 8(35)
Turbulent diffusivity, 3(85)
Turbulent kinetic energy, 8(42, 109)
Turbulent Mach number, 8(58)
Turbulent Prandt! number, 3(87, {2)
Turbulent shear stress, $(35)
Turbulent viscosity, 3(85)
Two-equation turbulence models, 8(53)
Universal gas constant, 1(462)
Universal velocity distribution, 3(23)
Unstructured grids, 1(92, 858), 2(856)
Vibrational energy, 2(840)
Viscosity, (452, {59)
Viscous Jacobians, 2({6-57)
Viscous stress, 1(452), 2(81)
Viscous sublayer, 3(4)

van Leer flux vector splitting scheme,
2(108, 178)
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von Karman constant, 3(25)

von Neumann stability analysis, 1(124)

Vorticity, 1(807)

Vorticity-stream function formulations,
1(807)

Vorticity transport equation, 1{808)

Wall boundary conditions, 2(186, 235,
921, 923)

Zero equation model, 3(39)
Zcro point energy level, 2(340)
Zone of dependence, 1(5)
Zone of influence, 1(5)

Zone of silence, 1(9)



