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FOREWORD

The atomic theory of matter asserts that material bodies are made up of small
particles. This theory was founded in ancient times by Democritus and
expressed in poetic form by Lucretius. This view was challenged by the
opposite theory, according to which matter is a continuous expanse. As
quantitative science developed, the study of nature brought to light many
properties of bodies which appear to depend on the magnitude and motions
of their ultimate constituents, and the question of the existence of these tiny,
invisible, and immutable particles became conspicuous among scientific
enquiries.

As early as 1738 Daniel Bernoulli advanced the idea that gases are formed
of elastic molecules rushing hither and thither at large speeds, colliding and
rebounding according to the laws of elementary mechanics. The new idea,
with respect to the Greek philosophers, was that the mechanical effect of the
impact of these moving molecules, when they strike against a solid, is what
is commonly called the pressure of the gas. In fact, if we were guided solely
by the atomic hypothesis, we might suppose that pressure would be produced
by the repulsions of the molecules. Although Bernoulli’s scheme was able to
account for the elementary properties of gases (compressibility, tendency to
expand, rise of temperature in a compression and fall in an expansion, trend
toward uniformity), no definite opinion could be formed until it was investi-
gated quantitatively. The actual development of the kinetic theory of gases
was, accordingly, accomplished much later, in the nineteenth century.

Although the rules generating the dynamics of systems made up of molecules
are easy to describe, the phenomena associated with this dynamics are not so
simple, especially because of the large number of particles: there are about
2X7X 10'? molecules in a cubic centimeter of a gas at atmospheric pressure
and a temperature of o °C.

Taking into account the enormous number of particles to be considered, it
would of course be a perfectly hopeless task to attempt to describe the state
of the gas by specifying the so-called microscopic state, i.e. the position and
velocity of every individual particle, and we must have recourse to statistics.
This is possible because in practice all that our observation can detect is
changes in the macroscopic state of the gas, described by quantities such as
density, velocity, temperature, stresses, heat flow, which are related to the
suitable averages of quantities depending on the microscopic state.

J. P. Joule appears to have been the first to estimate the average velocity
of a molecule of hydrogen. Only with R. Clausius, however, the kinetic theory
of gases entered a mature stage, with the introduction of the concept of mean
free-path (1858). In the same year, on the basis of this concept, J. C. Maxwell
developed a preliminary theory of transport processes and gave an heuristic
derivation of the velogity distribution function that bears his name. However,

[ vii]



viii FOREWORD

he almost immediately reslized that the mean free-path method was inadequate
as a foundation for kinetic theory and in 1866 developed a much more accurate
method, based on the transfer equations, and discovered the particularly simple
properties of a model, according to which the molecules interact at distance
with a force inversely proportional to the fifth power of the distance (nowadays
these are commonly called Maxwellian molecules). In the same paper he gave
a better justification of his formula for the velocity distribution function for
a gas in equilibrium.

With his transfer equations, Maxwell had come very close to an evolution
equation for the distribution, but this step must be credited to L. Boltzmann.
The equation under consideration is usually called the Boltzmann equation
and sometimes the Maxwell-Boltzmann equation (to acknowledge the impor-
tant role played by Maxwell in its discovery).

In the same paper, where he gives an heuristic derivation of his equation,
Boltzmann deduced an important consequence from it, which later came to
be known as the H-theorem. This theorem attempts to explain the irreversibil-
ity of natural processes in a gas, by showing how molecular collisions tend to
increase entropy. The theory was attacked by several physicists and
mathematicians in the 18gos, because it appeared to produce paradoxical
results. However, a few years after Boltzmann's suicide in 1906, the existence
of atoms was definitely established by experiments such as those on Brownian
motion and the Boltzmann equation became a practical tool for investigating
the properties of dilute gases.

In 1912 the great mathematician David Hilbert indicated how to obtain
approximate solutions of the Boltzmann equation by 2 series expansion in a
parameter, inversely proportional to the gas density. The paper is also repro-
duced as Chapter XXII of his treatise entitled Griindziige einer allgemeinen
Theorie der linearen Integralgleichungen. The reasons for this are clearly stated
in the preface of the book (‘Neu hinzugefiigt habe ich zum Schluss ein Kapitel
uber kinetische Gastheorie. [. . .] erblicke ich in der Gastheorie die glizendste
Anwendung der die Auflosung der Integralgleichungen betreflenden
Theoreme’).

In 1919, S. Chapman and D. Enskog simultaneously and independently
obtained approximate solutions of the Boltzmann equation, valid for a
sufficiently dense gas. The results were identical as far as practical applications
were concerned, but the methods differed widely in spirit and detail. Enskog
presented a systematic technique generalizing Hilbert's idea, while Chapman
simply extended a method previously indicated by Maxwell to obtain transport
coefficients. Enskog's method was adopted by S. Chapman and T. G. Cowling
when writing The Mathematical Theory of Non-uniform Gases and thus came
to be known as the Chapman-Enskog method.

This is a reissue of the third edition of that book, which was the standard
reference on kinetic theory for many years. In fact after the work of Chapman
and Enskog, and their natural developments described in this book, no essential
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progress in solving the Boltzmann equation came for many years. Rather the
ideas of kinetic theory found their way into other fields, such as radiative
transfer, the theory of ionized gases, the theory of neutron transport and the
study of quantum effects in gases. Some of these developments can be found
in Chapters 17 and 18.

In order to appreciate the opportunity afforded by this reissue, we must
enter into a detailed description of what was the kinetic theory of gases at the
time of the first edition and how it has developed. In this way, it will be clear
that the subsequent developments have not diminished the importance of the
present treatise.

The fundamental task of statistical mechanics is to deduce the macroscopic
observable properties of a substance from a knowledge of the forces of
interaction and the internal structure of its molecules. For the equilibrium
states this problem can be considered to have been solved in principle; in fact
the method of Gibbs ensembles provides a starting point for both qualitative
understanding and quantitative approximations to equilibrium behaviour. The
study of nonequilibrium states is, of course, much more difficult; here the
simultanecous consideration of matter in all its phases — gas, liquid and solid
— cannot yet be attempted and we have to use different kinetic theories, some
more reliable than others, to deal with the great variety of nonequilibrium
phenomena occurring in different systems.

A notable exception is provided by the case of gases, particularly monatomic
gases, for which Boltzmann’s equation holds. For gases, in fact, it is possible
to obtain results that are still not available for general systems, i.e. the
description of the thermomechanical properties of gases in the pressure and
temperature ranges for which the description suggested by continuum
mechanics also holds. This is the object of the approximations associated with
the names Maxwell, Hilbert, Chapman, Enskog and Burnett, as well as of the
systematic treatment presented in this volume. In these approaches, out of all
the distribution functions f which could be assigned to given values of the
velocity, density and temperature, a single one is chosen. The precise method
by which this is done is rather subtle and is described in Chapters 7 and 8.
There exists, of course, an exact set of equations which the basic continuum
variables, i.e. density, bulk velocity (as opposed to molecular velocity) and
temperature, satisfy, i.e., the full conservation equations. They are a con-
sequence of the Boltzmann equation but do not form a closed system, because
of the appearance of additional variables, i.c. stresses and heat flow. The same
situation occurs, of course, in ordinary continuum mechanics, where the system
is closed by adding further relations known as ‘constitutive equations’. In the
method described in this book, one starts by assuming a special form for f
depending only on the basic variables (and their gradients); then the explicit
form of f is determined and, as a consequence, the stresses and heat flow are
evaluated in terms of the basic variables, thereby closing the system of
conservation equations. There are various degrees of approximation possible
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within this scheme, yielding the Euler equations, the Navier-Stokes equations,
the Burnett equations, etc. Of course, to any degree of approximation, these
solutions approximate to only one part of the manifold of solutions of the
Boltzmann equation; but this part turns out to be the one needed to describe
the behaviour of the gas at ordinary temperatures and pressures. A byproduct
of the calculations is the possibility of evaluating the transport coefficients
(viscosity, heat conductivity, diffusivity, . . .) in terms of the molecular param-
eters. The calculations are by no means simple and are presented in detail in
Chapters g and 10. These results are also compared with experiment (Chapters
12, 13 and 14).

In 1949, H. Grad wrote a paper which became widely known because it
contained a systematic method of solving the Boltzmann equation by expanding
the solution into a series of orthogonal polynomials. Although the solutions
which could be obtained by means of Grad’s 13-moment equations (see section
15.6) were more general than the ‘normal solutions’ which could be obtained
by the Chapman-Enskog method, they failed to be sufficiently general to
cover the new applications of the Boltzmann equation to the study of upper
atmosphere flight. In the late 19508 and in the 1960s, under the impact of the
problems related to space research, the main interest was in the direction of
finding approximate solutions of the Boltzmann equation in regions having a
thickness of the order of a mean free-path. These new solutions were, of
course, beyond the reach of the methods described in this book. In fact, at
the time when the book was written, the next step was to go beyond the
Navier-Stokes level in the Chapman-Enskog expansion. This leads to the
so-called Burnett equations briefly described in Chapter 15 of this book. These
equations, generally speaking, are not so good in describing departures from
the Navier—Stokes model, because their corrections are usually of the same
order of magnitude as the difference between the normal solutions and the
solutions of interest in practical problems. However, as pointed out by several
Russian authors in the early 1970s, there are certain flows, driven by tem-
perature gradients, where the Burnett terms are of importance. For this reason
as well for his historical interest, the chapter on the Burnett equations still
retains some importance.

Let us now briefly comment on the chapters of the book, which have not
been mentioned so far in this foreword. Chapters 1-6 are of an introductory
nature; they describe the heavy apparatus that anybody dealing with the kinetic
theory of gases must know, as well as the results which can be obtained by
simpler, but less accurate tools. Chapter 11 describes a classical model for
polyatomic gases, the rough sphere molecule; this model, although not so
accurate when compared with experiments, retains an important role from a
conceptual point of view, because it offers a simple example of what one should
expect from a model describing a polyatomic molecule. Chapter 16 describes
the kinetic theory of dense gases; although much has been done in this field,
the discussion by Chapman and Cowling is still useful today.
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Where is kinetic theory going today? The main recent developments are in
the direction of developing a rigorous mathematical theory: existence and
uniqueness of the solutions to initial and boundary value problems and their
asymptotic trends, but also rigorous justification of the approximate methods
of solution. Among these is the method described in this book. It is unfair,
however, to criticise, in the light of the standards and achievement of today,
the approach described in this book, as is sometimes done. In addition to still
being a good description of an important part of the kinetic theory of gases,
this book has played the important role of transmitting the solved and unsolved
problems of kinetic theory to generations of students and scholars. Thus it is
not only useful, but also historically important.

Carlo Cercignani
Milano



EXTRACT FROM
PREFACE TO FIRST EDITION

In this book an account is given of thé mathematical theory of gaseous
viscosity, thermal conduction, and diffusion. This subject is complete in
itself, and possesses its own technique; hence no apology is needed for
separating it from related subjects such as statistical mechanics.

The accurate theory originated with Maxwell and Boltzmann, who
established the fundamental equations of the subject. The general solution
of these equations was first given more than forty years later, when within
about a year (1916~1917) Chapman and Enskog independently obtained
solutions by methods differing widely in spirit and detail, but giving iden-
tical results. Although Chapman’s treatment of the general theory was
fully effective, its development was intuitive rather than systematic and
deductive; the work of Enskog showed more regard for mathematical
form and elegance. His treatment is the one chosen for presentation here,
but with some differences, including the relatively minor one of vector and
tensor notation.®* A more important change is the use of expansions of
Sonine polynomials, following Burnett (1935). We have also attempted
to expound the theory more simply than is done in Enskog's dissertation,
where the argument is sometimes difficult to follow.

The later chapters describe more recent work, on dense gases, on the
quantum theory of collisions (so far as it affects the theory of the transport
phenomena in gases), and on the theory of conduction and diffusion in
ionized gases, in the presence of electric and magnetic fields.

Although most of the book is addressed to the mathematician and
theoretical physicist, an effort has been made to serve the needs of labora-
tory workers in chemistry and physics by collecting and stating, as clearly
as possible, the chief formulae derived from the theory, and discussing
them in relation to the best available data.

8.C.

1939 T.G.C.

® The notation used in this book for three-dimensional Cartesisn tensors wes devised
jointly by E. A, Milne and S. Chapman in 1926, end has since been used by them in many
branches of applied mathematics,
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PREFACE TO THIRD EDITION

Until now, this book has appeared in substantially its 1939 form, apart
from certain corrections and the addition, in 1952, of a series of notes
indicating advances made in the intervening years. A more radical revision
has been made in the present edition.

Chapter 11 has been wholly rewritten, and discusses general molecular
models with internal energy. The discussion is primarily classical, but in
a form readily adaptable to a quantum generalization. This generalization
is made in Chapter 17, which also discusses (in rather more detail than
before) quantum effects on the transport properties of hydrogen and
helium at low temperatures. The theory is applied to additional molecular
models in Chapter 10, and these are compared with experiment in Chapters
12-14; the discussion in these chapters aims for the maximum simplicity
consistent with reasonable accuracy. Chapter 16 now includes a short
summary of the BBGKY theory of a dense gas, with comments on its diffi-
culties. A new Chapter 18 discusses mixtures of several gases. Chapter 19
(the old Chapter 18) discusses phenomena in ionized gases, on which an
enormous amount of work has been done in recent years. This chapter has
been much extended, even though attention is confined to aspects related
to the transport phenomena. Finally, in Chapter 6 and elsewhere, a more
detailed account is given of approximate theories, especially those that
illuminate some feature of the general theory.

To accommodate the new material, some cuts have been necessary.
These include the earlier approximate discussion of the electron-gas in
a metal, and the Appendices A and B. The Historical Summary, and the
discussion of the Lorentz approximation have been curtailed. The discussion
of certain other topics has been modified, especially in the light of the work
of Kihara, of Waldmann, of Grad and of Hirschfelder, Curtiss and Bird.
A few minor changes of notation have been made; these are set out at the
end of the list of symbols on pp. xxv and xxvi.

The third edition has been prepared throughout with the co-operation
of Professor D. Burnett. We are deeply indebted to him for numerous
valuable improvements, and for his continuous attention to details that
might otherwise have been overlooked. He has given unstinted assistance
over a long period.

Our thanks are due to many others for their interest and encouragement.
Special mention should be made of Professors Waldmann and Mason for
their helpful interest. Our thanks are also due, as earlier, to the officials
of the Cambridge University Press for their willing and expert help both

before and during the printing of this edition.
8.C.
1969 T.G.C.
[ xiii }



NOTE REGARDING REFERENCES

The chapter-sections are numbered decimally.

The equations in each section are numbered consecutively and
are preceded by the section number, (3.41, 1), (3.41, 2), ....

References to equations are also preceded by the section
number and where a series of numbers occur they are elided

(341, 2, 3, ...) or (3.41, 1-16).

References to periodicals give first (in italic type) the name of the
periodical, next (in Clarendon type) the volume-number, then
the number of the page or pages referred to, and finally the
date in parenthesis,
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INTRODUCTION

1. The molecular hypothesis

The purpose of this book is to elucidate some of the observed properties of
the natural objects called gases. The method used is 2 mathematical one.

The foundation on which our work is based is the molecular hypothesis of
matter. This postulates that matter is not continuous and indefinitely
divisible, but is composed of a finite number of small bodies called mole-
cules. These in any particular case may be all of one kind, or of several kinds:
the number of kinds is usually far less than the number of molecules. Free
atoms, ions and electrons are considered merely as special types of molecule.
The individual molecules are too small to be seen individually even with
the most powerful ultra-microscope.

The joint labours of experimental and theoretical physicists have sug-
gested certain hypotheses regarding the structure and interaction of
molecules: the precise details, however, are known for only a few kinds of
molecule. The mathematician has therefore to consider ideal systems, chosen
as illustrating the particular features of actual gas-molecules that are to be
studied, and to work out their properties as accurately as possible. The
difficulty of this undertaking imposes limitations on the models that can be
used. For example, if the systems are not spherically symmetrical, the
investigation of their interactions includes the solution of some difficult
dynamical problems: the mass-distribution and field of force of a molecule
are therefore usually taken to be spherically symmetrical. As this book
shows, the investigations even then are very complicated ; the complexity is
enormously enhanced when the condition of spherical symmetry is relaxed
in the least degree. The special models of molecules that are considered in
this book are described in 3.3 and in Chapter 11.

2. The kinetic theory of heat

The molecular hypothesis is of great importance in chemistry as well as in
physics. For some purposes, particularly in chemistry and crystallography,
the molecules can be considered statically; but usually it is essential to take
account of the molecular motions. These are not individually visible, but
there is evidence that they are extremely rapid. An important extension
of the molecular hypothesis is the theory (called the kinetic theory of heat)
that the molecules move more or less rapidly, the hotter or colder the body
of which they form part; and that the heat energy of the body is in reality
mechanical energy, kinetic and potential, of the unseen molecular motions,
relative to the body as a whole. The heat energy is thus taken to include the
translatory kinetic energy of the molecules, relative to axes moving with the
1]
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element of the body of which at the time these molecules form part; it
includes also kinetic energy of rotation, and kinetic and potential energy of
vibration, if the molecular constitution permits of these motions.

Since heat energy is regarded as hidden mechanical energy, it must be
expressible in terms of mechanical units. Joule, in fact, showed that the
ordinary measure of a given amount of heat energy is proportional to the
amount of mechanical energy that can be converted, for example by friction,
into the given quantity of heat. The ratio

measure of heat energy in heat units
measure of the same energy in mechanical units
is therefore called Joule’s ‘ Mechanical equivalent of heat’—usually denoted
by 2.

3. The three states of matter

The molecular hypothesis and the kinetic theory of heat are applicable to
matter in general. The three states of matter—solid, liquid, and gaseous—
are distinguished merely by the degree of proximity and the intensity of the
motions of the molecules. In a solid the molecules are supposed to be packed
closely, each hemmed in by its neighbours so that only by a rare chance can
it slip between them and get into a new set. If the solid is heated, the motions
of the molecules become more violent, and their impacts in general produce
a slight thermal expansion of the body. At a certain point, depending on the
pressure to which the body is subjected, the motions are sufficiently intense
for the molecules, though still close-packed, to be able to pass from one set of
neighbours to another set: the liquid state has then been attained. Further
application of heat will ultimately lead to a state in which the molecules
break the bonds of their mutual attractions, so that they expand to fill any
volume available to them; the matter has then attained the gaseous state.
At certain pressures and temperatures two states of matter (liquid and gas,
solid and liquid, or solid and gas) can coexist in equilibrium; all three states
can coexist at a particular pressure and temperature.

4. The theory of gases

In a solid or liquid the mutual forces between pairs of neighbouring mole-
cules are considerable, strong enough, in fact, to hold the mass of molecules
together, at least for a time, even if all external pressure is removed. A static
picture of a solid is obtained if the molecules are imagined to be rigid bodies
in contact: a molecule can be supposed to possess a size, equal to the size of
such a rigid body.

The density of a gas is ordinarily low compared with that of the same
substance in the liquid or solid form, The molecules in a gas are therefore
separated by distances large compared with their sizes, and they move
hither and thither, influencing each other only slightly except when two or
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more happen to approach closely, when they will sensibly deflect each other’s
paths. In this case the molecules are said to have encountered one another;
expressed otherwise, an encounter has occurred. Obviously an encounter
is a less definite event than a collision between two rigid bodies; definiteness
can be imparted to the conception of an encounter only by specifying a
minimum deflection which must result from the approach of two molecules,
if the event is to qualify for the name encounter.

When the molecules are regarded as rigid bodies not surrounded by fields
of force, their motion between successive impacts is quite free from any
mutual influences: each molecule is said to traverse a free path between its
successive collisions. The average or mean free path will be greater or less,
the rarer or denser the gas.

The conception of the free path loses some if its definiteness when the
molecules, though still rigid, are surrounded by fields of force. The loss of
definiteness is greater still if the molecules are non-rigid. The conception
can, however, be applied to gases composed of such molecules, by giving to
encounters, in the manner described above, the definiteness that attaches to
collisions.

Collisions or encounters in a gas of low density are mainly between pairs
of molecules, whereas in a solid or liquid each molecule is usually near or in
contact with several neighbours. The legitimate neglect of all but binary
encounters in a gas is one of the important simplifications that have enabled
the theory of gases to attain its present high development.

§. Statistical mechanics

In ordinary mechanics our aim is usually to determine the events that follow
from prescribed initial conditions. Our approach to the theory of a gas must
be different from this, for two reasons. Firstly, we never know the detailed
initial conditions, that is, the situation and state of motion of every molecule
at a prescribed initial instant; secondly, even if we did, our powers are quite
unequal to the task of following the subsequent motions of all the many
molecules that compose the gas. Hence we do not even attempt to consider
the fate of the individual molecules, but interest ourselves only in statistical
properties—such as the mean number, momentum or energy of the mole-
cules within an element of volume, averaged over a short time interval, or the
average distribution of linear velocities or other motions among these
molecules.

It is not only necessary, for mathematical reasons, to restrict our aims in
this way: it is also physically adequate, because experiments on a mass of gas
measure only such ‘averaged’ properties of the gas. Thus our aim is to
find out how, for example, the distribution of the ‘averaged’ or ‘mass’
motion of a gas, supposed known at one instant, will vary with the time; or
again, how a non-uniform mixture of two sets of molecules of different kinds
will vary, by the process known as diffusion.
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In such attempts, we consider not only the dynamics of the molecular
encounters, but also the statistics of the encounters. In this we must use
probability assumptions, such, for example, as that the molecules are in
general distributed ‘at random’, or evenly, throughout a small volume, and
moreover, that this is true also for the molecules having velocities in a
certain range.

The pioneers in the development of the kinetic theory of gases employed
such probability considerations intuitively, Their work laid the foundations
of a now very extensive branch of theoretical physics, known as statistical
mechanics, which deals with systems much more general than gases. This
applies probability methods to mechanical problems, and as regards its
underlying principles it shares some of the obscurities that attach to the
theory of probability itself. These philosophical difficuities were glimpsed
already by the founders of the subject, and have been partly though not
completely clarified by subsequent discussion.

In one aspect, the theory of probability is merely a definite mathematical
theory of arrangements. The simplest problem in that subject is to find in
how many different ways m different objects can be set outin n rowa (m > #),
account being taken of the order of the objects in the rows. A great variety
of problems of this and more complicated types can be solved, in a completely
definite way.

One such problem throws some light on the uniformity of density in a gas.
Consider all possible arrangements of m molecules in a certain volume, sup-
posed divided into 7 cells of equal extent, m being very large compared with n.
The number of different arrangements, if regard is paid only to the presence,
and not to the order or disposition, of individual molecules in each cell, is ™.
Among these arrangements there will be many in which the total numbers of
molecules in the respective cells 1 to # have the same particular set of values
a,, ay, ..., a,, where of course

a,+az+ ... +a,=m.

It is not difficult to show that, when m/n is large, the great majority of the
n™ arrangements correspond to distributions for which every number q, to
a, differs by a very small fraction from the average number m/n per cell.
Hence, if we regard the original n™ arrangements as all equally probable (on
the ground, for example, that all the cells are equal in volume, and that there
is no reason why any particular molecule should be placed in one cell rather
than in another),* we are led to conclude that in any arbitrarily chosen mass
of gas the density of the molecules will almost certainly be very nearly
uniform throughout the volume.

It needs little consideration to recognize that this somewhat vague
statement is very different from the original results about the arrangements
® This, of course, implies that the vol of the molecules is negligible: if the volume

of one cell is already largely pied by molecul h lecule may be supposed
Iuss likely to find a place in this cell than in s relatively empty one.
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of the molecules; it is less precise (though it can be expressed in the form of
inequalities with narrow limits): moreover, it depends on an assumption as
to a priori probability. Every statement about probability depends, in a
similar way, on some assumption as to a priori probability, and is less definite
than the results of the arrangement theory. ‘

Similar considerations as to arrangements can be applied to the distribu-
tion of a given total amount of translatory kinetic energy between the
molecules of a gas when the mass-centre of the whole set is at rest. Here it is
assumed that all velocities of a given molecule are a priori equally probable.
The result obtained is that the velocities of the molecules are almost
certainly distributed in a manner agreeing very nearly with a formula first
inferred (from intuitive and unjustifiable probability considerations) by
Maxwell. The a priors assumption cannot be verified: but it can be shown,
using a purely dynamical theorem due to Liouville, that as the state of the
gas varies with the passage of time, the ‘arrangements’ which are found
initially to be most abundant, as regards both space and velocity-distribution,
will always remain most abundant. Hence it is concluded that the uniform
density and the Maxwellian velocity-distribution will always be the most
probable, though a particular mass of gas may, very rarely (with a degree of
improbability that can be estimated), pass through a state which departs to
some extent from these usual or normal conditions.

These results of statistical mechanics, and others of a like kind, illustrate
the use made of probability in the kinetic theory of gases. The results
obtained in this theory are usually stated in a quite definite form, but the
validity of the conclusions cannot be rated higher than that of the argu-
ments leading thereto. Since in these arguments we appeal to probability,
the results of the kinetic theory remain only probable. But the study of
statistical mechanics suggests that statements of probability about systems
containing a very large number of independent units, such as molecules,
usually have a degree of probability so high as to be equivalent, for all
practical purposes, to certainty: results which statistical mechanics asserts
to be extremely probable are usually taken as rigorously true in experimental
work and in thermodynamic theory. Hence though in theory we cannot
exclude the rare possibility of a fleeting departure from the most probable
states, in practice there need be no question whether the results of kinetic
theory will agree with those of experiment.

By statistical mechanics we are led to certain conclusions about the
equilibrium states of systems, independent of the mode whereby these
equilibrium states are attained ; but statistical mechanics does not show how,
or at what rate, a system will attain an equilibrium state. This can be
determined only if we know certain details about the molecules or other
units composing the system, details which, for the purposes of statistical
mechanics, can be ignored.

It is the province of a detailed kinetic theory to study the problems of
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non-equilibrium states, and such investigations occupy the greater part of
this book. The probability methods of the kinetic theory are also, however,
applied in the earlier chapters (3 and 4) to determine the equilibrium states;
the results thus obtained are merely special cases of much more general
results of statistical mechanics.

6. The interpretation of kinetic-theory results

The methods of the kinetic theory are successful in giving results of practical
interest, although the molecular models chosen are not believed to corre-
spond at all closely with actual molecules. By comparing results obtained for
different models, we are able to gain some idea as to how far any particular
kind of result depends on this or that feature of the molecular model. It
appears that the assumption that the centres of molecules approach each
other more closely, the greater their speed of mutual approach, leads to
quantitative results for various properties of gases more in accordance with
those actually observed than the assumption that the molecules are rigid.
Thus a molecule surrounded by a field of force is a better model for quanti-
tative treatment, if not for simple illustrative discussions, than a rigid
molecule.

In actual gases, at moderate temperatures, in all but a very small fraction
of the molecular encounters the least distance between the centres of the
molecules is still distinctly greater than would correspond to an overlapping
of the normal detailed structures of the molecules. These structures are
therefore not of immediate concern in the kinetic theory of gases; they
determine the exterior fields of force, which form the outworks of the
molecule, and it is only the nature of the outworks that is here important.
It can be adequately specified, for our purpose, by a formula expressing the
approximate rate of variation of the force-intensity with distance from the
centre of the molecule, over the range of distance outwards from that
corresponding to close encounters, At smaller distances the field might have
any value without affecting the kinetic-theory calculations; the actual
structure of the molecule within this minimum distance can be ignored,
and the molecule may without detriment be regarded as a point-centre of
force.

The restriction of kinetic-theory calculations to molecules that are
spherically symmetrical is also not of such importance as might appear from
the practical certainty that many actual molecules are not at all spherically
symmetrical. This is because the molecules in general rotate, and at
encounters they may be oriented relative to each other in any manner: the
detailed consequences of a particular encounter depend on the orientations,
but such consequences averaged over a large number of encounters are
probably not very different from the corresponding averaged results of
the encounters of a set of spherically symmetrical molecules, the force
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between pairs of which, at any distance, is equal to the average, over all
orientations, of the force between pairs of the actual molecules whose centres
are at that distance apart. Such averaging of the consequences of encounters
is of the essence of kinetic-theory calculations, so that many of the results
obtained in this book should be correct qualitatively, and not far from correct
quantitatively, for gases whose molecules are non-spherical. The chief
exceptions are in problems involving the total heat energy, since the actual
molecules may possess an average amount of internal energy different from
that of the spherically symmetric models.

7. The interpretation of some macroscopic concepts

Our aim is to explain things that are seen and directly measurable by means
of imagined things that are not seen and not directly measurable. The general
lines along which we are to proceed have already been indicated, in describing
the molecular hypothesis and the kinetic theory of heat. There remain,
however, further points on which there is room for freedom of interpretation.
The criterion by which our choice is to be judged is whether the relations
found between the quantities we identify with measurable macroscopic
quantities do or do not approximate to the observed relations between those
macroscopic quantities. Success in this test affords ground for a reasonable
expectation that any hitherto unknown macroscopic relation suggested by
the kinetic theory on its own basis of interpretation will be confirmed on
experimental trial.

It should be emphasized that only approximate agreement is to be
expected between observed macroscopic relations and those inferred from
kinetic theory, because some divergence between the two sets of relations
may reasonably be attributed to the imperfect representation of the actual
molecules by the ‘model’ molecules with which the mathematician works.

The kinetic-theory interpretations of some typical macroscopic properties
are briefly summarized here.

The combined masses of the molecules of a set are taken as giving the
macroscopically observed mass of the set.

The heat energy of a small portion of matter is identified with the trans-
latory kinetic energy of the molecular motions relative to the element as a
whole, together with the total of such other forms of molecular energy as are
interchangeable with translatory kinetic energy at encounters. Thus in
diatomic and polyatomic molecules the relative motion of the atomic nuclei
may contribute kinetic and potential energy to the heat energy; but energy
like the kinetic and potential energy of electrons in an inert gas-molecule,
which is normally unaffected by encounters, is neglected. Correspondingly,
certain of our molecular models, such as the smooth rigid spherical model,
make no provision for a possible interchange of translatory and rotatory
kinetic energy: we can ignore the energy of rotation in discussing these.
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The pressure of a gas on a bounding surface is identified with the mean
time-rate of communication of momentum to the surface, per unit area, by
molecular impacts; the momentum is imparted in a more or less dis-
continuous manner, but the individual impulses are so small, frequent,
and numerous as to simulate a continuous pressure. In addition to this
momentum-pressure there is a much smaller stress due to the action at a
distance between the molecules of the gas and the wall; this is normally not
taken into account in the present book.

The mean translatory kinetic energy per molecule, relative to the general
motion of the gas, is taken to be proportional to the thermodynamic tem-
perature, the constant of proportionality depending on the units of energy
and temperature, but not on the gas. Such an identification is permissible (on
the understanding that it is to be justified by its results), so long as we are
concerned with the phenomena of a single portion of gas; but the question
arises whether this identification will be valid for different portions of gas,
composed of molecules of different kinds. So long as our discussion is con-
fined purely to the phenomena of gases, the question seems to depend on
whether, when we mix two different gases, to which, according to this
definition, we ascribe equal temperatures, the same temperature will
characterize the mixture, as is observed to be the case when we mix actual
rare gases whose thermodynamic temperatures are equal. The kinetic theory
is able to give a fairly satisfactory affirmative answer to this question (4.3),
to this extent justifying its procedure as regards temperature definition.
But questions as to the thermal equilibrium of two different gases with
another body (say a diathermanous wall between the compartments of a
vesse] containing the two gases) are outside the scope of the kinetic theory of
gases: they lie within the domain of statistical mechanics, which considers
assemblies much more general than gases.

8. Quantum theory

A wise conservatism, rather than reasons valid a priori, prompted the
pioneers of the kinetic theory to attribute to their imagined molecules the
same rules of behaviour—or, in technical language, the same mechanical
laws of motion—as those that characterize the objects of our ordinary
experience. Their rigid spherical molecules were idealizations of ordinary
billiard balls, while their point-centres of force were suggested by planets
viewed, from the large astronomical standpoint, as point-centres of gravita-
tional attraction.

The consequences of this assumed behaviour of molecules correspond
closely in general to the observed behaviour of gases; this supports the
view that molecules do behave in the supposed way. It is not a matter for
surprise, however, that the kinetic-theory consequences of the assumption
do not fit the whole range of observed facts. The discrepancies are of a
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nature to be explained by attributing to the molecules rules or laws of
behaviour (including statistical laws) that deviate from the classical laws in
a way suggested by the study of many other phenomena of matter, parti-
cularly spectroscopic phenomena. The new laws and the body of science
dealing with them, known as the quantum laws and quantum theory, are
only briefly touched on in this book (Chapter 17), whose main aim is to
record the basic development of the kinetic theory of gases, founded on
classical mechanics.

2 CHMT



1
VECTORS AND TENSORS

1.1. Vectors

The notation and calculus of vectors, and also of three-dimensional Cartesian
tensors, are largely used in this book. In this chapter we summarize the vector
and tensor notation and calculus that we adopt.

Any physical quantity possessing both magnitude and direction is called
a vector quantity, or, briefly, a vector. Such quantities will be denoted by
symbols in heavy (Clarendon) type, in various founts, as, for example,*

a A €, 0, n

The (positive) magnitude of a vector denoted by a Clarendon symbol will
usually be denoted by the same symbol in the corresponding ordinary type,
e.g. fora, A, €, w by a, A, €, w (of course in the case of a unit vector no
such magnitude symbol is needed).

The component of a vector A4 along a direction inclined to 4 at an angle
6 (0 €8 < ) is defined to be A4 cos 4; this may be positive or negative. Any
vector is completely specified when its components in three mutually
perpendicular directions are given. When these directions are those of the
axes Ox, Oy, Oz of a Cartesian system,} the components are called the
rectangular Cartesian components relative to these axes. They may be
denoted by adding the suffices x, y, 2 to the symbol denoting the magnitude
of the vector (e.g. a,, a,, a, denote the x, y, 2 components of g), or by special
symbols (as in 1.2 for r and C, and as in 1.33 for ¢). The magnitude of a
vector is given in terms of its rectangular components by an equation of the
form a® = al+al+al. (1.1, 1)
Let a be a vector whose components relative to the axes Ox, Oy, Oz are

* For the convenience of the reader certain special conventions regarding such types will
be made in this book, as follows:
(i) vectors whose magnitude is unity (or, briefly, unit vectors), will be denoted by
ordinary small upright letters in Clarendon type, namely

e,h,ijk ] n;
(ii) script Clarendon capitals, such as
¢, ¥,
will denote certain non-dimensional vectors associated with vectors represented by the
corresponding Clarendon italic capitals, namely
C, G,.

4+ Throughout this book all Cartesian axes of reference are understood to be mutually
perpendicular (or orthogonal) and right-handed.

[10]
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a,,a,,a, andlet Ox’, Oy’, Oz’ be asecond set of orthogonal axes whose direc-
tion cosines relative to the first set are (I, my, n,), (5, mg, 1), (ls, my, n3).
Then the components a,, a,, a, of a relative to the second set of axes are
tven b,
g y a,=la, +ma,+na, (1.1, 2)
and two similar equations. Similarly
a, =la,+hLa,+kLa,, (r.1,3)

and so on. These equations take a simpler formifin place of 4, Iy, ly, m;, m,, ...,
WE WIIte 210, Lrypy Loy, Lyan Ly .- The nine symbols ¢, 5, where a and £ may
stand for x or y or z, define a matrix which we call the transformation matrix;
the typical element ¢, of this matrix is the cosine of the angle between the
axes Oa, Of'. In this notation, the equations of transformation may be

written ap = zaa ‘af’ (1.1, 4)
a, = ;;t,,a,. (1.1, 5)

1.11, Sums and products of vectors

The sum of two vectors is defined as the vector whose components are the
sums of the corresponding components of the vectors, Thus the rule for the
addition of vectors is the same as the parallelogram law for the composition of
forces or velocities,

Let @, b be two vectors inclined at an angle § (< #). Then abcos@ is a
scalar quantity (i.e. a quantity possessing magnitude but not direction).
It is called the scalar product of @ and b, and is denoted by a. b. In terms of
the components of @ and b,

a.b=ab, +ab,+ab =b.a (1.11,1)
From this it follows that
(@a+b).(c+d)=a.c+b.c+a.d+b.d,
of which the following are important special cases
(a+b).(a+bd) =a+2a.b+ 0,
(a—b).(a-b)=a*-2a.b+ b,
(a+b).(a—b) =a*-b.

The vector product of the vectors a, b is defined to be the vector of magni-
tude absin 6, perpendicular to both @ and b, and in the direction of trans-
lation of a right-handed screw, rotated in the sense from a to b, through the
angle 6( < 1) between @ and b. It is here denoted by @ A b. Its Cartesian

components are a,b,~a,b, ab,—a.b, a.b,—ayb,. (1.11, 2)

2-2
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Using these expressions, it may readily be proved that
an(bAac) =(a.c)b—(a.b)ec. (.11, 3)

In connection with vector products it is of interest to distinguish a special
class of vectors, associated with rotation about an axis: typical vectors of
this class are the angular velocity of a body, and the moment of a force.
The direction of such a ‘rotation-vector’ is taken to be along the axis, in
the direction of translation of a right-handed screw rotated in the sense of
the quantity considered. Thus the sign of a rotation-vector depends on a
convention as to the relation between the positive directions of translation
along, and rotation about, a given axis, and would be reversed if this con-
vention were altered. Since the same convention is used in the definition of a
vector product, the vector product of two ordinary vectors is an example of
a rotation-vector: the vector product of an ordinary vector and a rotation-
vector, in whose definition the convention is used twice, does not have its
sign altered if the convention is changed, and so is an ordinary vector.

In mechanical equations rotation-vectors can be equated only to other
rotation-vectors, and not to vectors of other types.

1.2. Functions of position

Any point in space may be specified either by the ‘ position-vector’ r giving its
displacement from some origin O, or by its Cartesian coordinates x, y, x (the
components of r), referred to a set of rectangular axes with O as origin. For
brevity, the phrase ‘at the point » at time ¢’ will usually be contracted to
‘ate, ¢,

A function ¢ of position may be denoted by ¢(r) or ¢(x, y, 3), if scalar; if
it is a vector function, the functional symbol will be printed in heavy type,
as ¢(r), and its Cartesian components will be denoted by ¢.(r), ¢,(r), .(r),
or, more briefly, by ¢., ¢, &,

The equations of transformation of the operator whose components are
9/ox, 8/2y, 8/2x, from one set of axes Ox, Oy, Oz to another set Ox’, Oy’, Oz,
are the same as for a vector: for, in the notation of 1.1,

9 9 o oxd

o " ox ox oy ox ox

2 2 '
- 115;+mla—'y+"1 2=

Thus the operator in question may be treated as a vector; it will be denoted
by d/or or V.

The result of the operation of 3/8r on a scalar function ¢(r) is called the
gradient of the function; it is a vector with components d¢/dx, d¢/dy, 2¢/2z.
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When ¢(r) is a function of the magnitude r alone, it is readily seen that

op _rog

o 7o (r2,1).
. o
in particular, 3 = (1.2, 2)

The scalar product of /dr and a vector function ¢b(r), i.e. 3/dr.¢p or
V., is called the divergence of the vector (sometimes written as div¢);
it is, of course, invariant for a change of axes. Clearly

2 4%, ag;, 29, (12.3)

Similarly, if C is a vector whose x, y, 2 components are U, ¥V, W, and
¢@(C) is any vector function of C,

3¢z g, ¢,
ac PO =2+ tow (1:2,4)

where ¢., ¢,, 9, are the x, y, z components of ¢p(C). Likewise if ¢(C) is any
scalar function of C, an associated vector is

[
5%' (1.2, S)
with components - o4 % 96 In particular, if §(C) = C* = U+ V3 4+ W
P 30" v aw P ' '
it is readily seen that
ac?
3C = 2C; (1.2, 6)
more generally, if ¢(C) = F(C?), where F is any function, it is easy to verify
that
% ) _ 2
aC = aC C ("2’ 7)

Again, if A is any vector independent of C, it is easy to verify that

a%(C.A) -4 (1.2, 8)

1.21. Volume elements and spherical surface elements

An element of volume enclosing the point r or (%, , 7) will be denoted by
the symbol dr. This must be distinguished from dr, which denotes the small
vector joining r to an adjacent point, and from dr, which denotes 2 small
increment in the length 7. If Cartesian coordinates are employed, it is con-
venient to take dr as the parallelepiped dxdyds; using polar coordinates
7, 0, @, we take dr = r*sin 8drdfde, and so on.
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If k denotes a unit vector, then the point whose position vector, relative
to an origin O, is k, lies on a sphere of unit radius (or ‘unit sphere’) with
centre O. Thus dk must be interpreted not as an element of volume, but as
an element of the surface of the unit sphere, or, what is equivalent, as the
element of solid angle subtended by this element of surface at O; the
element dk will be supposed to include the point k. The element may be of
any form; if k is specified by its polar angles 6, ¢, it is appropriate to take
dk = sin0dfdyp.

1.3. Dyadics and tensors
Any two vectors a, b determine, relative to the set of axes chosen, a matrix,
each of whose components is the product of one component of a with oneof b,

namely ab, ab, a.b,

ab, ayb, ab, (1.3, 1)

ab,, ab, a,b,
Such a matrix gives the ordered components, relative to the given axes, of an
entity called a dyadic, which will be denoted by ab.® It is to be noted that the
dyadic ba differs from ab unless the vectors a, b are parallel. The order of
the suffixes in the matrix may be remembered by aid of the symbol a.5,_,,
indicating how the suffices succeeding x are disposed in (1.3, 1). ‘

The components of the dyadic ab relative to a second set of axes Ox’, Oy’,

Oz’ are given, in the notation of 1.1, by

Gy bﬂ' = (g ay 'ya‘) (% bd tdl')
= Z %a,b,l.’a.t,,. (]-3, 2)
k4
Any 3 x 3 matrix (related to a set of axes Ox, Oy, O2) of the type

Wers Wapy Wi
Wyzr Wy Wy (1.3,3)
Wery Wy Wy

of which the general term may be denoted by w,,, is said to constitute the

array of components (relative to those axes) of a second-order tensor (which

will be denoted by the symbol w), provided that the components, w,., say,
relative to any other set of axes Ox’, Oy’, O%’, are such that

w,:, = ? ?w.,,!n:t,,. (!.3, 4)
This set of equations of transformation is the same as the set (1.3, 2) for the

components of a dyadic, so that every dyadic is a tensor.

® This symbol must be carefully distinguished from a. 8. The insertion of the dot changes
the symbol for the dyadic to that for the scalar product of two vectors.
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The matrix of components of a dyadic or tensor must be carefully distin-
guished from the determinant which might be formed from the matrix; the
matrix is an ordered set of numbers, and the determinant is a certain sum of
products of these numbers.

The sum of two tensors is defined as the tensor whose components are
equal to the sums of the corresponding components of the two tensors.

The product of a tensor and a scalar magnitude 4 is defined as the tensor
whose components are each k times the corresponding components of the
original tensor.

If the rows and columns of the matrix (1.3, 3) are interchanged, a new
tensor is derived, which is known as the tensor conjugate to w, and denoted
by W. When this is identical with w, w is said to be symmetrical. If w is not
symmetrical, a symmetrical tensor denoted by W can be derived from it,
whose components are the means of the corresponding components of w
and W, so that

_ W=W+w) (1.3, 5)
The components of W are
Wesry &(wxy + wyz)’ i(wu + wu)’
é(wllt + wﬂ)’ w’lll’ i(wm + w'v)'

(e tws) Hwytw) wa
The simplest symmetrical tensor is the unit tensor U, whose components
relative to any set of orthogonal axes are given by

Upe=Upy=Us=1, Uy=U,=c¢tc. =0; (1.3, 6)

it is easy to show that they are unaltered by transformation of orthogonal
axes.

Thesum of the diagonal terms of the dyadicabisa, b, 4 2,5, + a,b,0ra.b,
which is invariant for change of axes. Thus the sum w,, +w,, + @, of the
diagonal terms of any tensor w will also be an invariant; it is known as the
divergence of the tensor. If the divergence of a tensor vanishes, it is said to
be non-divergent.

From any tensor w a non-divergent tensor, denoted by W, can be derived,
by subtraction of one-third of the divergence from each of the diagonal
terms: thus

W= W= §(w, + w0y, +1,) U. (3,7
The components of ¥ are
2w, —w,, —w,), w,, Wy,
Wyz, (zw, —w,,—w,,), w,,
7 Wy (2w, — ., —w,,).

The symbols © and = may both be placed above a tensor symbol, as in %,
which in accordance with (1.3, 7) signifies

W - &(wzz + Wyy + wu) u. (l 3 8)
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o
Clearly the components of W are

Haw,, — Wyy — Wee), i(w:y + w,,). oz +w,,),
i(wyz + wzv)! *(2wyy —Wer— wu)' *(ww + ww)v
i(wu + wzs)’ i(ww + W) *(”"n —Wee— wn)'

If h, i, j are three mutually perpendicular unit vectors (1.1, footnote),

hh+ii+jj= U, (1.3, 9)

as is evident if the elements of the tensors are written out in full. Hence also
o o 9o o

hh+ii+jj=U=o0. (3.3, 10)

1.31. Products of vectors or tensors with tensors

The product w.a of the tensor w and a vector a is defined as the vector whose
ts iven b

components are given by ;\ _ ;w,,a,. (131, 1)

The product @. w (which is in general not equal to w.a) is similarly defined
by the relation
(a. W)a = %a‘w’..

Clearly wa=a.w, Ua=a.U=aq, (1.31, 2)
and if p is any symmetrical tensor, p.a = a.p.
The simple product w .w’ of two tensors w, w’ is defined as the tensor with
components , . ’
(W. W)y = };w,,,w,,. (r.35,3)
The double, or scalar product w:w’ is defined as the scalar equal to the
divergence of w.w'; thus

wiw' = zzwaﬂw:ﬁ: =W:w, (1.31, 4)
« p

that is, it is equal to the sum of the products of corresponding components of
w and W'. In particular, w: W is the sum of the squares of the components
of w,and U:U = 3.

From these definitions it follows that each of the above products satisfies
the distributive law of ordinary algebra; but the commutative law is not in
general satisfied, since, except in the case of the double product of two
tensors, the terms of the product cannot be interchanged without altering
the value of the expression.

An important particular case of (1.31, 4) is

Uiw = u_ +w,,+w,, (1.31,5)
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which gives the divergence of w. Thus % : U or U: ¥ is zero (by the definition
of ). Also (1.3, 7) may be written

% =w—JUU:w), (1.31,6)
and so WiW = We{w - jUU:w)}
=W:w —}(W:U)(U:w)
=W:w,
whence, by symmetry, W: &' =®:w' =w:&". (1.31,7)
Again, it follows from (1.31, 4) that
W:W':Z%w,,u&,:w:w’, (1.31,8)
and so WiW = jw:W + W W
= jwiW 4 iw: W’
=w:W,
whence, by symmetry, L
WiW = wiw =Ww:w' (r.31,9)

1.32. Theorems on dyadics

Since dyadics form a special class of tensors, the above notations and results
for tensors also apply to dyadics.

If ab is symmetrical, ab = ba, and a must be a scalar multiple of b;
further, whatever a and b,

ab = ba, ab = }(ab +ba) = ba. (132, 1)
The notation ab may be illustrated by the special case COC. where Cisa
vector with amplitude C and components (U, V, W); the components of this
tensor are Ur-icr, UV, uw,
VU, Vi-ict, VW, (1.32, 2)
WU, wv, 2B Tock
The product of a dyadic ab by a vector d has a specially simple form; for
{(ad).d}, = Eﬁj(ab),,d, = %‘,a,b,d, =a,(b.d),
and so (ab).d = a(b.d). (1.32,3)
Similarly d.(ab) = (d.a)b. (1.32,4)

The scalar product of the vector w.a by a vector b is equal to the double
product of the tensors w, ab; for

(w.a).b =X (w.a).b, = E%,‘w,,a,b, = 2§w,,(ab),, = w:ab.

. (132, 5)
Similarly b.(a.w) = ba:w. (1.32,6)
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When w is itself of the form ed, it follows that
ab:cd=a.(b.cd)=a.{(b.c)d} = (a.d)(b.c),
whence also ab:cd = ac:bd.
From these results and (1.31, 6, 7) it follows that
C,C,:C,C, = C.C, :C,C,
= C,€,:G,C,—-{C(V:C,C))
=(C,.Cy)*-§CICh
Again, if w is independent of C,

0 o 2 o 2
a—-é(w:CC) = a—C(W:CC) =2W.C.

1.33. Dyadics involving differential operators

[1.33

(1.32,7)
(1.32, 8)

(1.32,9)

(1.32, 10)

One of the vectors in 2 dyadic may be a vector differential operator such as
ofor (=V). If, for example, ¢ is a vector with components u, v, w, the

components of 2 c(=Vc)are

or
)
%' ox' ox’
u v w
%'l ayi @)
u o ow
oz’ oz’ 93’

! 3_“_3_"_3_'5’) l(a",,"’_“) i("’_'”+3_“)
Ezaxayaz’zaxay’ 2\ox o3/’
58 ilsaw) iEE)
2\9 &)’ 3\oy ox ez)’ 2\8y o3/’
G5)  iEE) ilE-as
2\t o) 2\t %) 3\ T oy

(1.33, 1)

(1.33,2)

If (as in 2.2) ¢, denotes the velocity of a medium, the tensor a—a'c,( aVe,)

will be called the velocity-gradient tensor. Its symmmetrical part-V_?, and its
(2]

non-divergent symmetrical part 6_;, will be called respectively the rate-of-
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strain and the rate-of-shear tensors; for these we use the notation

—_— _"'——-o-'
e=VYc, &=V, (1.33,3)

When the operator 8/0r appears in the product of two tensors, or of a vector
and a tensor, attention must be paid to the order in which the terms occur, so
that in each case the terms on which the operator acts may be made clear. For
example, when a dyadic ab is multiplied by 9/dr, both @ and b being func-
tions of r, the operator, being supposed to act on the components of the
tensor, should be written before it; thus

a 2 a a2\ -
—.ab) =Z(——) ah, =Y a (——) b, + b,(——) a
(3" « g\or) 0 o), % o), ”
or V.ab = (a.V)b+b(V.a) (1.33, 4)
If, on the other hand, in the product w.a or @. w, the tensor w is of the form

—a— b, these products should be written as follows

or
a.w= a.a—arb =(a.V)b, wa=a.W=a.Y8). (1.33,5)
Similarly in obtaining the double product of ab and Ve, (1.32, 7) should be
put in the form ab:Ve = a.(b.V)c. (133, 6)
As further examples of the notation,
V{a.(Vb)} = (Va).(Vb) +(a.V)(Vb), (1.33, 7)
and, if T is a scalar function of r,
V(@a.VT) = (Va).VT+(a.V)VT. (1.33, 8)

We may also note here the form of the components of the product V.p,
where p is a tensor function of position; the x-component is given by

= 9 _ apzz apyz 3?..:

©-p = (7, = Bzr e Dy B (1.33.9)
SOME RESULTS ON INTEGRATION

1.4. Integrals involving exponentials

Consider the integral J’ ® O CrdC.
o

In this write s = aC?; then it becomes equal to

i“""“’f: e—-sshr-D s — éa—}(nn)p('_:_x) (1.4, 1)
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if 7 > — 1. In particular, if r is an integer,

fo ~CCrdC = "z" 135 I tomen, (1.4, 2)
or J' : 20 CrdC = ja-ir+ (:—;:) l (1.4,3)

according as 7 is even or odd.

1.41. Transformation of multiple integrais
Consider the multiple integral
f[]--Flu, vy, ..., u,)dur dus ... du,

extended over any range of values of the variables u. As is well known from
integration theory, if the variables of integration are changed to a set
vy, Uy, ..., Uy, then the integral is transformed to

[[f-+F (v 08 ..., v,) |]| dvydvy ... doy,
where F(v,v,,...,0,) & Flu,,u,,...,4,), and ] denotes the Jacobian

determinant uy  uy 2uy
w‘ ’ &)l 1] * X
ouy  Ouy ou,

?(“1»“2, ’“u) o) v
8(0,. Uy .. ﬂ’a) e’ o Sk

...........................

The new integral extends over the range of values of the variables v that
corresponds to the range of values of the original variables u.

A special case of this result was used in 1.21, when it was pointed out that
the volume dr, whose expression in Cartesian coordinates is dxdyds, is
taken to be equal to r*sinfdrdfdyp in terms of polar coordinates 7, 6, ¢,
where x = rcosgsinf, y = rsingsinf, 3 = rcos . It may easily be verified
that in this case A%,9,3) )

= %69~
and o |J| drdOdp = r*sin Gdrdfdyp.

—risind,

1.411, Jacobians

The general Jacobian of 1.41 may conveniently be denoted by &(s)/¥),
regarding u,, u,, ..., ¥, and v, v,, ..., v, as components of vectors s and v in
n-dimensional spaces. Alternatively, if each set is divided into two groups,
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(g, g, ...  Upn)y (Mpni1s Ypnags o Uy) a0d (Vy, ..., 1), (Upyyy .o, ©,), regarded as
components of vectors of dimensions m and n—m or r and n—r, namely
u', u” and o', ©”, the Jacobian may be denoted by d(s', ")/ (v’ v"). This
notation can obviously be extended to the case of division of the n com-
ponents into more than two groups. For example, consider the case when
n=6m=3,r=3,s0thatu', u", v’, 0" are all three-dimensional vectors.
If we write out in full the determinants in the equations

o +kas’, w) _ ow',w)

a(vl’ ',Iv) = a(vl’ vn), (1.41 I, l)
o', u"+k'u’)  o(u',u")
Ao, 0") = %o, o)’ (1.411, 2)

where k, k’ are any constants, the truth of these equations is readily seen.
The notation adopted here is convenient and suggestive.

1.42. Integrals involving vectors or tensors

Let C be a vector with components U, V, W, and let dC denote an element
of volume in a space in which € denotes the vector of displacement from an
origin. Consider integrals (supposed convergent) of the type

[#(C)dc,

taken over the whole of the C-space.

If ¢ is a function of odd degree in U or V or W, the part of the integral for
which ¢ is positive cancels the part for which ¢ is negative, and the integral
vanishes.

If ¢(C) = U*F(C), then by symmetry

[UF(C)dC = [V*F(C)dC = [W*F(C)dC
= §[(U*+ V3 4+ WHR(C)dC = }{CF(C)dC. (1.42,1)
Thus JF(C)CCdC = YU[F(C)CrdC (142, 2)

(the integrals involving the non-diagonal terms of CC vanish, since these
terms are odd functions of U, V, or W). Hence also

[R(C)CCdC = o, (142, 3)
and if 4 is any constant vector
JF(C)(4.C)CdC = A.[F(C)CCdC
= §4-U[F(C)C*dC
= §4[F(C)C*dC. (142, 4)
Again, let ¢(C) = U*F(C). Using polar coordinates C, 0, ¢ such that
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U= Ccosf, V = Csind cosp, W = Csin8 sing, it is found that
IF(C) UtdC = j”F(C')C‘cos‘a.C’sinOdCdedq;
= }[[[F(C)C*.C*sin6dCdidep

= fRC) CvdC, (142, 5)
since J' " cost6 sin6df = 1 f " sin646.
0 §Jo
Similarly it may be proved that
J'F(C) UV3dC = ﬁj'F(C) C4dC. (1.42, 6)

1.421. An integral theorem

Let w be any tensor independent of C. Then the five integrals
@ [FC)CCCC:w)dC, (i) [FC)CC(CE:w)dC,
(iii) [FC)CE(CC:w)dC,  (iv) IW[F(C)(CC: CC)dC,

) AW[FC)CvdC,

represent identical tensors, if F(C) is any function of C such that the
integrals converge.
For, if (ii) is subtracted from (i), the result is

}F(C)UCKCC: w)dC
or JU(w: [F(C) C*CCdC),
which vanishes, by (1.42, 3). Similarly the result of subtracting (ii) from
(iii) is o
$[F(C)CCCYU:w)dC,

which likewise vanishes. Thus the equality of (i), (ii) and (iii) is established.
Again, by (1.31, 7, 9) the integral (i) is equal to

[RC)cecc:wydC.
A typical diagonal element of this tensor is

[F(C) UXCC: W) dC.

Neglecting terms in the integrand which involve functionsodd in U, V or W,
this may be written

[F(C) U Ui + Vi, + WRB,0)dC,
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or, using (1.42, §, 6),
(b6 + by + f5¥055) [F(C) CdC
= (ftss + 15U W) [F(C) C4dC
= f5tb., [ F(C) CHdC.

Similarly the typical non-diagonal element

[F(C) UV(CC:W)dC

o
reduces to the form 2 f FC) U %, dC,
which by (1.42, 6) is equal to

fi5,,[F(C) C4dC.

Thus the integral (i) is equal to

EW[F(C)C4dC,

i.e. to (v). Finally, the equality of the integrals (iv) and (v) follows from
(1.32, 9). Thus the theorem is proved.

By a similar argument, if W is a symmetric non-divergent tensor,

f F(C)CC(CC: W)dC = ;gg W.W f F(C)C*dC. (1.421,1)

1.5. Skew tensors

Let w be a tensor with conjugate w. If w = — W, the tensor w is said to be
antisymmetric, or skew. In this case
Wap = —Wgs, W =0, (1.5, 1)

so that w has only three independent components.
If w + —W, the skew tensor W is defined by

W = J(w-w), (1.5, 2)
SO that ;f)aﬁ = }(w,ﬂ—-wﬂ,) = —i"‘ﬂa'
Since W = }(w+W), clearly w =W+Ww. (1.5, 3)

The two tensorson the right of (1.5, 3) are the symmetric and skew parts of w.
The tensor W has components

o, %(wxy - wyz)) é(w.u - w,,),
i(wyz - wxy)’ o, i(wm - wty)’ (l S 4)

Hw,, —ws,), i(w:y - wyz)l o.
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Thus it can be specified by the three components &,,, &, #,,, which are
o —wy) Ho-—ws), Hw,-w,,)

These can be shown to be the components of a vector & which is of the
rotational type (1.1). This is called the vector of the tensor w or W.
In the special case when w is a dyadic 4B, the vector is clearly }4 A B; in
the case of a differential dyadic, such as Ve, the vector is §V A ¢, or } curlc.
It is easy to show that W.a = @ A €, so that

w.a=W.ag+ardd. (1.5, 5)
An example occurring later (cf. 15.3) is
(Ve,).VT = Ve, . VT+{VT A curle,
=e VI+}VT Acurle,.
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2

PROPERTIES OF A GAS: DEFINITIONS
AND THEOREMS

2.1. Velocities, and functions of velocity

The linear velocity of the mass-centre of a molecule will be denoted
vectorially by the letter ¢, and its components relative to Cartesian
coordinates by (u, v, w); its magnitude ¢ will be called the molecular speed.
The velocity-vector ¢ may be regarded as the position-vector, or vector of
displacement from an origin, of a point in a velocity-space or velocity-domain:
this point is called the velocity-point of the molecule.

This representation of a velocity by a point in an auxiliary velocity-space
suggests the analogy used in 1.2 between scalar or vector functions of »
and similar functions of ¢. Thus a scalar function of velocity, ¢(c) or
@(u, v, w), has an associated gradient function d¢/0c or 2¢/du, 8¢/dv, 2d/dw;
similarly with a vector function of velacity, ¢(c), there is associated a scalar

function
= a¢.t a¢II a¢z
bv + o0

corresponding to the divergence. Again, a triple integration with respect to
u, v, w corresponds to a volume integration in the velocity-space; this will be
denoted by [..d

...de,

the symbol de denoting an element of volume (of any shape) in the velocity~
space, surrounding the point ¢. Unless the contrary is expressly stated, such
an integration is supposed to extend over the whole velocity-space.

The phrase ‘ velocities in a range dc about the value ¢’ will be contracted
to ‘velocities in the range ¢, dc’, or, more briefly, to ‘ velocities in the range
de’. Similarly ‘during a time-interval dt including the instant ¢’ will be
contracted to ‘during a time ¢, dt’ or ‘during a time dt’. Likewise ‘the
volume-element dr containing the point »’ will be contracted to ‘ the volume-
clement r, dr’ or, more briefly, to ‘the volume-element dr’.

The position and velocity of a molecule can both together be represented
by a point in a space of six dimensions, whose coordinates in that space are
the three components of r and the three components of ¢.

If the molecule is not merely a mass-point, but is of finite size, it will in
general possess rotatory motion; and if it is not rigid, it may also possess
vibratory or other internal motion. The condition of such a molecule may be
represented by a point in a space of n dimensions, where n is the number of

(2s]
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independent positional and velocity (or momentum) variables needed to
specify the configuration and motion of the molecule.

For example, if the molecule is rigid, it has six positional variables
(three of location and three of orientation), and six velocity variables (three
translatory and three rotatory); in this case # = 12. Some of these may be
unimportant in particular cases: thus if the molecule be spherically sym-
metrical, its three variables of orientation will have no dynamical interest.
If it is also smooth, its angular velocity will be unalterable by collisions, and
its three angular-velocity variables are also without further interest; in this
case 7 = 6 as for a point-molecule. But if the molecule, though spherical, be
rough, its three angular-velocity variables are important, affecting and being
affected by collisions; in this case n = g.

If a gas is composed of molecules of more than one kind, we may associate
a separate velocity-domain with each kind; each domain will have the
appropriate number of dimensions for that kind of molecule, corresponding
to the number of independent variables of position and velocity for such
molecules,

2.2, Density and mean motion

In a non-uniform, variable, continuous medium, the density at the point r at
time ¢ is defined as the limit of the mean density (mass/volume) in a small
volume dr surrounding the point r, as the dimensions of dr diminish
indefinitely, the limit being supposed independent of the shape of dr. This
definition cannot usefully be applied to a medium like a gas, composed of
discrete molecules, especially when these are separated by distances large
compared with molecular dimensions; it leads to a value of the density which
varies rapidly from point to point, and with passage of time, and does not
correspond to any ordinary measurable quantity. Hence some other defini-
tion is necessary.

Consider in the first instance a ‘simple’ gas, that is, a gas composed of
molecules all of which are alike. Let the mass of any molecule be m. Let dr
denote a small volume surrounding the point r, which is large enough to
contain a great number of molecules, while still possessing dimensions small
compared with the scale of variation of such macroscopic quantities as the
pressure, temperature, or mass-velocity of the gas. (For example, a cube of
edge one-hundredth of a millimetre contains about 2687 x 10!® molecules in
a gas ‘at standard temperature and pressure’.*) Let the mass contained in
dr be averaged over a time ¢, dt which is long compared with the average time
that would be taken by a molecule to cross dr if undeflected, yet short com-
pared with the scale of time-variation of the macroscopic properties of the
gas. (For example, since the mean speed of molecules in a gas at S.T.P. is

® This phrase is commonly abbreviated to ‘ at 8.7.P.’; it signifies at a temperature of o °C.,
and a pressure of 760 mm. of mercury (1-013 % 10* dynes/cm.*).



2.21) DEFINITIONS AND THEOREMS 27

several hundred metres per second, a molecule would move one-hundredth
of a millimetre in less than 10-7 of a second.) Then the averaged value of the
mass contained by dr will be proportional only to its volume, and will not
depend on its shape. It will be denoted by pdr; p is termed the mass-density
or the density of the gas at », ¢.

Similarly, the number of molecules in dr averaged over dt is proportional
to dr. It will be denoted by ndr; n is called the number-density of the mole-
cules. The quantities p and # are connected by the relation

p =nm.

Both p and n are functions of position and time; when it is desired to indicate
this, they may be denoted by p(r, 2), n(r, t).
The mean molecular velocity at v, t in a simple gas, denoted by ¢, is defined
by the vector equation
(ndr)e, = Ze,

where the summation on the right is extended over the ndr molecules in the
small volume », dr, both ndr and Zc being averaged over a smali time-
element ¢, dt. Similarly we obtain any other mean value; for example, the
mean speed is (Zc)/(ndr). In particular, the mean momentum of a mole-
cule at », ¢ is equal to mc,; like ¢, itself, it is, in general, a function of r and 2.

The translational motions of the individual molecules in dr may be
specified either by their ‘actual’ velocities ¢ (i.e. their velocities relative to
some standard frame of reference) or by their velocities C’ relative to axes
moving with some velocity ¢’, so that C’' = ¢ —c¢’. Generally ¢,, the mean
velocity of the gas at the point, will be adopted as the velocity ¢’; C’ is then
written C, and is termed the peculiar velocity of the molecule; also C is the
peculiar speed. The mean peculiar velocity of molecules at r, ¢ is ¢, ~ ¢, that
is, zero. The components of C’, ¢’ and C, ¢, are denoted respectively by
(U, V', W), (v, o', w') and (U, V, W), (itg, vy, Wp)-

2.21. The distribution of molecular velocities

The distribution of velocities among the large number ndr of molecules in
dr can be represented by the distribution of their velocity-points c in the
velocity-space. Owing to the continual changes of velocity by molecular
encounters, and to the appearance and disappearance of velocity-points, as
molecules pass into or out of dr, the distribution of velocity-points will vary
with time. As, however, the number ndr of velocity-points is very large, it
will be assumed that, just as there is 2 number-density of molecules in the
actual space occupied by the gas, so there is a statistically definite number-
density of the ndr velocity-points in the velocity-space. This number-density
is supposed to be proportional to the volume of the element dr, but not to
depend on its shape. It will in general be a function of ¥ and of ¢ as well as of
position in the velocity-space; it will therefore be denoted by f(c, r, #) dr.
The definition implies that the probable number of molecules which, at the
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time ¢, are situated in the volume element r, dr, and have velocities lying in
the range ¢, de, is equal to fle,r, t)dcdr.

This does not mean that the given element dr actually contains this number
of molecules having velocities in the range ¢, dc at the time ¢; this is the
average number of such molecules when the fluctuations which occur in a
shorttime dt are, as it were, smoothed out. The function f(¢c, r, 1) or, briefly, f
is termed the velocity-distribution function. Its definition involves probability
concepts; any result in which it appears will be a result as to the probable, or
average, behaviour of the gas.

The distribution of velocity-points is clearly unaffected if the origin in the
velocity-space is changed to the point ¢’. In this case the position-vector of
a velocity-point is changed to ¢ — ¢’ or C’; the volume-element dc is now
denoted by dC’, and contains the same number of molecules, i.e.

J(C +c',r,t)dC dy.

This will often be written as f(C’, r, £) dC’ dr, with an appropriate change in
the nature of the function f. The change of variable from ¢ to C’ can be made
in any integral without altering its value, Usually ¢’ is taken to be ¢,, 8o that
C' becomes C, the peculiar velocity, and f becomes f(C, r, t).

The whole number of molecules in the element dr is obtained by inte-
grating fdedy or fdC’ dy throughout the whole velocity-space; this number
is, by hypothesis, ndr. Hence

n=[fle,r,fydc = [f(C’'+c',r,1)dC".

Clearly the function f is never negative, and it must tend to zero as ¢
or C' becomes infinite. It is assumed to be finite and continuous for all
values of ¢,

The function f gives the number-density of points in the six-dimensional
space of 2.1, in which the coordinates of a point are the componentsof cand »
foramolecule. Similarly, if the molecule also possesses rotational or vibratory
motion, account can be taken of this by employing a space of more dimen-
sions, as in 2.1; the number-density f of representative points in this space is
the generalized velocity-distribution function. The function f then repre-
sents the distribution of density and of translatory, rotatory and internal
motions.

2.22, Mean values of functions of the molecular velocities

Let ¢(c) be any function of the molecular velocity ¢. The function ¢ may be
a scalar, vector or tensor; for example, it may be ¢ itself, or C’, or 2 com-
bination of components such as uv? or ul¥”’, or again a function of the speed
¢ or C’. It may also be a function of position and time, and will therefore be
denoted by ¢(e, r, ¢) or, in terms of C’, by ¢(C’ + ¢, », 1) or, with an appro-
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priate change in the function ¢, by ¢(C’,r,?). Any such function ¢ we
call a molecular property.

Let Z¢ denote the time-average during ?, df of the sum of the values of ¢
for the ndr molecules in r, dr, and write

Z¢ = n@dr. (222, 1)

Then @ is the mean value® of ¢ for the molecules at (or near) the point ».
It is a function of , ¢, even if ¢ itself does not explicitly involve position and
time. It can be expressed in terms of the velocity-distribution function f;
for each of the f(c, r, t)dedr molecules in dr, whose velocities are in the
range c, de, contributes ¢(c, r, ) to Z¢, and their aggregate contribution is
¢fdcdr. By integration over the whole velocity-space, we obtain

Z¢ = dr[¢fdc,
whence ng = [¢fdc = [¢fdC'.
In particular, since ¢o, by definition, is the mean molecular velocityat », ¢,
ncy, = fcfdc; (2.22, 2)
clearly C=0, U=P=W=o. (2.22, 3)

2.3. Flow of molecular properties

Consider the passage of molecules across a small element of surface dS,
moving in the gas with any velocity ¢’. The surface element is supposed to
have a positive and a negative side. Let n be a unit vector drawn normal to
the element in the direction from the negative to the positive side. The
passage of a molecule across 48 is regarded as positive or negative according
as the molecule crosses to the positive or negative side of 4S. The velocity
C’ of amolecule relative to dS is equal to ¢ — ¢’, or, if C is the peculiar velocity
of the molecule, to ¢,+ C—¢'.

Consider the molecules whose peculiar velocities lie in the range C, dC.1
If one such molecule crosses the element dS in a time dt so short that we
may ignore the possibility of the inolecule encountering another during dt,
then at the beginning of dt the molecule must lie somewhere inside the
cylinder on dS as base, ] with generators specified in length and direction by
® ‘The significance of the bar placed over ¢ is here totally dlﬂ'erent from that of the bar

placed over the symbol for a tensor, in 1.3. When, asmsay h é¢d a or

when a single bar occurs over a dyadic (and therefore temoml) expression (asin (2.31, 3)

for example), it is necessary to know in which of the two possible senses it is used. In the

remainder of this book a single bar placed over the symbol for a tensor will indicate that
the mean value is to be taken. The double bar, on the other hand, always has the same

meaning as in 1.3.

%+ For brevity, the phrase ‘molecules whose peculiar velocities lie in the range C, dC’
is contracted to ‘molecules C, dC".

1 Here, as freq ly, it is convenient to regard molecules as mass-points. Thus the exact
position of a molecule can be specified, and also the exact time st which it crosses the
element dS.
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~C'dt (see Fig. 1). Thus, if dr denotes the volume of this cylinder, the
number of molecules C, dC crossing 4SS during dt is fdCdy.

Nowdyr = + C' cos8dtdS, where 0 is the angle between C’ and n, the sign
+ or — being chosen o as to make the expression for dr positive. But @ is
acute or obtuse (and so cos @ is positive or negative), according as the flow is
positive or negative. Thus the flow is expressed, both in magnitude and

sign, by f(C)dC.C’ cosfdtdS.

But C’ cos 8 is the component of C’ normal to dS, which is equal to C’'.n;
we denote it by C,.* Then the flow of molecules C, dC across dS in time dt is

C.f(C)dCatdS. (2.3, 1)

— ..

/
/

cit=

Fig. 1

The net flow of molecules across 45 during time dt is found by summing over
all velocity groups, i.e. by integrating over the whole range of C, which gives

dSdt[C, fi(C)dC = dSdtnC;, (2.3, 2)

The number of molecules crossing from the negative to the positive side is

similarly

dsdt f C.Lf(C)dC.
Cu'>0

The molecules that cross the element carry with them their energy,
momentum, and so on. The net rate of transport of such quantities across
dS can be found by methods similar to those just used. Thus let ¢(C) denote
any scalar molecular property; each of the molecules C, dC that cross
dS carries an amount ¢(C) of ¢ with it. Hence the contribution of the group
to the flow of ¢ across dS during dt is, by (2.3, 1),

#(C).CLf(C)dCdtdS,

® The suffix » in this symbol, and in p, and C, (2.31), has reference to a, the normal to
dS'; it has no relation to # the number-density.
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and the total net flow of ¢ across dS during dt is
deth,’, #(C)f(C)dC = dSdtnC, ¢(C). (2.3,3)

The expression (2.3, 2) for the flow of molecules across dS is a special case of
this result, corresponding to ¢(C) = 1.
The rate of flow of ¢ across dS per unit area is obtained by dividing

(2.3, 3) by dSdt, giving
nC, ¢(C). (2.3, 3)

Since C,, = C’.n, this is the component along n of the vector

nC’ $(C).
Now €' = C+¢y—¢’, so that
nC’ $(C) = nC §{(C) +n(c, ') (C). (2.3, 4)

Hence the component of this vector in any direction n represents the rate of
flow of the property ¢(C) per unit area across a surface normal to this
direction, and moving with the velocity ¢’.

The number-flow is given by the vector n(¢c, — ¢’), since in this special case
#(C) =1, CH(C) = C = o. This vector is the product of the number-
density and the mean velocity of the molecules relative to the surface
element. If ¢’ = ¢, the number-flow is zero, whatever the orientation of the
surface.

This enables us to interpret the second term on the right-hand side of
(2.3, 4). Its component normal to dS represents the contribution to the rate
of flow of ¢(C) due to the net number-flow of the molecules across dS, each
carrying, on the average, the quantity $(C) of ¢. The first term, on the other
hand, is independent of the number-flow, and its component normal to 4.5
represents the rate of flow of ¢ when the number-flow vanishes, i.e. when
the element shares the mean motion of the gas at the point.

The vector nC ¢(C) may conveniently be termed the ‘flux-vector’ for the
property ¢. The rate of flow of ¢ across unit area of a surface which moves
with the gas is the component of the flux-vector normal to the surface. If,
however, the surface is in motion relative to the gas, the rate of flow is
increased by the normal component of the relative velocity, multiplied by
n@(C). In general, when the flow of some molecular property across a
surface is considered, it will be assumed that the surface is moving with the
gas.

In the case of a vector property ¢(C) of the molecular velocities it is con-
venient to consider the flux-vector of each component of ¢, which will be a
scalar quantity, as in the preceding discussion. Thus the flux-vector of the
component ¢,, where « stands for any one of x, y, and z, is nC ¢,(C).

These results may be generalized so as to apply to molecules that are free
to rotate, or that possess other internal! degrees of freedom; ¢ may then
depend on the variables specifying the orientation, angular velocity, and
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internal state, as well as on the translational velocity. The flow will again be
represented by an expression of the form (2.3, 4), where averages are now
to be taken over all valucs of the velocities and also of the other variables
specifying the motion.

2.31. Pressure and the pressure tensor

The case in which @(C) is equal to some component of the molecular
momentum mc is of great importance, because of its connection with the
pressure distribution.

At the boundary of the containing vessel, every molecule that impinges
and rebounds exerts an impulse cqual to the difference between its momenta
before and after impact. When such impacts are sufficiently numerous and
sufficiently uniform in distribution, they simulate a continuous force on the
boundary, equal in magnitude and direction to the rate at which momentum
is being communicated to the surface by impacts. The force per unit area of
the surface is called the pressure (or ‘boundary pressure’) on the surface at
the point. The surface clearly exerts an equal and opposite pressure on the
gas. The pressure is a vector, whose direction is not necessarily normal to
the surface at the point considered.

Suppose that dS is an element of the surface of the containing vessel,
moving with the velocity ¢’, and iet the internal face be taken as the negative
face. Let the direction of the outward normal to dS be that of the unit vector
n, and let p, denote the pressure on the wall at this point. Then by the
definition of p,, the momentum communicated to 4S in the time 4t is
p,dSdt.

As in 2.3, we may show that the total momentum of the molecules im-
pinging on the element 4 in time dt is equal, before impact, to

dsdt f C:mef(C)dC,
+

where the suffix ( + ) signifies that the integration is extended only over that
part of the velocity-range for which C, the n-component of the velocity of
a molecule relative to dS, is positive (since only molecules for which Cy, is
positive can impinge on the surface). Similarly the total momentum of the
molecules rebounding from 4SS during dt is

dsdt f _(~Clmef(€)dC,

the suffix ( - ) signifying that the range of integration is over all values of C
for which C,, is negative: the minus sign before C, is introduced because
C, enters into the integrand through the expression for the number of
molecules C, dCleaving dS during dt, and this number is essentially positive.
Thus the total momentum communicated to dS during dt, which is the
difference between the momentum of the impinging molecules and that of
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those rebounding from the surface, is equal to

dsm[ J'  Camef(€)dC— f (-c) mcf(C)dC]

=dSdt[C;mef(C)dC
= dSdt.nmC}c.
Hence p,=nmC,c=pCi,e. -~ (231, 1)

The velocity ¢’ of the wall will not in general equal the mean velocity ¢,
of the neighbouring gas. Experiment shows that the behaviour of a gas in
the neighbourhood of a wall may be rather complicated; some molecules
do not immediately rebound off the wall, but enter it or adhere to it for
a time before they return to the gas. If the gas is neither condensing upon
nor evaporating from the surface, the total number of impinging molecules,
namely,

dSdt f C1f(C)dC,

+
must equal the number rebounding, which is
dsat f (-~ C)A(C)dC;

hence dSdt[C,f(C)dC = o
or C.=o.

That is, the mean velocity relative to the wall, for the molecules in its neigh-

bourhood, has no component normal to the wall; the gas may, however, have

a mean motion relative to the wall, in a direction parallel to the surface.
Using this result and (2.22, 3), we have

Cle =Ci(c,+C)=Cre,+C,C=C,C
=(n.C’)C={n.(c-¢)}C
={n.(C+c,~c)}C
=(@0.C)C+{n.(c,—¢')}C
@ 0)€=C,C
Hence from (2.31, 1), using (1.32, 3), we obtain the following alterna-

tive forms for p,,: . .
Pn= pC”C =p(n.C)C =n.pCC

=n.p=p.n, (2.31, 2)
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where p is the symmetrical tensor defined by the equation
pU%,  pUV, pUW,
p=pCC={pVU, pV*, VW, (231, 3)
pWU, pWV, pWi

This tensor depends only on the distribution of the peculiar velocities;
its components are given by

Pz =pU% D, =pV% P, =pW3, (2.31,4)

P =Py= PVW, Pu=pn=pWU, Pry = byz = pUV. (2.31,5)

The pressure distribution at any point Pwithin the gas is defined as follows.
As in 2.3, let dS be any surface element containing P, and let n be its unit
positive normal vector. Let dS share the mean motion of the gas at P, so that
¢’ = ¢, C' = C = o, and therefore C,, = o. Then p,, the pressure across dS,
towards its positive side, is defined as the rate of flow of molecular momentum
mc across dS, per unit area, in the positive direction. Thisisgiven by (2.3, 3'),
if ¢ is taken to be the vector function me. Consequently p, = nC.me = pCic,
asin (2.31, 1); since C,, = o, this is equivalent to (2.31, 2), which therefore
holds in the interior as well as at the boundary of the gas. In the interior,
however, n may have any direction.

The distribution of pressure across planes in all directions through P is
therefore determined by the pressure tensor p.

When n is x, the unit vector in the direction of Ox, p, = p, = p.x, of
which the components are p,., p,,, p.,; the other components of p are com-
ponents of the similarly defined vectors p,, p,. Thus the components of p are
the components of the pressures across surfaces parallel to the three co-
ordinate planes.

The above results are valid whether the molecules possess only energy of
translation, or have internal energy of rotation, vibration, or any other form.

2.32. The hydrostatic pressure

The normal component of the pressure on a surface normal to the unit
vector n is — e
n.p,=n.pC,C = pC3. (2.32, 1)
Thus the normal component of the pressure on any surface is essentially
positive; that is, the normal force exerted on any surface by the gas is always
a pressure, and never a traction.

The sum of the normal pressures across three planes through any point P,
parallel to the coordinate planes, is

Peztpyytpe = p(U"*' Vi+ W’)
= pC3. (2-32, 2)
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Thus the mean of the normal pressures across any three orthogonal planes is
1pC?. This is called the mean hydrostatic pressure, or the pressure at P; we
denote it by p. By (1.31, §) p=1ip:U. (2.32, 3)

If the non-diagonal elements of the tensor p vanish, and the diagonal
elements are equal, then _ _ _
p _P.rt = Pw _pzz»

and p =pU.
In this case (cf. (1.31, 2))

p.=p.n=pU.n=pn,
so that the pressure on any surface element through the point r is normal
to the surface: its magnitude is independent of the orientation of the surface,
and equal to the hydrostatic pressure. These are the conditions satisfied
by the pressure in hydrostatic problems; hence such a pressure system, in
which p is a scalar multiple of U, is said to be hydrostatic.

2.33. Intermolecular forces and the pressure

In the above discussion the whole of the pressure of the gas on the walls of
the containing vessel, or across a hypothetical internal surface, was tacitly
assumed to be due to the transfer of momentum. In actual gases, intermole-
cular forces also contribute to these pressures. Since at distances large com-
pared with the molecular diameters these forces are usually attractive, they
add an attractive component to the total pressure. This component is
relatively small for gases at ordinary temperatures: but in liquids or solids
the importance of intermolecular forces may equal-or exceed that of the
momentum transfer.

Attractions between the gas molecules operate to reduce the pressure on
the walls in the following way. The average resultant force exerted on a
molecule in the interior of the gas by the other molecules of the gas is in
general zero, because only the adjacent molecules exert any appreciable
attraction, and so, unless there is a very steep density gradient at the point,
the attractions are approximately equal in all directions; but at the walls the
gas lies on one side only, so that there is a resultant attraction inwards, which
is roughly proportional to the number of attracting molecules in the neigh-
bourhood, i.e. to the density of the gas. Consequently the momentum im-
parted to the wall by each molecule impinging thereon will be smaller than
if there were no attractive force, by an amount proportional to the density p.
The rate at which molecules strike the wall is also proportional to p; hence
the correction to the momentum pressure is proportional to p?, whereas the
momentum pressure itself varies as p. Thus the correction becomes of
greater importance as the density increases; it is small for gases at ordinary
pressures, and at temperatures well above their critical temperatures.*

® For a detailed discussion of the effects of these factors on the equation of state of a gas,
see R. H. Fowler’s Statistical Mechanics, chapters 8 and 9 (1928, 1936).
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In this book attention will be directed more particularly to the deviation
of the actual pressure system from the hydrostatic system pU. Intermolecular
forces at distances large compared with the molecular dimensions have little
effect on the pressure deviations, except for very dense gases; accordingly we
ignore them. The finite size of molecules, which results in a reduction of the
effective volume of the vessel containing the gas is also of importance mainly
for dense gases; this is taken into account in Chapter 16.

2.34. Molecular velocities: numerical values
The quantities p and p appearing in the equation

p=$pC* (234, 1)
are directly measurable. From their experimental values the corresponding
values of C¥can be found. For example, atstandard temperatureand pressure
(1-013 x 10® dynes/cm.?) the densities of hydrogen and nitrogen are respec-
tively 8:99 x 102 g./cm.? and 1-25 x 10~2g./cm.2. The corresponding values
for \/(C?) are 1839 and 493 m./sec. For a gas in a uniform steady state,

C = J(CP)/1-086

(cf. (4.11, 4)); thus the corresponding values of C are 1694 and 454 m./sec.

These mean speeds are very large, and appear at first sight startling.
Evidence confirming their order of magnitude is, however, supplied by
other phenomena. If the basic assumptions of the kinetic theory of gases are
valid, sound must be transmitted by the motions of individual molecules,
and the velocities of sound in these gases are known to be similar in order of
magnitude to the above molecular mean speeds. Again, the speed of effusion
of a gas from a vessel into a vacuum through a small aperture should be of
the same order of magnitude as the mean molecular speed; experiment
shows that the speeds of effusion for different gases are, in fact, of this order.

2.4. Heat
The amount of translatory kinetic energy possessed by the molecules in the
element r, dr at time ¢ is ndr {mc®. Writing ¢ = ¢, + C, we may express the
energy in the form ndr. m(ci+2c,.C+ )
or lpdr.c+ndr.mC3.

Since pdr is the mass of the gas contained in dr, the first term in the last

expression represents the kinetic energy of the visible or mass motion of the
gas. The second term is the kinetic energy of the invisible peculiar motion:

its ratio to the first is C¥/c}. In 2.34 it was shown that C? is very large for
ordinary gases at 8.T.P., the value of ,/(C?) being several hundred metres per

second. Hence unless ¢, is much greater than is usual, C#/c} is very large,
and there is much more hidden energy of peculiar motion than visible kinetic
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energy; for example, in the case of hydrogen at s.T.P., if ¢, = 10cm./sec.,
the ratio is 3-4 x 108 In addition, there may be further hidden molecular
energy, kinetic and perhaps also potential, corresponding to molecular
rotations, vibrations, and so on.

In the kinetic theory this hidden molecular energy, or rather that part
which is communicable between molecules at encounters, is identified with
the heat energy of the gas. Thus the heat energy per unit volume, or the
heat-density, in a gas whose molecules are point-centres of force and there-
fore possess only translatory kinetic energy, is $#mC? or }pC?. This is true
also for a gas whose molecules are smooth rigid elastic spheres, for though
these may also possess rotatory energy, this is not communicable between
molecules at collision. In general, however, the molecules will possess other
kinds of communicable energy, whose amounts vary from one molecule to
another; the total heat energy E of a molecule is the sum of this com-
municable energy and the peculiar kinetic energy 3mC?, and the heat-
density is nE.

Here }mC? and E are supposed expressed in mechanical units, and the
heat-density nE will be in the same units. If expressed in thermal units, the
heat-density is nE/J, where J is Joule’s mechanical equivalent of heat
(4-185 x 10" ergs/cal., or 4-185 joules/cal.)

2.41. Temperature

Two systems of temperature-reckoning are in common use among physicists.
In experimental work they generally use the empirical temperature measured
by expansion (mercury or gas) thermometers: in theoretical work they use
the absolute temperature of thermodynamics. In the kinetic theory, on the
other hand, the temperature T of a gas in a uniform steady state at rest or in
uniform translation is defined directly in terms of the peculiar speeds of the

molecules, by the relation T = AT, (241, 1)

where k is a constant, the same for all gases, whose value will be assigned
later (2.431); it is called the Boltzmann constant.

At a given density and temperature, the interchange of energy between
the translatory and internal motions at molecular encounters establishes a
balance between the mean translatory and internal energies. Thus, for a gas
in a uniform steady state, the total mean thermal energy E of a molecule is
a function of the T defined by (2.41, 1). For a gas not in a uniform steady
state, the temperature T at any point is defined as that for which the same
gas, when in a uniform steady state at the same density, would have the same
mean thermal energy E per molecule at that point.

The kinetic-theory definition of temperature, being applicable whether
or not the gas 18 in a uniform or steady state, is more general than that of
thermodynamics and statistical mechanics, where only equilibrium states
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are considered. It is of importance to examine, however, whether the kinetic-
theory definition is in agreement with that of thermodynamics if the gas is in
equilibrium. Before so doing we proceed to deduce certain relations from
the definition (2.41, 1).

2,42. The equation of state

An immediate consequence of the definition of temperature is that the
hydrostatic pressure p of a gas in equilibrium is given by

= imnéi= knT. (2.42, 1)

This formula applies also to a gas not in equilibrium if the molecules possess
only translatory energy; for a gas with internal energy it need not be exact,
though still correct to a close approximation. The formula is in agreement
with the well-known hypothesis of Avogadro, according to which equal
volumes of different gases, at the same pressure and temperature, contain
equal numbers of molecules.

Consider now a mass M of gas contained in a volume V. The number of
molecules in the mass M is M/m; the number-density » is therefore M/mV.
On substituting in (2.42, 1), this takes the form

PV = kKM/m)T. (2.42, 2)

This important relation embodies the well-known experimental laws of
Boyle and Charles, which are closely followed by many gases, at moderate
or low densities, and at temperatures well above their critical temperatures,
These laws may be stated as follows:

Boyle’s Law: For a given mass of gas at conatant temperature the product
of the pressure and the volume is constant.

Charles's Law: For a given mass of gas at constant pressure the volume
varies directly as the absolute temperature.

The deduction of these laws from kinetic-theory principles and definitions
affords some measure of justification for the latter. By itself, however, it
does not suffice to show that the kinetic-theory definition of T is in accord
with the thermodynamic definition for equilibrium states.

The relation between p, V and T for a given mass M of gas in equilibrium
is called the equation of state of the gas. The above simple form of this
equation is only an approximation to the equation of state as found for actual
gases; the error of the simple formula pV oc T becomes considerable at high
pressures and low temperatures. This is to be ascribed, not to any fault in
the above kinetic-theory definition of temperature, but to the neglect, in
deriving the expression $0C? for p, of such factors as the finite size of mole-
cules, their fields of force at large distances, and, when the gas is near the
point of liquefaction, their tendency to aggregate into clusters. The effect
of these neglected factors becomes considerable in precisely those con-
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ditions of high pressure and low temperature under which large deviations
from (2.42, 2) are observed.

From (2.42, 2) other important relations can be obtained. The (chemical)
molecular weight W of a gas is defined as 12m/m,, where m is the mass of a
molecule of the gas, and m, that of an atom of carbon, = 1993 x 10-¥g.
A mass W grams of the gas is called a gram-molecule or mole of the gas;
naturally it is different for different gases. It is a convenient mass to consider,
because for all gases it contains the same number of molecules, W/m or 12/m,.
This number is Loschmidt’s number (6-022 x 102). Some writers call it
Avogadro’s number; but this term should strictly be applied only to the
number of molecules in one c.c. of gas at s.T.P., 2:687 x 10,

Suppose that the mass M used in (2.41, 2) is a gram-molecule W. Then

pV = RT, (2.42, 3)
where R = kW/m = 12k/m,. (2.42, 4)

Clearly R has the same value for all gases. It is called the gas-constant per
mole.

Again, fi 42, 1, R
gaim, from (2.42,1,4) #PT. (242, 5)

2.43. Specific heats

Let unit mass of a gas in equilibrium be enclosed in a constant volume. To
increase its temperature from T"to T+ 87, a certain amount of heat must be
added, which, if 8T is small, will be proportional to 8T"; we write it as

¢,0T.

The coefficient ¢, is called the specific heat of the gas at constant volume.
Since the gas does no mechanical work against external pressure during the
process, the added heat ¢,6T must go entirely to increase the heat energy of
th@gas. The number of molecules in unit mass is (1/m), and so the initial
heat energy is E/m; this is increased by ¢,6T when T is increased by 8T;

hence 8Em = c,3T,
or, proceeding to the limit, ¢, = %(Z—i) . (2.43, 1)
v

where (dE/dT)y denotes the rate of increase of E with respect to T, when V
is kept constant.

If the thermal energy consists only of energy of translation of the mole-
cules, E = }mC?, and E = §kT, by (2.41, 1); hence

¢-=,3_k_

* am

(2.43. 2)
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. . . R
in mechanical units, or ¢, = 32
2Jm

(2.43, 2)
in thermal units.
If, instead of the volume, it is the pressure of the gas which is kept constant

while T'is increased by 87, the volume V will increase by 8V, and on putting
M = 1in (2.42, 2), we find
p8V = (k/m)3T.

In the expansion mechanical work of amount p 8V will be done, and the heat
su phed to raise T must provide this energy pSV as well as the increase
/m in the heat energy of the gas. Writing ¢, 8T for the required amount of

heat, we have
¢, 8T = p8V + 3E/m
= (k3T +8E)/m.

k 1 (dE
Hence =t (TT), (243, 3)
in mechanical units, the suffix p denoting that the pressure is kept constant.

An increase in pressure, or density, of a gas of assigned temperature can
affect E only by increasing the number of pairs of molecules whose fields of
force overlap, and which in consequence possess mutual potential energy.
However, in the relatively rare gases for which Boyle's and Charles’s laws
are valid, at any given moment all save a negligible fraction of the molecules
are independent systems, and E may be taken as depending only on 7', and
not on p and V. Thus for such a gas

k
€p = 4G (243, 4)
. . . k ,
in mechanical units, or €= 3m 16 (2.43, 4)

in thermal units.
If the specific heats ¢, and ¢, are multiplied by the molecular weight W
we obtain thespecific heats C, and C,, per mole of the gas. Thus in mechanical

units
W dE
Co= o (2.43, 5)
w dE
C, = (k+ dT)
=R+C, (243, 6)

by (2.42, 4). Itis an experimental fact that C,, — C, has nearly the same value
for all actual gases under moderate conditions of pressure and temperature,
a fact which further supports the principles and interpretations here used.
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The ratio ¢,/c, or C,,/C, of the specific heats is denoted by y. Thus

=P = P
CP CD !
and (2.43, 4, 0) can be written in the forms
ey —1) = kfm, (2:43.7)
Cly-n=R (243, 8)

For a gas possessing no communicable internal energy, it is clear from
(243, 2, 7) that y = § = 1-66.

2.431. The kinetic-theory temperature and thermodynamic
temperature

It is now possible to establish the consistency of the kinetic-theory definition
of temperature and the thermodynamic definition. Let a mass M of a gas
undergo a small change of state, such that the temperature increases by 6T
and the volume by V. Then the energy it receives is

Mc 8T +pdV = AIC"(ST hﬂz SV:

by (2.42, 2). Since ¢,, like E, is a function of T alone, the expression in the
bracket denotes the increment of a function S of T and V. If the gas under-
goes an adiabatic change, i.e. a change in which no energy is supplied, the
change in S must be zero, that is, S is constant; in an isothermal change, at
temperature T, the energy received is T multiplied by the change in S.

Suppose now that the gas is taken round a Carnot cycle working between
lower and upper temperatures 7; and 7;; then S returns to its original value
when the cycle is completed. Since it is unaltered during the adiabatic
processes, its increase AS at temperature 7, must be equal and opposite to
its decrease at temperature 7;, and the heats gained and lost at temperatures
T, and T; respectively are T;AS, T, AS. Thus the efficiency of the cycle is

T,AS-T,AS _ (1_3
T,AS )

This proves that our T is proportional to the temperature on the thermo-
dynamic scale: the function S is the entropy.

It remains to consider the constant k introduced in (2.41, 1). This was
taken to be the same for all gases: this implies the assumption that the mean
peculiar kinetic energy of translation is the same for molecules of different
gases at the same temperature. We shall show in 4.3 that in a gas-mixture in
equilibrium the mean peculiar kinetic energies of molecules of the different
constituent gases are the same, which is a similar result: but to establish the
actual result it is necessary to consider the equilibrium of two gases separated

3 cMT
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by a diathermanous wall. This problem lies in the domain of statistical
mechanics rather than of kinetic theory, and the reader is referred to books
on that subject for a proof of the result in question. Alternatively we may
regard the result as established by experiment, since Avogadro’s hypothesis
and the law C,, ~ C, = const. both follow directly from it.

In practice, & is chosen such as to make the kinetic-theory temperature
coincide with the thermodynamic temperature measured in degrees K. That
is, k is such that the difference between the temperatures of melting ice and
boiling water at standard atmospheric pressure is 100°; the zero of tempera-
ture is found to be approximately equal to —273-15° C. The value of & can
be determined if we know either the number-density of molecules in a gas
atgiven p and T, or (cf. (2.42, 4)) the mass of a molecule. The determination
of cither of these is a matter of some difficulty, but the values of each have
been found for several gases. The different determinations agree in giving®

k = 13806 x 10~1% ergs/degree.
The determination of the gas-constant R is much easier. It is found that
R = 8:314 x 107 ergs/degree,

or, in thermal units, 132 = 1-9865 cal./degree.

2.44. Specific heats: numerical values

The values of y, C,, C,, ¢,, C, —C, are given for several gases in Table 1.
The values refer to a temperature of 15° C. and a pressure of 1 atmosphere;
departures from the Boyle—Charles law affect the values appreciably, even at
this pressure. The units of C,, and C, are calories (at 15° C.) per degree per
mole; for c, the units are calories per degree per gram.t

As Table 1 shows, 7 has very nearly the value 5/3 for the monatomic gases
helium, neon and argon, which are on many grounds believed to possess no
internal energy communicable at ordinary encounters.} This is a further
confirmation of the kinetic-theory interpretations.

For other gases, let us write

% = }Nk, (2.44, 1)

® B.N. Taylor, W. H. Parker and D. N. Langenberg, Rev. Mod. Phys. 41, 375 (1969).

t The values given in this table are based on the following sources: J. R. Partington and
W. G. Shilling, The Specific Heats of Gases, p. 201 (Benn, 1924); J. Hilsenrath ot al.,
U.S. National Bureau of Standards, Circulsr 564 (19ss); F. Din, Thermodynamic
Functions of Gases (Butterworth, 1956). The values given for D, and Xe are values
calculated by a method that gives good agreement with experiment for other gases
(A. Michels, W.de Graaff and G.J. Wolkers, Physica, 28. 1097 (1959), for Dy;
A. Michels, T. Wassensar, G. J. Wolkers and J. Dawson, Physica, 22, 17 (1956), for
Xe). The value of y for Ne was found by W, H. Keesom and J. A. van Lammeren,
Physica, 1, 1161 (1934).

$ The deviation from ¥y = g/3 for xenon is due to departures from the perfect-gas laws.
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Table 1. Specific heats

Gas b4 C, C, ¢y C,—-C,
Air 1402 6-960 4965 o172 1-99§
He 1°668 497 298 0745 1°99
A 1-669 4'978 298 00747 1'99s
Ne 1-668 . . . .
Xe [1-679] [5-032] [2-996) [0-0228) [2-036)
H, 1-408 6-87 488 242 1-99
D, [1-399) [6-98) [4-99) [1-238) [1:99}
N, 1-403 696 496 0177 2-00
CcOo 1°402 6-97 497 o177 2-00
NO 1°400 700 500 0167 200
0, 1-398 7-03 s-o3 0157 2:00
Cl, 1-356 8-04 593 0084 211
H,S 1-340 85 6-08 o178 207
CO, 1-303 885 679 o154 2-06
N,O 1-300 885 6-81 015§ 204
SO, 1-284 962 749 o117 213
NH, 1-318 87s 664 0°390 211
CH, 1:310 849 648 0'404 201
C,H, 1-250 1025 820 0293 2-0§
C,H, 1-20 12:42 10°36 0°348 206

so that for monatomic gases N = 3, while for other gases we expect that
N > 3. Then RN & . ﬁ’)
C=m =_l1+7), (2.44, 2)

2
y=1 +N. (2.44: 3)

If ¢, is independent of T, as is found to be approximately the case for many
gases (monatomic and otherwise) over a considerable range of temperature,
then N is independent of T. Consequently, apart from a possible additive

constant, E= i N&T.

For many diatomic gases, as the above table shows, y = 1-4 very approxi-
mately; this corresponds to N = g, indicating that the communicable internal
energy is two-thirds the peculiar kinetic energy of translation. For polyatomic
molecules the values of y are less than 1-4, and the corresponding values of
N are greater than §; this implies a still larger proportion of non-translatory
energy.

2.45. Conduction of heat

An important flux-vector (cf. 2.3, p. 31) is that giving the rate of flow of heat
energy, corresponding to ¢(C) = E. We denote this flux-vector by g,
that _—
so thd g = nEC. (2-45, 1)
32
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Thus the rate of flow of heat across a surface through the point r, normal to
the unit vector n, is equal to _
g.n=nkEC,

per unit area. The vector g is termed the thermal flux-vector,

2.5. Gas-mixtures

All the above definitions and results may be generalized to apply to a mixture
of gases. The definitions of the number-density and velocity-distribution
function of each of the constituent gases are analogous to those employed for
a simple gas in 2.2 and 2.21. The velocity-distribution function f,(c,, , ) and
the number-density », of the sth constituent are connected by the relation

ny = Ifn(cu r,t)de,. (2.5, 1)
The number-density n of the whole gas is given by the relation
n=3Yn, (2.5, 2)

s
The different masses and mean molecular speeds of the different constituents
render it pointless to consider the velocity-distribution function of the

whole gas.
If the mass of a molecule of the sth constituent is m,, the partial density of

this constituent is p,, where

Py = Ny, (2.5, 3)
and the density p of the whole gas is given by
p= ?pa = ?”omr (2.5, 4)

We shall frequently refer to molecules of the sth constituent as molecules m,.
If ¢ is any function of the velocities of the molecules, its mean value §, at
any point, for molecules m,, is given by

1,8, = [ fidude,, (2.5, 5)
and the mean value @ for all molecules of the mixture is given by
ng = End, = Tffg.de, (2.5, 6)
The mass-velocity ¢, of the gas at any point is defined by the equation
peo =3 [fimie,de, = Zp,8,; (2.5,7)

it is not the mean velocity € of the molecules, but a weighted mean, giving
to each molecule a weight proportional to its mass. The momentum of the
gas per unit volume is the same as if every molecule moved with the mass-

velocity ¢,.
The peculiar velocity C, of amolecule m, in a gas-mixture is defined by the

equation C,=c,—c, (2.5, 8)

Clearly 2.: 2C, =o0. (2.5, 9)
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The temperature T of the gas at any point is defined, as for a simple ga,

by the equation — I
10 = 1 B [f,4m,Clde, = AT, (2.5, 10)

for a gas in a uniform steady state. For a gas in a more general state it is
defined by E = E(T), where E(T) is the value of E for a uniform gas in a
steady state, with the density and composition of the actual gas at the point
considered, at the temperature T.

The partial pressure of any constituent, on the surface of a containing
vessel or on an internal surface moving with the mass-velocity of the gas, is
defined as the mean rate at which momentum of that constituent is com-
municated to, or transferred across, unit area of the surface ; the total pressure
of the gas on the surface is the sum of the partial pressures of the constituents.
It follows as in 2.31 that the pressure-tensor p is defined by the equation

p=3p, = Xnm,C,C, = nmCC. (2.5, 11)

As before, the pressure on a surface normal to the unit vector n is p.n.
The mean hydrostatic pressure p of the gas at any point is 4p:U, as in
(2.32, 3); hence for a gas in equilibrium, by (2.5, 10, 11),

p = $mC* = knT, (2.5, 12)
which is equivalent to Boyle’s and Charles’s laws. By (2.5, 2), thisimplies that
p =X (kn,T).

8

Thus the hydrostatic pressure of the mixture at a given temperature is equal
to the sum of the hydrostatic pressures p, which would be exerted by the
constituents if each separately occupied the same volume and were at the
same temperature. This is Dalton’s law.

Finally, the vector ¢ of thermal flow is connected with the molecular

energy E by the equation g = nEC (2.5, 13)

as for a simple gas.
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THE EQUATIONS OF BOLTZMANN
AND MAXWELL

3.1. Boltzmann’s equation derived

In Chapter 2 it was shown that the macroscopic properties of a gas can be
calculated from the velocity-distribution function f. This function can be
determined from a certain integral equation first given by Boltzmann. In
order to indicate Maxwell's association with the ideas thus formulated by
Boltzmann, Hilbert® termed it the Maxwell-Boltzmann equation.

Inderiving the equation it is assumed that encounters with other molecules
occupy a very small part of the lifetime of a molecule. This implies that only
binary encounters are important.

Consider a gas in which each molecule is subject to an external force mF,
which may be a function of » and ¢ but nott of ¢. Between the times ¢ and
t+dt the velocity ¢ of any molecule that does not collide with another will
change to ¢+ Fdt, and its position-vector # will change to 4 cdt. There
are f(e, r, t) dedr molecules which at time ¢ lie in the volume-element r, dr,
and have velocities in the range ¢, de. After the interval d¢, if the effect of
encounters could be neglected, the same molecules, and no others, would
compose the set that occupy the volume r + ¢d?, dr, and have velocities in the
range ¢ + Fdt, dc: the number in this set is

J(e+ Fdt, r+cdt, t+dt)dedr.
The number of molecules in the second set will, however, in general differ
from that in the first, since molecular encounters will have deflected some
molecules of the initial set from their course, and will have deflected other
molecules so that they become members of the final set. The net gain of
molecules to the second set must be proportional to dedrdt, and will be
denoted by (8,f/2t)dcdrdt. Consequently

{f(c+Fdt,r+cdt, t+dt)—f(c,r,t)}dedr = %’dcdrdt.

On dividing by dedrdt, and making dt tend to zero, Boltzmann’s equation
for f is obtained, namely
F o o o onof nf O _af
5:+“5§+va_y+waz+F’au+F;'av+F'E='ﬁ' (3.1, 1)
* D. Hilbert, Grundxilge einer allgemeinen Theorie der linearen Integralgleichungen, p. 269
(Teubner, 1912).

4 A specisl case in which the force on a molecule depends on its velocity is considered in
Chapter 19,

[46])
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or aef
2f=9, (3:1.2)
where Zf denotes the left-hand side of (3.1, 1); in vector notation
I A X
9f= 5&+ca—’:+Fa’;. ) (3.1,3)

The quantity J, f/2t defined above is equal to the rate of change, owing to
encounters, in the velocity-distribution function f at a fixed point. It will
appear later that 9, f/2t is expressible as an integral involving the unknown
function f. Thus Boltzmann's equation is an integral (or integro-differential)
equation,

The generalization for a mixture of gases is

) i) 0 /)
@&f;'=“~5ft—a+c,.5é+p,.5'£—:='5—{a, (3'1’ 4’)

where m F, denotes the force on a molecule m, at r, ¢, and 8, f,/2t denotes the
rate at which the velocity-distribution function f, is being altered by en-
counters. The equation can also be modified to apply to more general
molecular models (2.1, 2.21); in the case of rotating molecules possessing
spherical symmetry, f depends only on ¢, ,  and the angular velocity w, and
the equation for f has the same form as (3.1, 1). For more general models f
will involve further variables, specifying the orientation and other properties
of a molecule; terms corresponding to these variables must in general appear
in Boltzmann’s equation.

3.11, The equation of change of molecular properties

Another important equation may be derived from Boltzmann’s equation as
follows. Consider first a simple gas. Let ¢ be any molecular property as
defined in 2.22. Multiply Boltzmann's equation by ¢dc and integrate
throughout the velocity-space; it is supposed that all the integrals obtained
are convergent, and that products such as ¢f tend to zero as ¢ tends to infinity
in any direction. The result may be written as

f$2fdec = nrP, (3.11, 1)
where nAg = f¢ %{dc. (3.11, 2)

The significance of A is readily seen; (2,f/0t)dc measures the rate of
change in the number of molecules with velocities in the range ¢, dc, per unit
volume at r, £, owing to encounters. Consequently ¢(3,f/0t)dec represents
the rate of change in the sum Z ¢ extended over all the molecules of this set,
due to the same cause. Similarly f (8 f/9t)dc is the rate of change by en-
counters in ¢, summed over all the molecules in unit volume. But£¢ = ng,
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and, since encounters do not in themselves modify the number-density »,
the rate of change of ¢ by encounters is equal to

f 0% e -
Equation (3.11, 1) can be generahzed to apply to a mixture of gases; for
the sth constituent "¢' 9,f,de, = n,48,, (311, 3)

where AJ, is equal to the rate of change of @, by molecular encounters.
A modified form of (3.11, 1) is, morcover, satisfied by the generalized
velocity-distribution function of 2.21, ¢ being then a function of further
variables besides c.

3.12. 2f expressed in terms of the peculiar velocity
If the peculiar velocity C(= ¢—c,) is used as an independent variable
instead of ¢, the meanings of 3/9¢ and 8/ are changed, since now C, not ¢,
is to be kept constant while performing the differentiation. Hence in (3.1, 3)
2f/at and 2f/Or have to be replaced respectively by
of deo f . Y (a )af
2% Ap L]

a_ asc " a \ar®) ac

in order to take account of the implicit dependence of fon £ and » through the
dependence of C on ¢,. Also 2fjdc becomes 2f/8C; hence the expression for
2f becomes

a0 (g(5%) -6} +F- o6

D o d
Let Dt =zt o3y (3.12, 1)

so that D/Dt is the ‘mobile operator’, or time-derivative following the
motion, as in hydrodynamics. Then

of=grcLs(P-32).0-Lela o

3.13. Transformation of [¢2fdec

Suppose that @, like £, is expressed as a function of C, #, t. The various terms
obtained on substituting for Zf from (3.12, 2) into f¢9fdc (or j ¢ 2fdC)
can be transformed by means of relations such as

f¢g{dc- qufdc f de_D(l;?) e (.13, 1)
f¢C.~"—)[dC .| ¢CfdC—- f .CfdC = ~.n$C—n(‘;a}, (3-13, 2)

J”’a dC = J‘J.[gsf]vg_dedW f -fdC = -n (313, 3)
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In (3.13, 1, 2) the variable C is not included in the differentiations D/Dt,
d[dr, since C is now regarded as an independent variable. In (3.13, 3) the
term involving ¢f, obtained by integrating by parts, vanishes because, by
hypothesis, ¢f - 0 as I/ > +co. Clearly (3.13, 3) is one component of the

equation
f¢ Y de - n—‘é. (3.13, 4)

By a precisely similar argument
f¢ adeC--—n‘ ¢C— n$U—n§gC. (3.13, 5)

where (cf. 1.3) U denotes the unit tensor.
Using these results in (3.11, 1), we obtain the equation

nAg = j¢9fdc—2@+n$ar cot 5o nBC

nfD8.c 2. (r-Dm) gg Yeda). 6139

This is called the equation of change of @; it is a generalization by Enskog of
an equation of transfer due to Maxwell. Maxwell’s equation refers to a
function ¢(c) of ¢ alone, and does not introduce the peculiar velocity.

3.2. Molecular properties conserved after encounter; summational
invariants

Some important results can be deduced from the equation of change without
actually evaluating A@, because certain functions of the velocities of the
molecules are conserved during encounters; that is, their sum for the mole-
cules participating in an encounter is unaltered by the encounter, so that
A@ = o. Such functions, which may be termed summational invariants for
encounters, are of fundamental importance in the theory of gases, both
because they can be measured throughout the fluctuations in the condition
of a gas, and also because, as will appear later, their mean values, if completely
specified at any instant as functions of position, in general determine the
whole condition and future course of the gas.
For every gas, of whatever kind, three such suramational invariants are

W) =1, '.')(’) = mcv W = Ev (3'2' l)

where, as in 2.4, E denotes the total thermal energy of a molecule. For
special types of gas there may be one or more additional summational
invariants (cf. 11.24).

The statement Ay = o merely implies that the number-density of mole-
cules is unaltered by encounters. Similarly Ag® = o expresses the principle
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of conservation of momentum (relative to axes moving with velocity ¢,),
while AY® = o expresses the principle of conservation of energy. Although
@ is a vector it is convenient to refer to the three conserved functions by the
single symbol Y9,

It is sometimes more convenient to refer the momentum ® and the
energy ¥ to axes fixed in space, instead of to axes moving with the gas.
Thus, for example, if the molecules possess only energy of translation the
summational invariants can be taken as

YO =1, YO =me, YO = jmet. (3.2, 2)
In the case of binary encounters, the conservation of Y is expressible in
the form YO YT =Yg = o, (32,3)

where y®, 1P refer to the two molecules before encounter, and Y, i to
these molecules after encounter.

Any linear combination of the three conserved functions y? is also a
summational invariant, but no further summational invariant, linearly
independent of Y, ™ and ™ as given by (3.2, 2), can exist for molecules
whose energy is purely translatory. This is because an encounter between
two such molecules involves two disposable geometrical variables (for
example, if the molecules are rigid elastic spheres, these two variables may
be the polar angles 8, ¢ of the line of centres at collision; cf. 3.43); when these
two variables are eliminated from the six scalar relations which express the
six components of ¢’, ¢}, the velocities after encounter, in terms of the six
components of the initial velocities ¢, ¢,, only four general scalar relations
between the two sets of six components are obtainable. But we already have
four such relations, expressing the conservation of energy and of the three
components of momentum; hence no additional independent relation, valid
for all encounters, is possible.

3.21. Special forms of the equation of change of molecular properties
By substituting each of the functions 9 for ¢ in (3.13, 6), important special
forms of the equation of change are obtained.

Case I. Let ¢ =y = 1; then § = 1, ¢C = 0, 3¢/0C = 0, Dg/Dt = o,
9¢/dr = 0, A = 0. Thus (3.13, 6) becomes

fyﬁ“’@fdc = g——:’+na%.c. =0; (3.21,1)

this is the equation of continuity, expressing the conservation of number of
molecules (or mass) in the gas. It has the alternative forms
Dinn @

_'+—'c° = Q,

Dt “or

Dp. @ Dinp 2
B;+p$,co=o, _Dt +s.c°—°.

(3.21, 2)
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Case 1. Let ¢ = y® = mU; then @ = o, n¢C = pUC = p,, (cf. 2.31),
2¢/or = o, DG|Dt = o, 2¢/dC = (m,0,0), (3¢/0C)C = o, A = o. Hence

the equation of change becomes
Du
@ = _ Tt} o
[vearic= g po-o(F-T5p) = o
this (cf. (1.33, 9)) is one component of the equation of momentum for the gas,
namely 2 De
J.q;"’.%’fdc =5 PP (F——D—t?) =o0. (321, 3)

Equations (3.21, 2, 3) are identical with the equations of continuity and
momentum derived for a continuous fluid in hydrodynamics; they provide a
justification for the hydrodynamical treatment of a gas.

Case 1II. Let ¢ = y® = E; then ngdC = q (cf. (2.4, 1)), 3¢/dr = o,
D¢/Dt = o and, since E depends on C only through the contribution of the
kinetic energy of translation, 8¢/dC = {m 0C*0C = mC; thus 2¢/C = o,

and n(¢;8C) C = pCC = p. Since AJ = o, the equation of change becomes

fz,’/(’”@fdc = p%£)+ E ;’—..q+ p: 5—31'% =o0. (3.21,4)

Since dE/dT = } Nk (cf. (2.44, 1)) equation (3.21, 4) may be transformed to

DT __ 2 (.2 2@
Dt = Nem\P'ar<ta9 (3:21,5)

using (3.21, 1). This, or more properly (3.21, 4), is the equation of thermal
energy for the gas. Let equation (3.21, 4) be multiplied by drdt: then
D(nE)/Dt .drdt represents the increase of thermal energy during the time
dt in a volume dr moving with the gas. This may be interpreted from a
macroscopic standpoint as the sum of (i) the energy brought into dr by the
net inflow of molecules into the element, (ii) the gain due to the greater
energy, as distinct from the greater number, of the inflowing as compared
with the outflowing molecules, and (iii) the work done on the element by the
pressures on its surface as it varies in shape and volume during the time dt;
these three quantities are represented by the last three terms on the left of
the equation, with their signs reversed.

Equations (3.21, 2, 3, 5) represent the maximum information which can
be derived from the equation of change without determining the form of the
velocity-distribution function. To determine it we must first find explicit
forms for the expressions 2,f/2¢ and A@. This involves an investigation of
the statistical effect of encounters.
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3.3. Molecular encounters

Exact expressions for d,f/2t and A@ can be given only when the nature of the
interaction between molecules at encounter is known. Only in relatively
few cases can atomic theory describe the process of encounter exactly. It is
therefore necessary to assume some law of interaction: the appropriateness
of the assumed law can be tested by comparing the results deduced from it
with experimental results.

Physical data for gases, relating to the deviations of the equation of state
from Boyle’s law, show that, at distances large compared with molecular
dimensions, molecules may exert a weak attractive force on each other,
whereas at distances of the order of molecular dimensions they repel each
other strongly. Moreover, at an encounter between complex molecules
possessing internal energy some interchange of this energy with energy of
translation may occur. Assumptions as to the nature of the forces between
molecules at encounter must take these facts into account.

Various special models, chosen for their physical simplicity, or for the
mathematical simplicity of their laws of interaction, have been studied.
One of the earliest and simplest molecular models is a rigid, smooth, and
perfectly elastic sphere. The impulse between two spheres at collision here
represents the repulsive force between molecules at a close encounter. The
representation can, however, only be approximate, since molecules, being
complicated electronic structures, cannot closely resemble rigid spheres;
the interaction between them varies continuously as they approach one
another. This fact is better represented by treating a molecule as a point-
centre of force, the force depending on the nature of the interacting mole-
cules and on their distance apart. One simple assumption is that the force
is always repulsive and varies inversely as some power of the distance.
A better representation of the facts is afforded, however, if the force is
supposed to change sign at a certain distance, beyond which it is an attraction.
The elastic sphere model may also be improved by supposing the spheres to
attract one another weakly, with a force depending on the distance.

If the molecule is represented either as a smooth sphere or as a point-
centre of force, no provision is made for a possible interchange between
internal energy and energy of translation. Such molecules may be termed
smooth: their internal energy can be neglected, as it does not vary with the
temperature. In most of this book, only smooth molecules are considered:
but models permitting interchange between internal and translational energy
are considered in Chapter 11.

All the smooth models we consider possess the property of spherical
symmetry. The molecules of a monatomic gas closely approximate to such
symmetry, but diatomic and polyatomic molecules diverge widely from it,
by reason of the concentration of mass in the atomic nuclei. Thus our
theoretical results do not apply strictly to diatomic and polyatomic gases;
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since, however, in our calculations we average over all possible orientations
of pairs of molecules at encounter, many of our results may be expected to
apply approximately to such gases, if we ascribe to our spherically sym-
metrical molecules a field which is the average of the true field over all
possible orientations of the molecules.

3.4. The dynamics of a binary encounter

Consider the encounter of two molecules of masses m,, m, Since only
smooth and spherically symmetrical molecules are considered, the force
which either exerts on the other is directed along the line joining their
centres, A, B; it may arise only at contact, or may act when the molecules are
at any distance from each other, and be equal to some function of the
distance 4 B. Itissupposed that any external forces (gravitational, electric,...)
which act on the molecules are so small compared with those brought into
play during the encounter that their effect can be neglected in a consideration
of the dynamical effect of an encounter.

The phrase ‘ before the encounter’ will refer to the time before the mole-
cules have begun to influence one another appreciably, so that each is
moving in a straight line, or (more accurately) close to the asymptote of the
orbit which it describes under the influence of the other; the phrase ‘after
the encounter’ is to be interpreted in a similar way. With these conventions
the velocities before and after the encounter have definite values, which will
be denoted by ¢,, ¢, (before) and ¢}, ¢, (after).® It is desired to express either
pair of velocities in terms of the other pair, and of any geometrical variables
required to complete the specification of the encounter. Since the motion is
reversible, the relation between the two pairs of velocities must be reci-
procal. The details of the encounter are of no importance for our purpose;
we wish only to know the relation between the initial and final velocities.

3.41. Equations of momentum and of energy for an encounter
Let my=my+my M, =mmy, M;=myim, (341, 1)
so that M+M, =1 (3.41, 2)
The mass-centre of the two molecules will move uniformly throughout the
encounter; its constant velocity G is given by

myG = m, ¢, +mycy = myc;+mycy. (341, 3)

Let g,,, g5, and g,,, g1, denote respectively the initial and final velocities
of the second molecule relative to the first, and of the first relative to the
second, so that

En=C—C =g En=C—C=—gn (3.41, 4)
® In 3.52 ¢}, c; are used to denote the fnitial velocities, and ¢,, ¢, the fina! velocities, in an

inverse encounter. These uses of the symbol ¢’ must be distinguished from that in 2.2
(p. 27), where ¢’ denotes the velocity of moving axes of reference.
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The magnitudes of g,, and g,, are equal, and can both be denoted by g;
likewise for the final relative velocities; thus

Mm=8u=8& fn=&u=¢ (341, 5)

By means of (3.41, 3, 4) We can express ¢,, ¢,, €}, ¢; in terms of G, g,

and gy,; thus ¢, =G-M,g,, ¢,=G+Mg,, (3.41,6)

ci=G-Mygy, c=G+Mg, (3.41,7)

Hence a knowledge of G and g, or of G and g3, is equivalent to a knowledge
of ¢, and ¢, or of ¢] and ¢, that is, of the initial or final state of motion.

a

‘s

o]
Fig. a

The mutual potential energy of the two molecules is zero both before and
after the encounter; thus the equation of energy gives
0y cl+mycl) = §(mycr® + mycy?).
Using (3.41, 6, 7), it is readily shown that
Yyt mycd) = dmo(G*+ M, M, %), }
Himyci* +mycy?) = imo(G*+ M, M,y g7%).
Hence g=g,

(3-41, 8)
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so that the relative velocity is changed only in direction, and not in magnitude,
by the encounter. The dynamical effect of the encounter is therefore known
when the change in direction of g,, is determined.

These facts are illustrated in Fig. 2. The initial velocities ¢,, ¢, are repre-
sented by Oc,, Oc,, and G by OG, where G divides ¢, ¢, in the ratio mg:m,.
The ends of the lines Oc;, Oc, representing ¢}, ¢; are likewise collinear with
G, which divides ¢j¢; in the same ratio m,:m,. The lines ¢, ¢; and ¢j c; repre-
sent g, and g3,. Thus ¢, ¢; = €163, ¢,G = ]G, ¢, G = ;G.

3.42. The geometry of an encounter

Considerations of momentum and energy alone do not suffice to determine
the direction of g3,. As will now appear, this direction depends not only on the
initial velocities ¢,, ¢, (or on G, g,,) but also on two geometric variables which
complete the specification of the encounter.

Consider the motion of the centre B of the second molecule relative to the
centre A of the first (or to axes moving with A). Since the force between the
molecules is directed along 4B, this motion will be confined to a plane
through A; let the curve described by B be LMN (Fig. 3 a). The asymptotes
PO, OQ of this curve are in the directions of the initial and final relative
velocities, g, and g;,, and so the plane of LMN is parallel to the plane
¢, Ge; of Fig. 2. Let P’'A be a line parallel to PO, so that it is in the direction
of g,. The direction of AP’ is then fixed by the initial velocities ¢, ¢;; the
orientation of the plane LMN about AP’ is, however, independent of these
velocities, and is thus one of the additional variables of the encounter. We
specify it by the angle € between the plane LMN and a plane containing
AP’ and a direction fixed in space, such as that of Oz.

The angle y through which g, is deflected depends, in general, on the
magnitude g of the initial relative velocity, and on the distance b of 4 from
either of the asymptotes. This distance b is the second of the additional
geometric variables of the encounter.

The functional relation between y, b and g depends on the law of inter-
action between the molecules. This law is involved in the following discussion
solely through the dependence of x on b and g. Hence, both for generality
and brevity, x will be retained as an unspecified function of b and g as long
as possible.

3.43. The apse-line and the change of relative velocity

The orbit LMN of the second molecule relative to the first is symmetrical
about the apse-line, or line joining the two molecules when at the points of
closest approach. This apse-line passes through O, the intersection of the
two asymptotes, and bisects the angle between them. In Fig. 3 a the direction
of the apse-line is represented by OA4K, K being the point in which OA4
produced cuts the unit sphere of centre 4. The unit vector AK is denoted
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N

';4 Q

Fig. 3(a). Direct encounter.

{c'n

Fig. 3(5). Inverse encounter (see p. 62).
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by k. The components of g,, and g, in the direction of k are equal in
magnitude, but opposite in sign, so that g;,.k = — gy, . k; the components
perpendicular to k are equal. Hence g,, and g, differ by twice the com-
ponent of gy, in the direction of k, so that

&n—8n = 2(gan Kk = —2(g2 k) k. (3-43.1)
Combining this with (3.41, 6, 7) it follows that
1 —c, = 2My(g,, . k)k = —2M,(g;,.k)k,}

\ (3-43, 2)
€=y = —2M(gy k) k = 2M\(gy, k) k.

Thus when k, ¢,, ¢, are given, the velocities after encounter are determinate,
and knowledge of k is equivalent to knowledge of the geometrical variables
bande.

If the force between molecules is always re-
pulsive or always attractive then for a given
direction of g,, the point K can range over one
or other of the unit hemispheres having 4P’ L
as axis; if the molecules repel one another, the
pole of this hemisphere is in the same direction
as gy, while if they attract it is in the opposite Lt
direction. The possible positions of K are
similarly related to —g;,: for a repulsive force #s
8a.k >0, and g;,.k <o; for an attractive
force these inequalities are reversed.

3.44. Special types of interaction

Figure 4, drawn by Maxwell,* shows a number

of the orbits described by one molecule, relative

to another molecule represented by S, when Fig. 4

they exert a mutual repulsive force varying as

the inverse fifth power of their distance apart; they correspond to equal
values of g, but different values of 5. With this law of force, or, more
generally, when the force varies as any inverse power of the distance, the
families of paths for different values of g differ only in scale; with more
general laws of force this is not true.

When the molecules are rigid elastic spheres the apse-line becomes
identical with the line of centres at collision. In this case the distance o,
between the centres of the spheres at collision is connected with their
diameters o0, o; by the relation

a1 = ¥(o + 03), (344, 1)

and (cf. Fig. 5) b= gysiny = oy,c08 §y, (3-44, 2)
® J. C. Maxwell, Collected Papers, vol. 2, 42; Phil. Trans. R. Soc. 187, 49 (1867).
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where ¥ is the angle between g,, and k; clearly ¢ = }(7 —x). This model
is unique in that x depends orlv on 5, and not on g.

3.5. The statistics of molecular encounters

In evaluating 9, f/9t and Ag, we suppose that encounters in which more than
two molecules take part are negligible in number and effect, compared with
binary encounters. This implies that the gas is of low density, so that
encounters occupy only a small fraction of the life of a molecule.

The probability is zero that at a given instant, in a finite volume of gas,
dr, there shall be any molecule whose velocity is exactly equal to any

;’l

Fig. s

specified value ¢ out of the whole continuous range; it is necessary to con-
sider a smail but finite range of velocity, de. Thus the probable number of
molecules of the first kind, in dr, having velocities within the small range
¢y, dey, is fide,dr, where f, stands for f\(c,, 7, t); likewise the probable
number of molecules of the second kind, in dr, having velocities within the
range €, dc,, is fydeydr, where f, stands for f(c,, 7, 1).

The probable number of encounters in dr, during a small interval dt,
between molecules in the velocity-ranges de,, dc,, will in the same way be
zero if the geometric encounter-variables b, € are exactly assigned; it is
necessary to suppose that b, € also lie in small finite ranges db, de. The ranges
dc,, dcy, db, de are regarded as positive quantities; as they are small, the
average number of encounters of the type considered is proportional to
the product de, de;dbdedr dt.

In considering such encounters between molecules having velocities
within assigned ranges, it is assumed that both sets of molecules are
distributed at random, and without any correlation between velocity and
position, in the neighbourhood of the point ».* Also the interval dt which
¢ This* ion of molecular chaos’ was considered by J. H. Jeans, Dynamical Theory

of Gases (4th ed.), chapter 4 (1925). See also H. Grad, f{andbuch der Physik, vol. 12,
205-94 (1958).
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we consider is supposed short compared with the scale of time-variation
of macroscopic properties, but large compared with the duration of an
encounter.

In an encounter between two molecules as specified, the velocity of the
second relative to the first, before encounter, is ¢, —¢,, or g;,.

Consider the motion of the centre B of the second molecule relative to the
centre 4 of the first, or relative to axes moving with 4. For such an encounter
to occur, the line PO of Fig. 3 must cut a plane through 4, perpendicular to
AP’, within an area, of magnitude ddbde, bounded by circles of radii b, b + db
and centre 4, and by radii from A4 including an angle de. Also, since the
relative velocity is g, and dt is large compared with the duration of an

Fig. 6

encounter, it follows by an argument similar to the one used in 2.3 that at
the beginning of dt the point B must lie within the cylinder indicated in
Fig. 6, having the area bdbde as base, and generators equal to — g,, dt; that
is, it must lie in a volume (g dt) (bdbde) or ghdbded:.

We can imagine such a cylinder to be associated with each of the f, dc, dr
molecules of the first kind, within the specified velocity range, in dr. If db
and de are small, it can safely be assumed that the cylinders do not overlap
to any significant extent, so that the total volume dv of all the cylinders is

given by dv = f,gbdbdedc, dr dt.

In many of these tiny cylinders there will be no molecule of the second kind,
having a velocity within the range c,, dc,; and if @b, de and dc, are sufficiently
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small, we can ignore the possibility that in any one cylinder there are two
such molecules. The total number of such molecules in the whole combined
volume dv is fadc, dv, which is therefore the number of ‘occupied’ cylinders
in which such a molecule occurs. Each occupied cylinder corresponds to an
encounter of the specified type, occurring within dr during the time dt.
Inserting the above expression for dv in fydc,dv, the number of encounters

is found to be f.fugbdbdede,dc, dr dt. (35, 1)

Let e, ¢’ be unit vectors in the directions of gy,, g1, 80 that g,, =ge,
&u = g¢'. Then (following Waldmann®) (3.5, 1) may be expressed in terms
of the element de’, which (since ¢’ is a unit vector) represents an element of
solid angle (cf. 1.21). The angles x, € may be regarded as polar angles
specifying the orientation of e’ relative to an axis in the direction of e; thus

de’ = sin ydyde

. 125 |
= 1— 2 5
(smx/!ax: ) dbde (3.5, 2)
Hence we may writet bdbde = o, de’ (3.5, 3)
where the positive scalar a,, is a function of g and b, or of g and , given by
bl .
= b 32| fsinix. (3-5, 4)

On substituting «,,de’ for bdbde in (3.5, 1), we obtain the alternative

cxpression fifagarnde’ de,deydrdt (35 5)
for this number of encounters.

3.51. An expression for A

If there are several gases in a mixture, the rate of change, by molecular
encounters, of the mean value (@,) of ¢ for molecules of the first gas can be
divided into the parts A, $,, A4, ..., due respectively to encounters with
molecules of the first, second, ..., gases. Thus

Ady = 8,8, +0,¢, +.... {3.51, 1)

In an encounter of a molecule of the first gas, the value of ¢, for the mole-
cule, which when written in full (as in 2.22) is ¢,(¢,, 7, t), is changed to ¢;,
signifying ¢,(¢{, , 7). Thus the ¢ for this molecule is altered by the amount
@1 — ¢,. The change in Z¢, due to all encounters of the special type con-
sidered in 3.5, between a molecule of the first gas and one of the second gas,

is therefore (8, — S/ fogasgde’ e, deydrdt. (351, 2)

® 1.. Waldmann, Handbuch der Physik. vol. 12, 295-514 (1958).

t In some cases this transformation needs careful treatment, because 3b/3x is not always
of the same sign for molecular pairs of particular types, so that b is not a one-valued
function of x. Where such difficultics arise, the symbol «,,de’ may be regarded as merely
a convenient brief ion for bdbde.
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Integration, first over all permissible values of €', and then over all values of
¢, and ¢, gives the total change during dt in Z¢,, summed over all molecules
of the first gas in dy, due to their encounters with molecules of the second gas.
Since the number of molecules m, in dr is n,dr, this integral must equal
nydr A, @, dt. Dividing by drdt, we get

nAyg, = HI(?S;“¢1)f|f:g°‘ud¢'d"1dca- (3-51,3)
The variable ¢} in ¢ is a function of ¢,, ¢4, and ¢’, given (cf.(3.41, 6, 7)) by

€1—€ = —My(8:n—8&x) (3-51, 4)
where g;, = ge’'. ‘
The value of n,A,, can be obtained from (3.51, 3) as a special case by
replacing m; by m, in the relation between c] and ¢, ¢,, €', and using the
relation between «,, and ¢’ (or between x and b, g) appropriate to the law of
interaction between two like molecules mn, instead of that between the unlike
molecules m, and m,; the symbol a,, is then replaced by a,. To distin-
guish between the initial velocities of the two encountering molecules, one
velocity is denoted by ¢,, as before, and the other is written without suffix,
as ¢. Similarly the two functions f,, f; are written as f,, f, being now
identical except that in the former the variables are ¢,, r, ¢ and in the latter
they are ¢, r, ¢. Thus

A, = Hf(# - ¢ ff1 g, de’ dede,. (351, 5)

When the gas is simple, that is, when molecules of one kind only are
present, the suffix 1 in the symbol n,A, &, may be omitted; but it must be
retained in the integral, in order to distinguish between the initial velocities
of two molecules (now of equal mass) involved in an encounter, since the
two velocities are separate variables of integration.

3.52. The calculation of 2,f/ot

Like A@,, 3, /6t may be divided into the parts (3,£,/8t),, (3,f,/21)s, ..., due to
the encounters of molecules m, with molecules m,, m,, ... respectively; thus

%%l = (65{‘)14, (%{-‘)’+ (352, 1)

When an expression for (8, f,/2t); has been obtained, the values of the other
parts of 9,/;/2¢ can be derived by changes of suffix.

Consider the set of molecules of the first kind, situated within dr, which
have velocities within the range ¢,, de;; the expression

a,_f,)
( 5 ’dc,drdt

signifies the net increase, during dt, in the number of molecules of this set,
due to encounters with molecules of the second kind (without restriction as
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to the velocity of these latter molecules). This net increase is the difference
between the numbers of molecules of the first kind, within dy, which during
dt enter and leave the set, owing to encounters with molecules of the second
kind.

Every encounter of a molecule of the set results in a change of velocity,
and so involves the loss of the molecule to the set. Thus the number of
molecules lost to the set during time dt, owing to the particular group of
encounters with molecules m, such that ¢, and e’ lie in ranges de, and de’,

is by (3.5, 5) equal to fifr8010de’ deydc,dr dt.

The total loss for all values of ¢, and e’ is found by integrating with respect
to these variables; this gives

de,drdt[[f,f, gy de’ dey. (3-52,2)

The number of molecules m, entering the set ¢,, de, owing to encounters
with molecules m, during dt may be found in like manner. We must, for this
purpose, consider encounters such that the velocity of 2 molecule m, after
encounter lies in the range ¢,, de,. Such encounters will be termed inverse
encounters; those in which the initial velocity of the molecule m, lies in the
range, ¢,, de, may be styled direct encounters. Corresponding to any direct
encounter with initial velocities ¢,, ¢, and final velocities ¢, ¢}, there is an
associated inverse encounter in which the initial velocities are ¢}, ¢;, the
final velocitics are ¢, ¢5, and the apse-line has the direction —k. The
correspondence is illustrated in Figs. 34, b (p. 56), which refer to the
encounter of molecules behaving like centres of repulsive force, and show
the motion of one molecule relative to the other.

The number of inverse encounters with initial velocities ¢;, ¢; in the
ranges dc}, dc;, and such that the direction e of the final relative velocity lies
in the solid angle de, is

Jif182:4(g, X) dedeideydrdt; (3-52,3)

the factor a,, = a,,(g, ) is the same in (3.52, 2, 3) because g and x have the
same values in the direct encounter and the corresponding inverse encounter.

Now let I= AG.gw)
ey, €3)

denote a Jacobian similar to those of 1.411. Then (cf. (3.41, 6, 7) and
(1.411, 1, 2)) . Aey+ Mg, 8n) _ ¥e18n)

ey, ) ey, €,)
- e = Herey ™ (5529

and similarly V= %_';?;) .
1y &3
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Hence if ¢, ¢, lie in ranges dc,, dc,, by the theory of Jacobians G, g, lie in
ranges dG, dg,,,* where the sixfold (positive) differential elements dc‘dc,
and dG dg,, are connected by the relation

dGdg,, = |]|de de, = de,de,; (3.52, 5)
and similarly dGdg;, = dc,dc;.
Again, since de, de’ are elements of solid angle, and g,, = ge, g;; = g¢’,
dg,, = gtdgde, dg,, = gtdgde’.
On combining these results,
dedcidc, = dedGdg;, = g*dgdGdede’
= de'dc,dc, (3-52, 6)
by symmetry. Hence (3.52, 3) can be expressed in the form
S1f282,.de’ dc,degdrdt. (3-52, 7)

This represents the number of encounters such that the final velocities lie
in the ranges dc,, dc,, and the direction €’ of the initial relative velocity lies
in the range de’. On integrating over all possible values of e’ and ¢,, the total
gain by encounters during df to the set of molecules m,, ¢,, de, in the volume

dr is found to be . ,
deydrdt[[fif, g2,sde’ dey. (3.52, 8)
Combining (3.52, 2 and 8), we get
de, d"dtﬂ(f;f; —fifs) gz de’ de,

for the net gain to this set.
This net gain is denoted by (8, f,/ét), de, dr dt. Hence, dividing by de, dr dt,

we find that
(%0), = [[trri-sosaade’ des (3.52,9)

This is the required expression for (3, f,/t),.

® This statement is not strictly accurate. To a volume-element deidey in the six-
dimensional space in which the coordinatesof a point are the components of ¢, and c, there
corresponds a vol 1 t 3 in the six-dimensional space in which the coordinates
are the components of G and g,,: but § cannot in general be put into the form dG dg,,,
any more than the element of area between the pairsof curves £ = ¢(x,y), £ + df = ¢(x,y),
and 7 = ¥(x. »), 74+ dp = Y¥(x, ), can in general be expressed as equal to an elementary
rectangle dxdy. However, just as the small area between these pairs of curves can be
divided up into a large number of still smaller rectangles dxdy, so 8 can be divided up
into elementary volumes dGdg,,;. It is necessary in equations like (3.52, §) to regard the
notation dGdg,, as referring to the general volume-element 8, formed from a sum of
products of three-dimensional elements in spaces in which the coordinates are the
components of G and g, respectively. With this understanding the expression (3.52, 7)
is readily derived, as in the text.
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From this and (3.11, 2) we obtain a second expression for A;@,, namely

e ()

- J, f I $(f1fs~f1f2)gorade’ de, dey. (3.52, 10)
The corresponding formulae for (2,1,/21), and A, @, are

(%) = [[ v fi-sroge.de de (352 11)
8,6, = f ” $(ff1—1h) g de’ dede,. (3-52, 12)

3.53. Alternative expressions for nAd; proof of equality

The equality of the expressions for n, A, $, given by (3.51, 3) and (3.52, 10)
can readily be established. In the integral

Hf‘ﬁxfif;g“nde'dcldct (353, 1)

let the variables of integration ¢,, ¢,, ¢’ be changed to ¢}, ¢}, €, these being
functions of ¢,, ¢,, ¢’ such that de,dc,de’ = dcidc,de (cf. (3.52, 6)). Then

the integral becomes
[[[#:S1f 1808, %) dedc des,

Now ¢}, c3, e are variables specifying a certain encounter, namely, the
encounter inverse to that specified by ¢,, ¢;, ¢': and integration over all
possible values of cj, c;, e is equivalent to a summation over all possible
inverse encounters, or, since every encounter is inverse to another encounter,
over all possible encounters. Since ¢}, ¢;, @ are variables specifying an
encounter, ¢,, €y, ¢’ may be written in their stead; the variables ¢,, c,, €’
that specify the inverse encounter must then be replaced by c;, ¢, €
Hence the integral becomes equal to

I I f Pu(er, v, ) filer, 7, ) foley, 7, £) g15(g, X) de’ dey dey
or, in brief, to j f f P1fifagayade’ de de,. (3.53, 2)

From the equality of (3.53, 1) and (3.53, 2) that of the two expressions for
A, 9, at once follows,

3.54. Transformations of some integrals

The proof in 3.53 is independent of the nature of the functions ¢, f, and
similar arguments serve to establish a number of analogous analytical results
which we quote here for later reference.

First, if F, G,and ¢ are any functions of velocity, position, and time, such
arguments show that

Iff¢xFiG;8“1|d°'d¢1dcz = Hjﬁl",G,gaude'dcldc,. (3.5 1)
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In this equation replace ¢, by unity and F, by ¢, F,; then it becomes
[[[#1FiGigade’ de,des = [[[$:F, G, gande’deydey
From this equation and (3.54, 1) it follows that
I”¢1(Fx G, - F;G;)goyade’ dc, dc, = "”,”95;(1"1 G, - F1Gy)gay,de’ de, de,
= 3[[[(¢1 - $D)(F, Gy~ F; Gp) gasade’ deydey. (3.54, 2)

From (3.54, 2), omitting the suffix 2, the corresponding equation for
encounters between pairs of molecules m, is obtained; this is

f”‘ﬁx(ﬂ G- F;G")ga,de’ dc,dc
=}{[[($,~ 81 (F,G—F;G')ga,de’dc,dc. (3.54, 3)

Since ¢, and ¢ both refer to molecules m,, an interchange of ¢, and ¢ does
not alter the value of either integral. Thus, making this interchange on the
right-hand side of (3.54, 3), we have

[[[$(F,G - F;G')ga,de’ de,de = }[[[(¢ — ¢') (FG, - F'G})ga, de’ de, de.

Adding to (3.54, 3) this equation and two similar equations, in which
F,G - F,G’ on the left-hand side is replaced by FG, — F'G}, we get

[[[${(F.G+ FG,~F;G’ - F'G})ga, de’ dc, dc

=}fﬁ(¢+¢,—¢'—¢;)(FIG+FG,—F;G’—F'G;)ga,de’dc,dc.

, . (3-54, 4)
In this equation put F = G. Then

”f?sl(ppl —F'F))ga,de’ dc,dc
= H[f($+ 61~ &'~ $)(FF, - F'Fi)ga,de’ deyde. (3.54, 5)

3.6. The limiting range of molecular influence

The integration with respect to €’ in 3.51-3.54 was tacitly supposed to be
taken over all permissible values of e'; that is, since a;,de’ = bdbde, over all
values of & from o to 0o, and all values of ¢ from o to 277, But this statement
requires some qualification when applied to integrals such as (3.52, 2), since
such integrals become infinite if the range of integration with respect to b is
infinite. Some upper limit for b, representing the limiting range of molecular
influence, should really be taken; this distance might vary to some extent
with g, but with gases of moderate density it is usually considerably less than
the mean distance between neighbouring molecules. To make the distance
definite we may, for example, choose to ignore all ‘grazing’ encounters
during the whole course of which the deflection y of the relative velocity is
less than a very small angle é.

The value of the integral (3.52, 2) will depend entirely on the upper limit
chosen for b, but in such integrals as (3.51, 3, 5), (3-52, 9-12), where the
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integral contains a factor such as ¢, — ¢] or f} f3 ~1, /s, the case is different;
as b tends to infinity, ¢;, ¢y approach the initial values ¢,, ¢4, 80 that ¢;
becomes equal to ¢,, and f}f; to £, f;. It is found that, when the relation
connecting ¥,  and g corresponds to the laws of force that hold good in the
case of most actual gases, the larger values of b contribute very little to the
integral, and the result is not appreciably affected if, for analytical con-
venience, the integration is extended up to b = o,

Where this procedure is illegitimate (as, for example—cf. 10.34—when
the molecules repel or attract according to the inverse square law) b must be
restricted, and a discussion of the effect of encounters in which more than
two molecules participate is required. In this case, moreover, it is not true
(as was assumed in the derivation of Boltzmann's equation) that molecules
are appreciably influenced by forces of interaction only along a small portion
of their paths; hence the results derived from Boltzmann’s equation can-
not be expected to give more than the correct order of magnitude of the
quantities concerned.



4

BOLTZMANN’S H-THEOREM AND THE
MAXWELLIAN VELOCITY-DISTRIBUTION

4.1, Boltzmann’s H-theorem: the uniform steady state

Consider a simple gas whose molecules are spherical, possess only energy of
translation, and are subject to no external forces. If its state is uniform, so
that the velocity-distribution function f is independent of r, Boltzmann's
equation (3.1, 1) reduces to

I =[[orsi-1rrgmdede, 1)

after substituting for 2, f/?t from (3.52, 11).
Let H be the complete integral (that is, the integral over all values of the
velocities) defined by the equation

H = [finfde. 4.1, 2)
Then H is a number, independent of r, but a function of ¢, depending only
on the mode of distribution of the molecular velocities. Also

W [ (finpyde —f(x +inf) T de

= [[[a+mnuri-thrgnde dede, (4.9

by (4.1, 1). Hence, using (3.54, 5),
& ;fff(x +linf+1+lnf~1—Inf'—1-Inf})
x(f'f1—ffi)gx de’ dede,
= [[murirrsni-gmde dede,. ar.0

Nowln(ff,/f'f1)is positive or negative according as ff, is greater or less than
J'f1, and is therefore always opposite in sign to f'f| — ff;. Thus the integral
on the right-hand side of (4.1, 4) is either negative or zero, and so H can
never increase. This is known as Boltzmann’s H-theorem.
Since H is bounded below,* it cannot decrease indefinitely, but must tend
® This is so because H = — w only if [f In fdc diverges. The integra! [f. {mc*dc certainly
converges. since it represents the (finite) total energy of translation of the molecules;
hence if [fIn fdc were to diverge, —In f would have to tend to infinity more rapidly

than ¢* as ¢ —>c0, But this would imply that f tends to zero more rapidly than £, in
which case [f In fdc certainly converges.

[67)
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to a limit, corresponding to a state of the gas in which 0H/ot = o. By (4.1, 4),
this can occur only if, for all values of ¢, ¢,,

[fi=fh (4.1, 5)°
or, what is equivalent, Inf'+Inf] =Inf+Inf,. (4.1, 6)

Comparing (4.1, 1) and (4.1, 5), we see that, if dH/d¢ = o, then 3f/dt = o
also, 80 that the state of the gas is steady as well as uniform. Conversely, if
the gas is in a uniform steady state, not only must df/3t = o, but also, since H
depends only on f, dH/at = o, for which (4.1, 5) is necessary. That is to say,

thesolution ol [1(ri~ff)gmde dey = 0 )
is (4.1, §) or (4.1, 6).

Equation (4.1, §) implies that the number of encounters between mole-
cules with velocities in the ranges de, de,, such that the direction e’ of the
final relative velocity lies in the range de’, is equal to the number of inverse
encounters of a similar type that result in molecules entering these velocity-
ranges (cf. 3.52). This is expressed analytically by the equation

ffioq(g,X) dede’ de; = ffa:(g, x) de’ dede,,

which is satisfied in virtue of (4.1, 5) and the relation dedc’ dc; = de’ dede,
(cf. (3-52, 6)). Thus not only is the state of the gas steady, so that encounters
as a whole produce no effect, but also the effect of every type of encounter is
exactly balanced by the effect of the inverse process. This is an example of
detatled balancing, recognized as a general principle in statistical mechanics.}

Equation (4.1, 6) shows that In f is a summational invariant for encounters
(3.2). Thus it must be a linear combination of the three summational
invariants /9 of (3.2, 2), so that

Inf = ZaOYd = o 4 a®.mec —a®. Imc, (4.1, 8)
where, since Inf is a scalar, «® and a® are scalars and «® is a vector; all

three must be independent of r, ¢, since the state of the gas is uniform and
steady. This equation is equivalent to

Inf = a®+ m(a!Pu + oPv + aPw) — a®m(u + v? + w?)
= Ina® - o jm{(ss — &P [a®) + (v - aP[a®) + (s —aP/a)3,
where a® is a new constant. Thus, if C’ = ¢ —a®/ax™®,
[ =@t imc?, (4-1,9)
This result was first obtained by Maxwell, and a gas in the state defined by
(4.1, 9) may be said to be in the Maxwellian state.}

® Equation (4.1, s) first occurs in J. C. Maxwell, Phil. Trans. Roy. Soc. 187, 49 (1867);
Collected Papers, 3, 45.

4+ R. H. Fowler, Statistical Mechanics, p. 417 (1929), or p. 660 (1936).

$ The variable C’ of (4.1, 9) should not be fused with the peculiar velocity of a
molecule after collision, for which the same symbol C’ will later be used.
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The constants a®, a® and a® can be evaluated in terms of the number-
density n, the mean velocity ¢,, and the temperature T. First we have

n = [fdc = a®[e~=""imC"4C,

whence, on expressing C’ in terms of polar coordinates C”, 6, g,

® " 114
n=a® f Crre=s ime g f sinﬁddf dp
[1} [} 0

2n \}
= a(o) ("Tﬁ)) ,

using (1.4, 2). Again,
ne, = f cfde
= f («®/o® + C”) fdC’
= na®/a® + a"”f e~="*imC* ¢’ 4C’,

The second term vanishes because the integrand is an odd function of the
components of C'; hence ¢, = a®/a® and C’ is identical with C, the peculiar
velocity (2.2), so that (4.1, 9) takes the form

(3)
f= a®e—a® - §mC _ 4 (ma )'e—.m-gmcw.
2n

Finally, from the definition of temperature in the uniform steady state,
$kT = imC?

m
=;JC’fdc

= ’L’ (ln_xf‘) 'J.C’e‘“""""c‘dc
2\ a7
=3
20
by (1.4, 2). Hence a® = 1/kT.

Consequently (4.1, 9) is equivalent to

i
f= "(2:;:T) e~MOVUT (4.1, 10)

which is the usual form of Maxwell's velocity-distribution function.

It therefore appears that when the density, mean velocity, and temperature
of a uniform gas are assigned, there is only one possible permanent mode of
distribution of the molecular velocities, and that the actual mode, if different,
will tend to approach this mode.
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4.11. Properties of the Maxwellian state

The number of molecules per unit volume with velocities in the range ¢, de
is fde or fdudvdw. Hence the number of molecules per unit volume, in the
Maxwellian state, whose component velocities lie between the limits 4 and
%+ du, v and v +dv, and w and w + dw, may be written

n(m[2mkT)} e—imu—v kT Jy g—imiv—v®kT dy g—imo—10gBikT oy,

This indicates that the distribution of u is independent of the values of v, w;
thus the probability that the x-component of the velocity of a molecule lies
between given limits is independent of the value of the component per-
pendicular to Ox; the x-component is distributed about its mean value #,
proportionately to the Gaussian function

e—imiu—urkT

or e, where s? = Im(u —uy)}/kT.

Writing de = dC = C*sin8dCdfdp, and integrating with respect to 6
and ¢, the number of molecules per unit volume whose peculiar speeds lie
between C and C+dC is found to be

\ 4 $
(;’) n (%,) CremCtART 4, (411, 1)
which is proportional to s*e—**, where s* = mC?/2kT. Graphs of the two
functions e, s3¢~*" are given in Fig. 7. The first illustrates the distribution
of any component of the peculiar velocity, and the second shows that of the
peculiar speed C.

The mean value of any function of the molecular velocity for a gas in the
Maxwellian state can be found from the equation

m \bf  morr
i J' ¢fde = n (m) J' e dc.
If the function is of odd degree in any component U, ¥, or W of the peculiar

velocity, its mean value vanishes.
The mean value of the peculiar speed C is given by

m \} mCYkT
C= (mr) f CemCmT4C
_m N\ o movair
m 4 (zﬂkT) J.o Cle ac

- (% 4 (4.11,2)

by (1.4, 3)-
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The mean value of C? is given by
g 3T

m

(411, 3)

(cf. the definition of temperature in (2.41, 1)). The root-mean-square of the
peculiar speed is defined as equal to \/(C?). It is thus not equal to the mean
speed; in fact

J(C? = CJ(371/8) = 1-086C. (411, 4)
y
y=e"
y o= :xe*l‘
1 1 1 Il
0 05 1-0 15 20 2-5

Fig. 7
Another mean value needed later is that of the 2-component of the peculiar

velocity, averaged over those molecules at a given point for which this
component is positive; it will be denoted by .. Since the number-density

of such molecules is §n,
P, =f fwdc, (411, 5)
+

where the integration on the right extends over all values of C for which
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W > o. Hence, using (1.4, 2, 3),

w -z(—’”-)' * emunt gy [ e gy f " We-mvnast g1y
+ 2nkT) ) -w - 0

-(z_k_*
am

={C. (4-11,6)

The components of the pressure tensor (2.31, 3) can readily be found.
Since the mean value of any function of the velocity odd in U, V, or Wis
zero, the non-diagonal terms of the tensor vanish, while by symmetry

Prx =Py = Py = 1§ +Pyy +5,:)
=p=/nT, and p=hknTU. (4.11,7)

Hence in this case the pressure system is hydrostatic (2.32).

4.12. Maxwell's original treatment of velocity-distribution

The above law of distribution of velocities, (4.1, 10), was first given by
Maxwell*® for the case of a gas at rest. His original argument is of historical
interest, though not mathematically rigorous. He assumed that, as the com-
ponent velocities u, v, and w of a molecule are perpendicular to each other,
the distribution of one of these components among the molecules will be
independent of the values of the other components. Assume, then, that
F(u)du is the probability that a molecule should possess an x-component of
velocity between u and u + du, and that F(x) is independent of v, w. Then the
probabilities that its y- and s-components of velocity should have values
between v and v + dv, w and w + dw, are similarly F(v) dv, F(w) dw; hence if

f(u,v,w)dudvdw

denotes the number of molecules per unit volume whose component
velocities lie in the ranges du, dv, dw,

f(%,v,w)dudvdw = n F(u) du F(v) dv F(w) dw.

Now in a gas at rest there is nothing to distinguish one direction from
another; thus f(u, v, w) can depend on u, v, w only through the invariant
'+ v+ ot Thus

n F(u) F(v) F(w) = f(u, v, w) = $(ud+ v* + v?),
say. The solution of this functional equation is given by
F(u) = xe¥*,
S(1,0,w) = G(1d+ 02+ ut) = nxdeYori+vieud,
® J. C. Maxwell, Collected Papers 1, 397 ; Phil. Mag. (4), 19, 22 (1860).
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where X, Y are arbitrary constants; this agrees with the form derived above
for f, taking nx® = a®, vy = —{ma®.

The unsatisfactory feature of this proof is the assumption that the distribu-
tion of each of the three velocity-components among the molecules is
independent of the values of the others. As these three components do not
enter independently into the equations governing a collision, it would be
natural to suppose that the distributions of the components are not
independent.

On account of this defect, Maxwell* attempted a second proof, which was
also imperfect; he showed only that if in a gas the Maxwellian distribution of
velocities was once attained, it would not alter thereafter (since f'f; = ff,,
so that 9f/dt = o). Boltzmann first showed, by his H-theorem,} that the gas
would tend to the Maxwellian state. The demonstration was improved later
by Lorentz,} substantially to the form given above in 4.1. This proof also is
open to some objection, because of the assumption in 3.5 that there is no
correlation between the velocity and the position of a molecule. In very
dense gases it is, in fact, probable that the velocity of one molecule is related
to the velacities of other neighbouring molecules, in whose close proximity
it remains for some time by reason of the close packing of the molecules; but
for gases under ordinary conditions the assumption appears to be valid.§

4.13. The steady state in a smooth vessel

Maxwell’s form for f also applies to the steady state of a gas at rest in a
smooth-walled vessel under no forces.
Consider H,, defined by

Hy= [Hdr = [[fInfdcdr (413, 1)

(cf. (4.1, 2)), the space-integration extending throughout the volume of the
vessel. In the time-derivative of this equation,

oH, —”(me) / dedr, (413,2)

we substitute for 8f/d¢ from Boltzmann’s equation (3.1, 1), omitting the term
containing F, since F = 0. We thus have

5 _ff(l f+1)<—"—f—c —f) decdr

=jf(lnf+ x)Lfdcdr—ffc.mdcdf- (413, 3)

® J. C. Maxwell, Collected Papers, 2, 43; Phil. Trans. R, Soc., 187, 49 (1867).

t+ L. Boltzmann, Wien. Sitz. 66, 275 (1872).

{ H. A. Lorentz, Wien. Sitz. g8 (2), 127 (1887).

§ See ). H. Jeans, Dynamical Theory of Gases (4th ed.), pp. 59-64 (1925), and H. Grad,
Handbuch der Physik, ¢ol. 12, 218-33 (1958).

4 CMT
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The second term becomes, on transformation by Green’s theorem,
—[fenfinfdedS
or - f nc, InfdsS,

where ¢, is the component of ¢ along the outward normal to the element dS
of the surface of the vessel. Consider the contribution to this integral from
any element dS, which we may without loss of generality take perpendicular
to Ox, since the directions of the axes of reference are arbitrary. Since the
vessel is smooth, the molecules that leave are the same as those that strike it;
their x-components of velocity are exactly reversed, and their y- and 2-
components are unaltered. Hence near dS

J(—u,0,w) = f(u,v,w),
and so c,inf=ulnf=o.

Thus the contribution to the integral from this element vanishes. Since the
element dS is arbitrary, the integral as a whole vanishes.
It follows that

oH, o.f
73 —J.J.(lnf+ x)ﬁdcdr. (413, 4)
After substituting for 2,f/t from (3.52, 11), we may show, as in 4.1, that
oH,
o <

and hence that, when the state of the gas is steady (so that 9f/dt = o and
oH /ot = o), In fmust be a summational invariant, asin (4.1, 8). Consequently

2,f/ot = o, and \
apnf(-T kT
f=n (2nkT) e

the variable ¢ taking the place of C because the gas is supposed to be at rest.

The quantities #, T in this equation might conceivably be functions of r,
as the state has not been assumed uniform. But Boltzmann’s equation for f,
which now reduces to

¥ .
Cap =0

must be satisfied for all values of ¢; this implies that 7 and T are independent
of r.

When the walls of the vesse! are not smooth, no such simple proof that
Maxwell’s formula remains valid seems available.*

® On this point see R. H. Fowler, Statistical Mechanics, pp. 697-99 (1936).
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4.14. The steady state in the presence of external forces

We next consider the case when an external force mF acts on each molecule
(F being, as before, independent of the velocity ¢ of the molecule). Asin 4.1

f(1+lnj) ¥ 4e
=f(1+lnj)(%{— f Faf)

2(f1 1 1
=j( fa‘nf)—c.a(fa:f)—F. Wa:f)) de. (4.14, 1)
In the last term we have three components of the integral
oS!

f—(fa—:‘—f) dc (4.14, 2)
to consider. In the component

Af1nf)

f f f o dudvdw

an integration with respect to u gives

[l s

which vanishes since fInf must vanish when ¢ or any of its components
tends to + 0o. Hence the integral (4.14, 2) vanishes.

If the gas is in a smooth-walled vessel at rest, or if its density tends to zero
in all directions, it may be shown, as in 4.13, that the second term on the right
of (4.14, 1) contributes nothing to Hy, defined as before by

Hy = I Hadr.
Thus again it follows that 8H,/dt < o, and in the steady state 8,f/d¢ = o and
m \
f=n (m) e-mCNUT, (4-14, 3)

where C = ¢—c¢, and n, ¢,, T are independent of ¢ and ¢, but may now
depend on r.

To examine this dependence, we substitute from (4.14, 3)into Boltzmann's
equation (3.1, 2), which then reduces to 2f = 0. We use the form for Zf
given in (3.12, 2), since in (4.14, 3) f is expressed in terms of the peculiar
velocity C. Since the state is steady, D/Dt in (3.13, 2) may be replaced by
€, 9/0r. Hence, on dividing by £, Boltzmann’s equation becomes

dlnf 3lnf dInf 2Inf
€% TC%% {F (°ar) } 3C accar°‘°
(414, 9)

43
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Since Inf = In(n/TH) —mC?/2kT + constant,
dln f oln(n/TY) mC?* 8T 2In f mC
we have o tHTiE C - kT

Using these valucs, we can express the left-hand side of (4.14, 4) as the sum
of a part independent of C, and parts involving C to the first, second, and
third powers of its components; these must vanish separately, since the
equation is an identity in C.

The part of the third degree in Cis

mC -~ T _

kT o T
whence it follows that 2T/8r = o, that is, the temperature must be uniform
throughout the gas. Allowing for this, the part which is of the second degree

in C becomes

kTCC c,, =0,
. d
whence it follows that 5 C0=©
or e = o in the notation of 1.33. This implies that
g v, ow, duy, Owy _ wy  duy _ uy_ 00,

=0t 0 T,

dy ox oz o9y ox

= —— = = -9
=" B =T
The solution of these equations® is

Co=C +twAY, (414, 5)
where ¢’ and w are arbitrary constants. Thus the mean velocity of the gas at
any point is the same as the velocity of a rigid body moving with a screw
motion.

First consider the special case when ¢, = o. This ensures the vanishing of
the part of (4.14, 4) which is independent of C; using the conditions ¢, = o
and 8T/dr = o, the remaining part, of the first degree in C, becomes

dlnn mF
C'(“‘—ar -ﬁ).

Since this vanishes for all values of C,

dlnn _m

o = ﬁ,F. (4-14, 6)
The steady state is therefore possible only if F is the gradient of the scalar
function (kT/m)Inn, so that the field of force must possess a potential ¥',
satisfying the equation AT
Y= ——"Tlnn+const.

® Cf. A. E. H. Love, The Mathematical Theory of Elasticity, § 18 (1927).
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The density distribution is given in terms of ¥ by

n = nye YT, (4-14,7)

where n, is a constant, being, in fact, the number-density at points at which
¥ = o. Hence the complete expression for f is

m

P
= ""(znkT) eTmETLAT, (4-14,8)

This result was first given by Maxwell* as a deduction from his equation
(4.1, 5). Boltzmannt later gave the same result (apparently unaware that
Maxwell had already published it); his proof was based on the H-theorem,
and supplied a needed foundation for Maxwell’s deduction.

Consider next the case when ¢, does not vanish. Let Oz be taken as the
axis of the screw motion; then the components of ¢, are ( — wy, wx, ¢'), and

we find P o
(Co.g) €y = '5;9,

where ¥, = — o¥(x?+y%). (4.14, 9)

The equations obtained on equating the terms of first and zero degrees in C
to zero are now

c dlnn mF m &%, dlnn

( o kT VEl or ) =0 € =0 (41410

The first of these implies that F is again derivable from a potential ¥, and
that the number-density » is given in terms of ¥ by

n = nge~™¥+¥IRT, (4.14, 11)

Comparing this with (4.14, 7), we see that the effect of the motion on the
density-distribution is the same as if a field of centrifugal force, of potential
¥, acted on the gas.

Using this expression for n, and remembering that ¢,. ¥ /or = o, we
obtain from the second of equations (4.14, 10) the condition

Co- ; = 0,

expressing that the motion of the gas must at every point be along an

equipotential surface ¥ = constant. Thus if ® = 0 and ¢’ # o, ¥ does not

depend on z, and if ¢’ = 0 and w # o, ¥ must be symmetric about Oa: if

both ¢’ and w do not vanish, ¥ is constant along spiral curves with Oz as axis,
If the gas is enclosed in a smooth stationary vessel, the motions must

be consistent with the shape of the vessel: that is, the gas must in general

® J. C. Maxwell, Nature, Lond. 8, 537 (1873); Collected Papers, 3, 3s1.
t L. Boltzmann, Wien. Ber. 72, 427 (1875).
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be at rest, but if the vessel possesses symmetry about an axis a rotation
about this axis is possible,
When ¢’ = 0 and F = o the form of f is

i
£ o (o) <3P L= (mI2RT) {4 084 0+ 20y — )],

This form of the velocity-distribution function for a rotating gas was first
indicated by Maxwell.®

4.2, The H-theorem and entropy
For a gas in the uniform steady state the quantity H, defined by the equation

H= J'flnj'dc = ninf,
can be expressed in terms of # and T. For in this case
Inf=Inn+§in(m/2nkT)—mC32kT,
whence H = n{lnn + §In(m/2nkT) - §}

(cf. (2.41,1)). If the total mass of gas present is M, the volume occupied by
the gas is M/p, or M/mn. On integrating H through this volume, it follows

that H, = [Hdr = (Mjm){lnn+}In(mf2nkT) - }.
The entropy S of the gas (cf. 2.431) is such that
05 = Mle, T4 2

Since ¢, = 3k/2m in this case (there being no communicable internal energy),
and nV is the total number of molecules, which is constant,

8s = Mk (3. T _”_") '
m\2T =n
whence, on integration, we find
S = @m_k In(T¥/n) + const.;
M
thus S+kHy = ~ o {In(27k/m) + 1} + const.

The right-hand side of this equation is independent of the state of the gas;
hence, except for an additive constant,

S = —kH,,. (4.2, 1)
* J. C. Maxwell, Nature, Lond. 16, 344 (1877).
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This relation connects H, with the entropy® when the gas is in a uniform
steady state. For non-uniform or non-steady states there is no thermo-
dynamic definition of entropy, but the concept of entropy may be generalized
to such states, taking equation (4.2, 1) as the definition. Boltzmann’s
H-theorem, which shows that for a gas not in a steady state H, must
decrease, is a generalization of the thermodynamic law that entropy
cannot diminish. This association of H with S was indicated by Boltzmann
in 1872.

4.2]1. The H-theorem and reversibility

Suppose that at a certain instant the velocity of every molecule in a mass of
gas in a uniform state under no forces is reversed; the value of H or ninf
is unaltered by this process. The molecules will now retrace their previous
paths. Since, in general, 8H/dt < o before the change, one infers that
oH/ot > o after the change, which contradicts the H-theorem. Thus a
paradox arises.

The H-theorem is, of course, a probability theorem. Its proof depends on
probability concepts, e.g. in the definition of the velocity-distribution func-
tion and the calculation of the number of encounters of a given type. Thus
the theorem is to be interpreted as implying, not that H for a given mass of
gas must necessarily decrease during a given short interval, but that it is
far more likely to decrease than to increase. Even so, the theorem appears
inconsistent with reversibility, which implies that to every state of the gas
for which H is decreasing there is one for which H is increasing equally
rapidly.

The following considerations help towards resolving the paradox. The
argument leading to the expression for 2, f/2t assumes molecular chaos before
encounters, i.e. that the velocities of two molecules just before they collide
are uncorrelated. This is reasonable, because in gases at moderate densities
the two molecules will have come from regions far enough apart to rule out
the possibility of their having recently influenced each other. The velocities
of the molecules immediately after encounter are not, however, in the same
sense uncorrelated. If the velocities of all the molecules are suddenly
reversed, encounters are described in the reverse sense, and one is no longer
considering a state with molecular chaos before encounters. Thus the value
found earlier for 2H/t no longer applies. This in part resolves the difficulty;
on physical grounds, states characterized by molecular chaos before col-
lisions are far more probable than states deviating widely from such chaos.
® In Boltzmann's papers of 1872 and 1875, in which the H-theorem was introduced, he

used the symbol E (presumably because it is the initial letter of entropy) for what is

now denoted by H; S. H. Burbury (Phil. Mag. 30, 301 (1890)) seems to have intro-
duced the symbol H, though later he used B to denote an almost identical function.

Boltzmann used the symbol E as late as 1893, but in 1895 adopted the letter /; cf.
Nature, Lond. 139, 931 (1937).
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But the mathematical difficulty remains that to each state characterized by
molecular chaos there corresponds one (that with velocities reversed) not so
characterized.

The reversibility paradox can be related to another occurring in the kinetic
theory. Consider, for example, the following paradox relating to an atmo-
sphere in a steady state under gravity. Any one molecule has a constant
downward acceleration due to gravity, and since with the velocity-distribu-
tion of (4.14, 8) velocities in all directions are equally likely, collisions with
other molecules may impede, but will not completely destroy, the downward
motion of the molecule.* Hence the gas as a whole must descend; that is, it
cannot be in a steady state.

This second paradox is easily resolved. If the atmosphere is held up against
gravity, it must be held up by a surface, and collisions with this surface
interrupt the steady descent. To see how the steady state is maintained at
a level well above this surface, consider two neighbouring horizontal planes
A and B, of which 4 is above B. Because of the action of gravity it is more
probable that a molecule which at the beginning of a short interval is at 4 will
sink to B during that interval, than that a molecule initially at B will rise to 4.
As, however, the density of molecules is greater at B than at 4, the smaller
proportion of the molecules initially at B which rise to 4 can exactly balance
the larger proportion of molecules initially at 4 which sink to B. Hence each
molecule can tend to diffuse downward with a certain velocity, and yet the
mean velocity of molecules at a given point can vanish.

A comparison with the second paradox helps further to clarify the
reversibility paradox. The value of 9H/ 9t found earlier is, as it were, a velocity
of diffusion, analogous to that of a molecule at 4 in the preceding paragraph,
with which H tends to approach its minimum value as the actual state of the
gas varies among the different possible states. It may be negative, even
though the mean value of the * velocity’ 2H/dt for all possible states with a
given H is zero, provided that the possible states with a smaller value of H
are more numerous than those with a larger value, i.e. provided that smaller
values of H are intrinsically more probable than larger. This agrees with the
result of statistical mechanics that the Maxwellian function gives the most
probable distribution of the molecular velocities.}

4.3, The H-theorem for gas-mixtures; equipartition of kinetic energy
of peculiar motion

The velocity-distribution functions for a mixture of gases in a uniform
steady state under no forces may be obtained by a generalization of the
argument of 4.1. For simplicity, we consider only a binary mixture. By
analogy with (4.1, 1), the equations satisfied by the velocity-distribution

® Cf. 5.5, on the persistence of velocity after collision.
+ J. H. Jeans, Dynamical Theory of Gases (4th ed.), chapter 3 (1925).
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functions f,. fz are

0= -J.J.(f,f —hNgx de dc+j (f: F2—f1Fy) g,y de’ de,,

o= 52 = [[FiF - FiF)gasde de [ [(1iFi—fiFogande de,
(4-3.1)

where, for the present, f; has been replaced by F;, in order to emphasize the
distinction between the functions fy(c,, r,¢) and fy(c, r, t) for molecules of
the first kind, and the functions fy,(c,, r, t) and fy(c, r, ) for molecules of the
second kind: these are represented in the above integrals by f,, f and F,, F.

Multiply the first of equations (4.3, 1) by Inf,dc;, and the second by
In Fyde,, and integrate over all values of ¢;, ¢, respectively; then, on trans-
formation by (3.54, 2) and (3.54, 5) they become

Hf[(nfy+Inf=Inf; ~Inf)(f/f1 —ff,) gy de’ dede,
+3[[(nf, = Inf})(fiF3— £, Fy) ga1ade’ deyde, = o,
}[[(nFy+In F ~In F;~In F')(F'F; - FF,)ga, de’ dede,
+ }”f(lnl", —InF)(f1F;—f,F)g2zde’ de dey = o,
whence, on addition, we obtain
I[N 1 =11 g de’ dede,
+ éf” In(fi Fylf 1 F3) (f1F2 - f1F3) g2 de’ dey dey
+}f[[In(FF/F'F})(F'Fy— FF)gayde’ dedey = o.

In none of these three integrals can the integrand be positive, so that their
sum can be zero only if, for all values of the variables, the integrands vanish.
Hence for all types of encounter, between like or unlike molecules,

W =0ify hB=fiF, RF =FF, (43,2
and therefore Inf,, InF, are solutions of the three equations
VitV =¥i+y, ¥, =yi+¥;, V+¥=1+V. (43,3)
The first and third of these equations show that y,, ¥, are of the forms
Vi=aV+al . me,+ad dmel, Vy=al +ad . me,+afd. dmycd;

the middle equation then requires thataiP = a(b’ = a® (say); 2’ = af’ = a®
(say), to satisfy the equations of conservatnon of momentum and energy at
encounters of unlike molecules. Thus

Inf, = a’ +a®.myc, +a®. {m;ct = In A, +a®. ym, Z(u, —u,)?,
Infy = o'+ a®.mycy+a®. fmycd = In Ay +a®. dmy (g —u,)?,
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where A,, A, 4,, vy, w, are new constants. It may be shown, as in 4.1, that
U, Uy, W, are the components of the mean velocity of either constituent, and
80 of the mixture: and that the mean kinetic energies of peculiar motion of
molecules of the two constituents are the same, and equal to —3/2a®,
Hence, if 7 is the temperature of the gas, kT = —1/a®, and the velocity-
distribution functions f;, f; may be expressed in the forms

i
fimm (o) oo (-micyaiT),
e (43, 4)
fu=ma(522) exp(~msCYaAT),

The result that the mean kinetic energies of peculiar motion of molecules
of the different constituents are equal is a special case of the statistical-
mechanical theorem of equipartition of energy, referred to in 2.431.

The results of 4.13, 4.14 may also readily be generalized to apply to a
mixture of gases. Thus, for example, if the molecules of the two gases are
subject to fields of force of potentials ¥, ¥,, the velocity-distributions will
be given by equations of the same form as (4.3, 4) where n,, n, are given by

n = Nxe_'""'""kry ny = N’e—m‘l’.'kr' (4'3' 5)

N,, N, being constants,

4.4. Integral theorems; I(F), [F, G), {F, G}

To conclude this chapter certain integral theorems, similar to those of 3.54,
will be proved. Only 2 binary gas-mixture will be considered; the corre-
sponding results for a simple gas, also required later, are merely special
cases of these.

The velocity-spaces of the different sets of molecules will be regarded as
distinct domains; thus functions of the velocity may be differently defined
in the two domains. Let /® denote Maxwell's velocity-distribution function

]
fO=n (27::T) ¢-MOVT, (44 1)

where the suffix 1 or 2 must be appended to f™, n, m and C, while an accent,
as in f®, will indicate that the variable C’ replaces C. Then, by (4.3, 2),

A0 = O, SO LY =[O, ST = OO (44,2)
Let F be a function of the velocity defined in the first velocity-domain;
OV MI(F)= [[fO/%FAF-Fi-F)gmde'de.  (44.3)

The quantity I,(F) is similarly defined when F is defined in the second
velocity-domain. Again, if K is any function of ¢, and ¢, and K’ is the same
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function of ¢; and ¢, we write
mmIn(K) = [[[OfOK-K)gande'des, (44, 4)
nyng Iy(K) = Uf ("fi"(K - K')gayyde’ dey. (44 5)
Since F and K appear linearly in the above expressions,

(¢ +y) = ($)+ I(y), I(ad) = al(¢), (4-4,6)

where a is any constant, and I may have any of the above suffixes. The
functions I possess a certain similarity to 3,f/dt in being only partly inte-
grated, so that I(F), I,,(K) are functions of ¢,, while Iy(K), I(F) are
functions of ¢,.

Complete integrals related to these functions are defined as follows. First,
if F and G are functions defined in the first velocity-domain, we write

[F,G], = J‘Gl I,(F)de,. 447
Then, by (4.4, 2) and (3.54, 4),

[F,G), = %ﬁfjjf“’f[{‘”(F#F, —F'~F))(G+ G, -G’ - Gj)gax,de’ dede,,

(4.4, 8)
whence, by symmetry, [F,G), =[G, F),.

For functions F, G defined in the second domain, [F, G], may be defined in
like manner.

Again, when F, H are defined in the first domain, and G, K in the second,
let

[Fi+ Gy Hy+Ky)ys = fFI I,y(H, + K,)de, +fGa Iy(H, +K,)de,.  (4.4,9)
Then, by (4.4, 2) and (3.54, 3),

[Fy+ Gy Hy + Kylyy = — f j f O[O (F,+ Gy~ F,~Gj)

2n,ny

x (Hy+ Ky — H} - K3) gty de’ de, dey

= [H,+K;, i + Gyl (4-4, 10)

If n,, ny both refer to the same gas, so that a4 = a,, it follows from (4.4, 9)
th

* [ Gy + Gyl = [F, Gl (44 11)

These complete integrals bear a certain resemblance to the expressions
for A;$,, Ay@,. The following compound of them is likewise analogous

to A($, + Ba):
n*{F, G} = ni[F, Gly + mym[F, + K, G, + Gy)1a +n3[F, Gly, (4.4, 12)

where F and G are each defined in both velocity-domains, and n = n, +n,,
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On account of the linearity of these complete integrals in the functions
F, G, etc., relations typified by the following hold good for each of the
functions defined in (4.4, 7, 9, 12).

{F,G}={G,F}, {F.G+H)={F,G}+{F,H}, {F,aG)}=a{F,G),

. (44, 13)
where a is any constant.

In {F, G} and [F, G] the functions F, G may be either scalars or vectors
or tensors, 80 long as they are of like kind. The incomplete integrals I(F)
are of the same nature as F; the integrands in [F, G] and {F,G} are under-
stood to contain the scalar products of G and I(F).

If the functions F, G do not involve the number-densities n, or n,
explicitly, the functions /, and I;,, and the square-bracket expressions
[F, Gy, [Fy + Gy, Hy + K}y, ..., are absolutely independent of the number-
densities; the curly bracket expressions {F, G}, on the other hand, in general
depend on the concentrations n,/n, ny/n, though they also are independent
of the total number-density ».

4.41. Inequalities concerning the bracket expressions [F, G}, {F, G}
It follows from (4.4, 8) that

[F.FL = J' f f FOLOF 4 F,—F' - Figa,de’dede, > o, (441, 1)

since the integrand is essentially positive. Similarly, by (4.4, 10)
[Fi+Gu Fi+ Gy 2 o,

and so {F,F}>o. (4-41, 2)
The sign of equality in (4.41, 1) is valid only if
F+F, =F' +F,, (4-41, 3)

i.e. if F is one of the summational invariants 1/ of 3.2, or a linear combina-
tion of them. Thus, if F is a scalar quantity, the complete solution of the
equation I,(F) = o, which, by our definitions, has [F, F], = o as an im-
mediate consequence, is

F, =a"+af?.m,C, +a'E,, (4-41, 4)

where afV, af?, a are arbitrary magnitudes independent of ¢,, which may,
however, be functions of », ¢. Similarly

[(R+Gy F+ Gy =0
implies that F+G; = F1+ Gy,
and {F,F}=o0 (4-41, 5)

requires that
[F’F]l =0, [FI+I';'F1+F!]“ =0, [Fli']’ =0,



4.41] MAXWELLIAN VELOCITY-DISTRIBUTION 8S
and hence that
F+F,=F+F;, F+F=F+F, F,+F=Fy+F'. (4.41,6)
Thus, as in 4.3, if F is a scalar, the solution of (4.41, 5) is
F =al’+a®.m C,+o®E,, Fy=af’+a®.myCy+a™E,. (4.41,7)

The results (4.41, 1, 2, 3, 6) apply equally to scalar, vector and tensor func-
tions of the velocity.
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THE FREE PATH,
THE COLLISION-FREQUENCY AND
PERSISTENCE OF VELOCITIES

5.1. Smooth rigid elastic spherical molecules

The work of this and the following chapter refers to molecules that are
smooth rigid elastic spheres not surrounded by fields of force. In this case
the molecules affect each other’s motion only at collisions. The path of
a rigid molecule between two successive collisions is called a free path. For
non-rigid molecules an encounter has no definite beginning and end; the
concept of a free path then involves difficulties, and will therefore not be
employed.

Consider the collision of two molecules of diameters oy, o,; let
Oy ™= *(0’ 1+ 0").

The angle ¥ made by the relative velocity g,, with the direction k of the
line of centres of the molecules at collision can take any value between o and
n/2. The deflection ) of the relative velocity in the collision (see Fig. 5, p. 58)

is given by x=m—2y,

and so y takes all values from o to 7. Also, as in (3.44, 2), the encounter
variable b satisfies the equation

b= 013 CO8 iX:

whence, by (3.5, 4) oy = 1ol (5.1, 1)
Again, the angles y, € are polar angles giving the orientation of e’ about an
axis parallel to gy; thus de’ = sin ydyde. (5.1, 2)

5.2. The frequency of collisions

Consider collisions occurring between pairs of molecules m,, m, in a gas-
mixture at rest in a uniform steady state. The number of collisions per unit
volume and time such that ¢’ lies in de’ and the velocities of the colliding
molecules lie in ranges ¢,, dc,, and ¢,, dc,, is, by (3.5, §),

Sifagasde’ deydey
or, using the value of x,4de’ found in 5.1,

$/.fs g0 8in xdx dedc, de,,
(8]
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The total number of collisions occurring per unit volume and time between
pairs of molecules n1;, m, is obtained by integrating over all valuesof €', ¢y, ¢4;
thus it is N,,, where

Ny = Uf”flfz g0}, sin xdxdede, de,.

The integrations with respect to y and ¢ offer no difficulty. The limits of
integration are o and # for ¥, and o and 27 for €; hence, integrating and
substituting the forms for £}, f, appropriate to the uniform steady state,

_ mymy(mymy)l oty

(2nkT)? ”"XP {~(myc}+myc})/2kT)gde, de,.
(52, 1)

To evaluate this expression, the variables of integration are changed from
¢y, ¢, to the variables G, g,, introduced in 3.41. Then, by (3.41, 8),

N12

myc+mycd = my(G*+ M, M, g*).
Also, by (3.52, 5) the element de, de, may be replaced by dGdg,,, and so

mnyng(mymy) ot

Nyg = R [ [oxp (- mo( G+ M, My )/ 2hT)g dG digs

(5.2, 2)
On integrating over all directions of g,, and G, we get

_ 2nyny(mym) o,

Nie = =y

f i f ® exp {—m(G* + M, M, g%)/2kT} gG*dG dg.
0 [1]

Thus, using (1.4, 2) and (1.4, 3) to effect the integrations with respect to
G and g,

] 2 i (=
Nyg = 707k (SR % e (o M, Mygt/2hT) g2 (5.2,3)
2 mokT 0

amk Tmo) i

m,mg

(5-2,4)

= 2
= 2m Ny 0y (

5.21. The mean free path
Changing the suffix 2 to 1 in (5.2, 4), we get

Ny = 4nto¥(nkT/m)h. (5-21, 1)

The number of collisions between pairs of molecules m,, per unit volume and
time, is $/Vy,, because Ny, counts each collision between a pair of molecules
A, B (say) twice over, once regarding A as the molecule with the velocity ¢,,
and once as that with the velocity ¢,. On the other hand, the average number
of collisions of any one molecule of the first constituent, per unit time, with
similar molecules, is N,,/n;, not N,,/2n,, since each collision affects two
molecules at once,
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The average number of collisions undergone by each molecule per unit
time is called the collision frequency. Thus the frequency for a molecule m,,
for collisions with like molecules, is N,,/n,; for collisions with molecules m,
it is Nyq/n,, etc. The frequency for collisions of all kinds is

(N +Nyg+...)/my,

the number of terms in the bracket being equal to the number of con-
stituents in the mixture. The collision interval, or mean time between
successive collisions, is therefore 7,, where

Ty = mf(Ny+ Nygt+..) ) (5.21, 2)

The mean distance /; travelled by amolecule m, between successive collisions
in a given time ¢ is called its mean free path. This is found by dividing the
total distance n,¢,¢ travelled by molecules m, in this time by the total
number 7, /1, of their collisions; thus

b= &7 =&/ (Ny+Nyg+..).

From (4.11,2) & = C, = 2(2kT/nm)t. Using this and the values found
above for V,,, Ny, etc.,

h = 1/n{n 0%z + iy 0% (1 +my/my) + ...}, (5-21, 3)
In particular, if only one gas is present,
1= 1/mno®J2 = o-707/mnod, (s.21, 4)

Another kind of mean free path was used by Tait,* who defined it as the
mean distance moved by a molecule between a given instant and its next
collision. The calculation of Tait’s mean free path involves the evaluation
of an integral by quadrature; for a simple gas its value is

o-677/mnob.

5.22. Numerical values

For a gas at 8,T.P. the number of molecules in a cubic centimetre is approxi-
mately 2:687 x 10'. For hydrogen the molecular radius, found by com-
parison of the experimental values of the coefficient of viscosity with the
formula deduced on the assumption that the molecules are rigid elastic
spheres, is about 1:372 x 10-?cm.; the radii found similarly for other mole-
cules are of the same order, though in general somewhat larger. As the mass
of a hydrogen molecule is 3:347 x 10~3g,, the number of collisions (}Vy,)
occurring per second between hydrogen molecules in 1 c.c. at 8.1.P. is found
to be 2:05 x 10%, and the collision frequency is 1-§ x 10'%sec.~?; also the
mean free path of a hydrogen moleculeis 1-112 x 108 cm., and the meantime
between two successive collisions is 6-6 x 10~ sec.

® P. G. Tait, Trans. R. Soc. Edinb. 33, 74 (1886).
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The length of the mean free path docs not depend on the mass of the
molecule, nor on the temperature (unless the diameters of the molecules are
supposed to vary with the temperature; see 12.3). Thus, as the molecular
diameters for different gases are of the same order, the mean free path in any
gasats.T.P. is of order 105 cm., and so is several hundred times the diameter
of the molecule. This is the justification for the assumption of molecular
chaos made in 3.5: at the beginning of a free path which terminates in the
collision of two molecules, these are at a relatively large distance apart, so
that an appreciable correlation between their velocities is improbable.

The mean free path is inversely proportional to the density; thus in a
highly rarefied gas at, say, o-o1 mm. pressure, the free path is of order 1 cm.,
and so may be comparable with the dimensions of the containing vessel.
For a gas at a pressure of, say, 100atm., on the other hand, the free path is
comparable with the dimensions of a molecule; in this case the assumption
of molecular chaos may be invalid.

5.3. The distribution of relative velocity, and of energy, in collisions

The total number of collisions occurring in a gas-mixture, per unit volume
and time, between molecules m, and m, is, by (5.2, 3),

1o
Nua = myotamp (TE2)' [ exp(—mo M, My 2k D) de.
The element

mymy \1
mmot(ant (FIE8) exp(—moM, Myghi2kT)edg (53, 1)
of this expression represents the number of such collisions in which the
relative velocity g lies in the range dg. Hence the number in which g exceeds
an assigned value g, is
i pro
mm et (L) [ exp(-mo M, My gt/2hT)gds
0 e
If we write x = g \[(mg M, M,/2kT), xo = go\/(my My My/2kT), this integral

reduces to 2mm RT\} [®
2 (=== e~=' X3 dx,
4m ”a"'n( mlmzr) fr.
i
i.e. to 2n,n,0%, (3’_’_".‘951‘) eTa(x3+1). (5.3, 2)
mymg

In the theory of activation of gas reactions it is sometimes assumed that a
reaction between two unlike molecules occurs at collision in a certain pro-
portion of those cases in which the kinetic energy relative to their mass-
centre exceeds a critical value E,. As the kinetic energy in question is
dmy M, M, g* (cf. (3.41, 8)), the number of encounters per unit volume and
time for which it exceeds E is given by (5.3, 2), provided that

Ey = dmy M, M, g} = kTx}. (53, 3)
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We can also use (5.3, 1) to find the mean value of any function ¢(g) of the
relative velocity g averaged over all collisions. This will be @, where

{ (o
N1 (g) = mynyoly(2m)i (m, a) J:) exp(—mqo M, M, g%/2kT)g*ddg.
(53, 4)

In particular, if ¢(g) = dmy M, M, g* = E', the initial or final kinetic energy
of a pair of colliding molecules relative to axes moving with their mass-centre,

i~
NuuE' = mmrtfam®(T2)' [ “exp (- mo My, /24T iy M, g

ELLN
= 4M Ny 0y mym

™)'y,
whence, substituting for Ny, from (5.2, 4),
E' = ymg M, M, g* = 2kT. (53, %)

This may be compared with the average kinetic energy (3kT) for such pairs of
colliding molecules, relative to axes with respect to which the gas is at rest.

5.4. Dependence of collision frequency and mean free path on speed

The number of collisions occurring during d? between pairs of molecules
m,, my, such that ¢,, ¢y, X, € lie in ranges dc,, de,, dy, de is

dt.}1,fe g0t sin xdxydede, de,.

The total number of such collisions during dt such that ¢, lies in dc, is found
by integrating over all values of ¢,, ¥, €; it will be proportional to dt, and to
the number f;(¢,) dc, of molecules m, within the given velocity-range. As is
shown below, it is independent of the direction of ¢,. Hence this number may
be denoted by P,y(c,)f,de, dt; the function Py4(c,) thus signifies the average
number of collisions per unit time per molecule of speed c,, with molecules of
the second kind. It is called the collision frequency for a molecule m, having
the speed ¢, with molecules m,.
Dividing by f, dc, dt, we obtain

Pylcy) = }mf:gtf}.sinxdxdedcr

The integration with respect to ) and ¢ is simple, the limits being o and
o for ¥, and o and 27 for €; thus

Piyler) = "Ugiffagdcr (5-4, 1)

Let ¢, be expressed in terms of polar coordinates ¢, 0, ¢ about ¢, as axis;
then de, = c}sinfdcydfdep, and

&' = ci+ci—2c,c4c086. (54 2)
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Hence, on integrating with respect to ¢ between the limits o and 2, we get
Fglc) = 2”""'%2”.&8‘3 sinfdc,d6. (54, 3)
In this we change the variable of integration from @ to g; then, by (5.4, 2)
gdg = ¢,cysin 040,
and the limits of g are ¢; ~ ¢; and ¢, +¢;. Hence

J.gsinﬁde = ——‘—fg’dg
= 37’; {er+c)* (e ~ &)}
= E (ei+e) if o>,
or = —3—(3c§+c§) if ¢> ¢
3¢eq
Using this result in (5.4, 3), and substituting the value of f,, we obtain
my \
Pig(e)) = §miny 0%, (_‘ﬁ.)
x lcl f " exp (= mycl/2kT)cl(ch+ 31 de,
1J0
+[ exp(-melfakT) st + ) des.
[
The second integral is equal to .
exp (—myc}/2kT) (m,c, 3) (

the first, after two integrations by parts, reduces to

om0 (5+3) o2 () ()

xf exp ( —mycd/2kT)dc,.
0

T) {exp( moc}/2kT) +— (m,c§+l)

x f exp( -m,cg/zkr)dc,}.
0
In terms of the error function Erf(x)* defined by the equation
Bif() = [ vy, (5.4 4)

® The notation is that of E, T. Whittaker and G. N. Watson, Modern Analysis, 4th ed.,
footnote to p. 341.

Y
my ]’

Thus

Pifc) = my "'fn(




92 THE FREE PATH, THE COLLISION FREQUENCY {54
]
wehave  Pye) =moh () e+ @t UDEE@  (54.9)

where x = ¢, /(my/2kT). (5.4, 6)

The frequency P,,(¢,) of collisions of the molecule with molecules of the
same kind is given by a similar expression; and the total collision frequency

of the molecule is Pye;) = Py(er) + Pgfer) + ...
Hence the collision-interval 7,(c,) for molecules of speed ¢, is given by
1/1(cy) = P(ey) = Pyy(er) + Prglcr) + ..., (54,7

and the mean length /(c,) of their free paths is equal to ¢,7,. In particular,
when only a single gas is present

L(e) = o/P;,

= x/min, o} E(x), (54, 8)

where E(x) denotes the function
E(x) = xe~'+ (2x* 4+ 1) Erf (), (5-4, 9)
and x is now given by x = ¢1J(m,/2kT). (5-4, 10)

Values of E(x) have been tabulated by Tait.* Using his table, a table
giving the ratio /(c)/l is obtained which is given below.}

Table 2
cle x? {05114

° o o

21 o080 0'3448
o's o318 06411
0627 o5 07647
0-886 t 09611
10 1-273 10257
1-2§3 2 1°1340
1°53§ 3 1-2127
1773 4 1"2573
2 5003 1-2878
3 11°459 1:3551
4 - 1:3803
] - 1-3923
6 - 1-3989
© L3 1'4142

® P. G. Tait, Trans. R. Soc. Edinb. 33, 74 (1886).
¢+ This table is taken from O. E. Meyer's Kinetic Theory of Gases (Longman, 1899),
p. 429.
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5.41. Probability of a free path of a given length

Let p(I', ¢;) denote the probability that a molecule moving with a speed ¢,
shall describe a free path at least equal to an assigned value /. The probability
that it should undergo a collision while travelling a further distance dl’ is

(d'[e) Pycy) = dl'[ly(cy)-
Hence the probability p(I’ 4 dl’, ¢,) that the molecule describes a free path at
least equal to I’ +dl’ is Al e) {1 —dl'fle,),

andso gl (1—dlfier) = pil ) +ar B,
olnp(lie) 1
whence =TIy
Integrating, and using the fact that p(o, ¢,) = 1, we find that
', cy) = e e, (541, 1)

The probability p(I') that a molecule of any speed should describe a free
path at least equal to I’ is not e, because of the variation of the collision
frequency with speed. Jeans® has found by quadrature that for a simple
gas, over the range of I’ for which p(!') is appreciable, it never differs by more
than about 1%, from e~1%¥, which is the value for molecules moving with
speed (/m)é/2.

It is clear from (5.41, 1) only a very small proportion of molecules have
free paths many times as long as the mean free path.

5.5. The persistence of velocities after collision

After a collision with another molecule the velocity of a given molecule will,
on the average, still retain a component in the direction of its original motion.
This phenomenon is known as the persistence of velocities after collision.
As a consequence, the average distance traversed by a molecule in the
direction of its velocity at a given instant, before (on the average) it loses its
component motion in that direction, is somewhat greater than its (Tait) mean
free path.

The collision frequency for a molecule m,, having the speed ¢,, in collisions
with molecules my, is Pyy(c,); for the particular set of such collisions in which
the velocities of the latter molecules lie in the range ¢,, dc,, and y, € lie in
ranges dy, de, the collision frequency is

1/, g0ty sin xdydede,.

Let &}(c,) denote the mean velocity, after collision, of molecules m, which
before collision have the velocity c,, the average being taken over collisions

® ). H. Jeans, Dynamical Theory of Gases (4th ed.), p. 258 (192s).
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with molecules m, for all possible values of ¢4, ¥, €; then

= 1 , .
zi(e) = o [ [ [ cigotusinxaydede,
or, using (3.51, 4),
- 1 , .
zite) = o3 [ [ [Aer+ Mg - giangotusinxdydede,
The components of g;, parallel and perpendicular to g,, are g cos x, gsin x.

As ¢ varies, the second component rotates about g,,; hence its integral with
respect to € is zero, so that

€i(ey) = _J.ff:{cx"'leu(l ~cos x)}gotssin xdxdc,.

The integration with respect to x between the limits 0 and  is elementary,
and yields the result

- "
zi(e) = g [ lev+ Mugndeatide, = 1 [ 10,1+ Myegotden

or, using (5.4, 1),

tie) = M, ¢, + "J‘f:‘-': gdc,.

The integral may be evaluated by the method used in 5.4, expressing ¢,
in terms of polar coordinates ¢,, 6, ¢ about ¢, as axis, On integration over all
values of ¢, the component of ¢, perpendicular to ¢, vanishes; as the com-
ponentinthe direction of ¢, is ¢y cos 8, the mean value of ¢} is wy4(c,) €,, where

@yslcy) = M+ 2Mym cr,,J‘ f, cos fgc} sin fdc, db.

The quantity my,(c,), which is the ratio of the mean value of the velocity of
a molecule after collision to the velocity before collision when the latter
velocity is of magnitude ¢,, may be termed the persistence-ratio for molecules

of speed c,.

On changing the variable of integration from ftog, as in 5.4, it follows that

jgcosOamﬂdo J'Mc' d+d-gedg

2,6 G40y

2¢ .
= E:'}(Ca-scf) if ¢,>¢

2¢ .
= !—sé(c}—sc;) if ¢g> ¢
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The expression for my(c;) accordingly reduces to

41‘{25711)0'12 J‘ fz (t‘a 5c2)de, + ff,c,(c, Sc’)dc,}

(5:5.1)

The second of the integrals in the bracket can be evaluated in finite terms,

and the first integral can be expressed in terms of the error function Erf(x)
of (5-4. 4); on so doing, the value of wy,(c,) is found to be

wyle)) = My + n,Mzo',, (znkT) {

where x is given by (5.4, 6).

The value of mwy4(c,) given by (5.5, 2) varies between M, — M,/3 and M,
as x varies between o and o, i.e. as ¢, ranges from o to co. For collisions
between like particles, for which M, = M, = 1, w,4(c,) lies between $ and }.

oy(c,) = M, +

! ‘xj" Erf(x)} ,
(5.5, 2)

5.51. The mean persistence-ratio

An expression for wy,, the mean value of w,,(c,) averaged over all values of
¢,, may be derived as follows. The number of molecules m; per unit volume
whose speeds lie between ¢, and ¢, + de, is 47f, ¢} de, ; the number of collisions
per unit time with molecules of the second gas in which these molecules
participate is 47f,cidc,.Py,. Hence, by (5.5, 1), as the total number of
collisions between molecules m, and m, per unit time is /V},, the mean value
of w,(c,) averaged over all possible collisions is given by

Nuws = M, [ anfictPade,+

([T e[ rG-sddest [ feset-scd i de).
[ 0 1 e
or, since N,, = fw 47fy 3Py dcy,
0

16M, 7,

15Ny

o r 4 ©
<([ra] [ nG@-sdess [ faeel - sciydes) dey).

0 0 1 o0

On inserting the known expressions for fy, f;, and Ny, (cf. (5.2, 4)), this
becomes

16M, mol,

by wy=M+

SmEMIM3 [ (= [ o
@10 = Myt oo |, J. o0 (= Omel e mel)2hTY2 (- s deyde,

+J-:fm exp{—(myc+myci)/2kT}eley(ci~ SC’)dc.da)
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In this write ¢, = 6c, ; then
3 @
o1 -M.+§’s%——’(‘:';’,”;,{ [ 10v0102-9)a0+ [ 16003 - sm as),
where 16)= f : exp {— cl(m, + my6%)/2kT) clde,

=15\/11( 2kT )i
16 \my+m6 °

' 646 —5)d6 (= O(x—567)db
oo o= M g 5l [ o)

whence, on evaluating the integrals,
@y = 1M, + IMIM; Hin (M} + 1)/MY). (5.51,1)

The value of @y, given by this equation increases from zero to unity as
m,/m, increases from zero to infinity; its value for the collisions of like

.11
molecules, when M, = M, = §, is -+ In(x +42), or 0-406. For the
1 1=} FRw (1 +4/2) 406. Fo

encounter of heavy molecules with light molecules, the persistence ratio
for the heavy molecules is nearly unity, and that for the light molecules
nearly zero: this implies that, as might be expected, the heavy molecule
continues its path nearly undisturbed, while the light molecule bounces off
in a direction unrelated to that of its previous motion.



6

ELEMENTARY THEORIES OF THE
TRANSPORT PHENOMENA

6.1, The transport phenomena

The phenomena of viscosity, thermal conduction, and diffusion in non-
uniform gases represent tendencies towards uniformity of mass-velocity,
temperature and composition. The kinetic theory attributes these tendencies
to the motion of molecules from point to point. This tends to equalize
conditions at the two ends of each free path, by transporting to the further
end an average amount of momentum and energy that is characteristic of
the starting-point. Hence we may speak of the phenomena in question as the
transport phenomena, or the free-path phenomena.

It was shown in Chapter 4 that a gas in a uniform steady state has a
Maxwellian velocity-distribution function. When the gas departs slightly
from a uniform steady state, Maxwell’s function gives a first approxima-
tion to the actual distribution of velocities. Thus the results of Chapter §
are still approximately true; they may therefore be used in obtaining
approximate expressions for the coefficients of viscosity, thermal conduction
and diffusion in a gas composed of rigid elastic spheres of diameter o.

6.2. Viscosity

Consider a simple gas, uniform in temperature and density, moving parallel
to Ox with a mass-velocity u, which is a function of z alone. Thus the gas is
in laminar motion parallel to 2 = 0, and wy = 0, w = W.

Consider the rate of transport of x-momentum across unit area of the
plane z = o. The number of molecules crossing this area in unit time from
the negative side (that on which =z is negative) to the positive side is

J‘+wfdc = f+ Wfdc,

the integration extending over all values of C for which W is positive.
Similarly, the number crossing from the positive side to the negative is

[_(-wysde = [ (-wsac,

the integration extending over values of C for which W is negative. Since
the gas has no mass-velocity paralle]l to Oz, these two numbers are equal.
Their value, to a first approximation, is }nC, the same as for a gas in a
uniform steady state (cf. (4.11, 5, 6)).

1971
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The mean x-velocity of molecules crossing the area from the negative
side to the positive is not the value of u, appropriate to the plane s = o, It
corresponds to the mean layer in which their free paths began, or, if allowance
is made for the persistence of velocities after collision, to a somewhat more
distant layer. Thus their mean x-velocity is that of a layer 3 = —ul, where
1is the mean free path of the molecules, and u a numerical factor of order
unity. Their total x-momentum is

}”c “M(Ug);m s
or, as /is usually very small compared with the scale of variation of the mass-
properties of the gas, 2
3pC (u, ~ul 729) ;

the values of u, and du,/dz here refer to the plane 5 = o.

Similarly, the mean x-velocity of molecules crossing the area per unit time
from the positive side to the negative is that corresponding to = +ul, and
their total x-momentum is

100 = 10T (0 01 52).

ty and 3u,/@z in the last expression again referring to z = 0. Thus the net
rate of transport of ¥-momentum across unit area of the plane z = o from
the negative side to the positive is

1pC (uo—ul%uf) ~}pC (uo+ul%uz9) = —}upCIaa—“;.

This momentum transport is equivalent to a force of this amount per unit
area, exerted parallel to Ox, by the gas on the negative side of z = o, upon
the gas on the positive side. According to the usual definition of the coefficient
of viscosity g, this force is — y du,/0z. Hence

p = JupCl = 5 LomT), (6.2,1)

n

by (4.11,2) and (§5.21,4). The value of u is found (cf. (12.1,6)), by the
exact methods described later in the book, to be 0-17927t or 0-998.

6.21. Viscosity at low pressures

In a gas at a sufficiently low pressure the mean free path is comparable with
the dimensions of the containing vessel; this produces an apparent diminu-
tion in the viscosity of the gas. Consider as a typical example of this pheno-
menon the motion of gas between two infinite parallel walls 2 = cand z = 4,
the first of which is at rest, while the other moves parallel to Ox with speed ¢,
the motion of the gas being supposed due solely to that of the walls, and not
to imposed pressure-gradients. Let g,, g, denote the mean x-velocities of
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molecules just before striking and just after leaving the second wall; then
the mean x-velocity of the gas at this wall is §(g, +¢;)-

Experiment indicates that some of the molecules striking the moving wall
enter the material, and later leave it with the temperature of the wall, and
a mean x-velocity equal to its velocity ¢. The remainder are reflected
elastically. The proportion 6 of those that enter depends on the nature of
the wall and the gas, and on the condition of the surface of the wall. The
mean x-velocity of molecules leaving the wall is a weighted mean of ¢, (for
the elastically reflected molecules) and ¢ (for those that enter the wall) in
the proportion 1 — @ to 8; that is,

9 = (1—0)q,+6g. (6.21, 1)

Now, as in 6.2, the value of g, is equal to the mass-velocity of the gas at a
distance ul from the wall, which differs from that at the wall by ul(du,/92),
where 2u,/2z denotes the (constant) gradient of the mass-velocity of the gas.
Thus o
= Y +q) -l (6.21, 2)

On combining (6.21, 1) and (6.21, 2) we find
_2-0 o,
Hatgq) = 4-7“173'.

so that the gas near the wall is slipping along the wall with a speed

%9 ul ?: (6.21, 3)

There is a similar speed of slip at the other wall; hence the difference between
the mean velocities of the gas near the two walls is

The viscous stress transmitted by the gas is s 8u,/2z per unit area. In the
absence of slipping at the walls this would be equal to xq/d; if it be denoted

by #'q/d,
= ,ud/(d+zul——-) (6.21, 4)

The effect of slipping at the walls is that the apparent viscosity, ', of the
gas, is smaller than the true viscosity x. The reduction is very small for
ordinary pressures, but for pressures so small that I becomes comparable
with d it is very pronounced.
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The above discussion fails when [ exceeds d, since molecules pass direct
from one wall to the other, and the transport of momentum ceases to be a
free-path phenomenon. In this case experiment shows that 4’ decreases to
zero with the pressure.®

6.3. Thermal conduction

The simple theory of thermal conduction is similar to that of viscosity. We
consider now a simple gas at rest, whose temperature T is a function of z;
itis required to find the rate of flow of heat across unit area of the plane s = o.

Let E denote the total thermal energy of a molecule; then E, the mean
thermal energy of molecules at a given point, is a function of T, and so of z;
also, as in 2.43, the specific heat ¢, of the gas is given by the relation

C, = HiT(g) . (6.3, 1)

The number of molecules crossing unit area of the plane 2 = o from the
negative side to the positive in unit time is }nC, as in 6.2. Each of these
carries with it thermal energy equal, on the average, to the value of E, not
at the plane 3 = o, but at ¥ = —u’/, where I is the length of the free path, and
u’ is another numerical constant which, like u (cf. 6.2), is of order unity. Thus
the total thermal energy which they carry across s = o is

ICE)p = InC (E —wl gg ) ,

where, in the last expression, E and 9E/2z refer to » = o. Similarly, the
total thermal energy carried by molecules that cross unit area of the plane
z = 0 from the positive side to the negative is

$C(Bhsq = 00 (E+u15E)

where again E and 9E/2z refer to z = 0. Thus the net rate of flow of thermal
energy across unit area of the plane z = o from the negative side to the

positive is . oF oF
., OF
=—}nCula—z-
vy 0T
=—}mnC‘uIc,$,

by (6.3, 1). In the theory of the conduction of heat this rate of flow is written
— A 3T/az, where A is the coefficient of thermal conduction of the material.

Accordingly A= {pu'lCc,, (6.3, 2)

® W. Crookes, Phil. Tyans. 173, 387 (1882). See also M. H. C. Knudsen, Kinetic Theory
of Gaset (Methuen, 1946).
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whence, by (6.2, 1), A = fuc,, 6.3, 3)

where f is a new numerical constant, equal to u’/u.

The constant u’ of this section is not equal to the constant u of 6.2, because
of the correlation between the energies of molecules and their velocities;
molecules possessing most energy are in general the most rapid, and there--
fore possess the longest free paths. In consequence, u’ is in general greater
than u, and f is greater than unity. For the transport of internal energy,
however, which is but slightly correlated with the molecular velocity, an
equation similar to (6.3, 3), with f roughly equal to unity, may be expected
to hold ; the symbols A and ¢, now refer to the coefficient of conduction, and
the specific heat, of the internal energy. In general, the larger the ratio of
internal to translatory energy, the smaller is f.

It is immaterial, in the formulac of this section, whether thermal energy is
measured in thermal or mechanical units; the effect of a change from one
set of units to the other is that E, ¢,, and A are all multiplied by the same
factor.

6.31. Temperature-drop at a wall

Just as the mean velocity of gas near a moving wall differs from that of the
wall, so there is a difference between the temperature of 2 hot body and the
gas that conducts heat away from it. This temperature-difference is, by
analogy with (6.21, 3), equal to

2-60 , 2T
"—0—- u 15, (6.3!, l)

where 8T/2z denotes the temperature gradient near the body.

One method of measuring the thermal conductivity of a gas is to determine
the loss of heat through the gas from a hot wire of small diameter. In such
experiments the temperature-drop at the surface is usually very important.

6.4. Diffusion
Consider a binary gas-mixture, uniform in temperature and pressure, whose
composition varies with 2. If n,, n, are the number-densities of the two gases,
then, as the pressure is uniform,
o &(ny + ny)
e

whence —— =, (6.4, 1)

We assume that the pressure remains uniform as diffusion proceeds in the
mixture; this is very nearly true.

The number of molecules m, crossing unit area of the plane z = o from the
negative side to the positive in unit time s }», C,, as before: in this expression
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ny no longer refers to z = o, as the gas is non-uniform, but to z = —u, J,, say.
Since collisions between pairs of molecules m, do not directly affect the mean
diffusion velocity @,, [, is taken to be the mean free path of molecules m,
between successive collisions with molecules m,; u, is a number of order
unity. The number of molecules in question is thus

on
1iMlemms, = 11 (m-wih ).
The number of molecules m, crossing unit area of 3 = 0 in the opposite
direction per unit time is similarly
on,
1Cy (M1)muyz, = iC, ("1+“1 122 )

Hence the net number-flow of molecules m, per unit area and time across
z = o from the negative side to the positive is

on on on
iC, ("1—“1113;‘) -1C, ("1"'“111—5;1) = "*“chla_;o

Similarly the net number-flow of molecules m; per unit area and time
across 3 = o in the opposite direction is, by (6.4, 1),

on
_iutllcl—a_;’

where [, is the mean free path of molecules m, between successive collisions
with molecules m,, and u, is another number of order unity. This does not
balance the number-flow of molecules m,; however, to ensure that the
pressure remains uniform there must be no resultant flow of molecules. It is
therefore necessary to assume that the first trace of a pressure difference in
the gas immediately produces a mass flow of the gas, with a velocity

(1w, Gy~ fuyy Cx) 8
just sufficient to counter the resultant number-flow. When this mass-flow is

taken into account, the number-flow of molecules m, becomes

_i”z“xlxcl'*' im0y, Cy ony
"1‘*'”’ 32’

ﬂ+1l

the number-flow of molecules m, is equal in magnitude, but opposite in
direction. We write the two as — Dy, 0n,/2z and — D,49n,/0z, where D, is
called the coefficient of mutual diffusion of the two constituents in the

mixture. Then _ Yngu, [, Gy +myu,ly C,)
P (6.4, 2)

11

In (6.4, 2), I, and [, are respectively inversely proportional to n, and n,;
thus (6.4, 2) implies that D, is inversely proportional to the total pressure,
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whereas the coefficients of viscosity and thermal conduction are independent
of the pressure. This result agrees with the exact theory, which shows,
however, that D,, varies somewhat with the proportions of the two gases in
the mixture (cf. 14.3). Thusu,, u, must be supposed also to depend somewhat
on the proportions.

When the two gases in the mixture are identical, the process under con-
sideration is the diffusion of certain selected molecules of the gas relative to
the rest. In this case D, is replaced by Dy,, which may be termed the
coefficient of self-diffusion of the gas; since now nyly = m,ly = (n,+m,)l,
where /is the free path when all the collisions are taken into account, we may

write Dy, = }u,,IC. (6.4, 3)
Hence, by (6.2, 1), Dy; = uy p/p, (6.4, 4)

where uj, denotes a new numerical constant of order unity.

In a gas-mixture, diffusion can also arise as a consequence of a temperature
gradient. No really satisfactory simple theory of this ‘ thermal diffusion’ can
be given, employing only the simple free-path ideas of this chapter. The
reason is that thermal diffusion is an interaction phenomenon, arising from
the processing by collisions of the heat-flow which is the immediate conse-
quence of the temperature gradient. Similar remarks apply to the inverse
‘diffusion thermo-effect’, in which diffusion due to inhomogeneity of
composition is found to be accompanied by a heat flux in a gas-mixture
initially at uniform temperature.

6.5. Defects of free-path theories

The free-path formulae derived above depend on the undetermined numbers
u, u’, uy, Uy, f, uy;, ug,. Elementary arguments are often used to derive rough
values for these numbers. Implicit reliance on the formulae so obtained may,
however, lead to serious difficulties, especially in the theory of diffusion.*

Better estimates of the numbers can be obtained by taking successively
into account such factors as the difference between the lengths of the free
paths of different molecules, the persistence of velocities after collision,
and so on. This is the plan adopted by Meyer and others.t Even in its most
refined form, however, this mode of attack leads to somewhat inaccurate
results, and the precise magnitude of the error has to be found by other
methods. Also the free-path methods apply only to rigid spherical molecules.
Similar objections apply to other approximate theories, such as those
described later in this chapter. To obtain reliable results, it is better to
proceed by evaluating the velocity-distribution function, as in the later
chapters of this book.

® See S. Chapman, ‘On approximate theories of diffusion phenomena’, Phil. Mag. 8, 630
(1928).

t Cf. O. E. Meyer, Kinetic Theory of Gases, or J. H. Jeans, Dynamical Theory of Gases,
chapters 11~13.
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6.6. Collision interval theories

A rather different kind of approximate theory is based on the collision
interval 7 instead of the free path.* Consider a simple gas under no forces.
As was shown in Chapter 4, collisions cause the velocity-distribution func-
tion f to approach the Maxwellian value /' corresponding to the local values
of n, ¢g and 7. The collision interval theory assumes, as its basic approxima-
tion, that during a time d¢ a fraction dt/r of the molecules in a given small
volume undergo collisions, which alter their velocity-distribution function
from f to f®. This is equivalent to assuming that the rate of change 9, /2t of
f due to collisions is — (f— f®)/r, so that the Boltzmann equation becomes

f ¥ __I-

-ai +c. 2r T
Because of the smallness of 7 this equation implies that, in a gas whose state
is not varying rapidly with time, f —f® must be small. Replacing f by /@ on
the left of (6.6, 1) we findt

_ o
f=f“”-1—5t——cr.-¥. (6.6, 2)

Foragas of uniform density and temperature, streaming parallel to Ox with
a mass-velocity u, which is a function of zalone, equation (6.6, 2) becomes

(6.6, 1)

du, o™
= O _gpr 0
e (6:6,3)
The viscous stress in the x-direction across a plane = = const. is
Pu= f m(u — uy) wfde. 6.6, 4)

Substitute for f from (6.6, 3); then, since f©@ is an even function of 1 —u,,
(6.6, 4) reduces to p,, = — s du,/0z, where

p= fjm(u—uo)w’-%f(:)dc

- &i«o {‘r J' m(u—ug) w’f“”dc’ +1 f mutfOde,
The integral in the brackets vanishes, the integrand being an odd function of

® Such theories, used in the theory of ionized gases for a number of years, have attained
wide vogue through the work of P. L. Bhatragar, E. P. Gross and M. Krook, Phys. Rev.

94, S11 (1984).
t+ The exact solution of (6.6, 1) is

©
Sf= fo et f e, r—ct', =) T-Vd1";

this can also be derived directly by classifying the molecules in the range ¢, dc that
resch the volume #, dr at time ¢ according to the times ¢t — ¢’ at which they began the
free paths that bring them into the volume. Equation (6.6, 2) follows from this integral
on expanding f'® in powers of #’ and neglecting ¢"* and higher powers.
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u —1u,; the second integral is equal to p, by (1.42, 1) and 2.32. Hence the
viscosity u is given by u=pr. (6.6, 5)

Similarly for a gas at rest, uniform in pressure but with a temperature
which is a function of z, equation (6.6, 2) becomes
oT of®
= fO gy 2 I
[=f®—ur 5% BT (6.6, 6)

If the molecules have no internal energy, the corresponding heat flow
—AdT/éz in the z-direction is J dmctwfde. On evaluating the integral by
(1.42, 1) and (1.4, 2) the thermal conductivity A is found to be

= $p7C, (6.6, 7)

since p is constant in the gas, and ¢, = 3k/2m.

6.61. Relaxation times

The collision interval 7 as used in 6.6 takes no account of persistence of
velocities after collisions, or of the variation of collision frequency with
molecular speed. Thus it must be regarded as an ideal collision interval,
which may be expected to differ from the collision interval of Chapter § by
anumerical factor analogous to the numbers u, u’ of 6.2 and 6.3. For example,
to make (6.6, 5) and (6.2, 1) agree we must take

7 = 3ulC/2C? = 4ul/nC,

whereas the 7 of Chapter 5 was //C,

To elucidate further the significance of the present 7, consider a uniform
gas with a non-Maxwellian velocity distribution. For such a gas (6.6, 1)
becomes o f—fo 66

=" (6.61, 1)
so that f~ f® decays like the exponential e~¢7. Thus 7 is the time in which
a disturbance to the Maxwellian state decreases to 1/e of its original value;
it is called the time of relaxation of the disturbance.

Exact theory shows that an equation of form (6.61, 1) holds good only
when f—f© is small, and then only for a specific set of ‘eigenfunctions’
f—/©, the relaxation time differing from one eigenfunction to another
(cf. ro.321). If f4), faay --., are the successive eigenfunctions, and 7,,7,, ...,
the corresponding relaxation times, any small deviation of f from f can be

cxpl‘essed by a series f—-f(o) = zAmﬁm);
n

corresponding to this ¥__ PN A"'—""’ (6.61, 2)
ot m Tm

5 cHMT
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Equation (6.61, 1) is to be regarded as an approximation to (6.61, 2), the
7 in (6.61, 1) representing an average value of 7,, 7y, ..., which varies from
one function f—f® to another. In particular, 7 in equations (6.6, 5) and
(6.6, 7) may be expected to stand for two distinct average relaxation times,
unequal but similar in order of magnitude, characteristic respectively of
viscosity and heat conduction.*

6.62. Relaxation and diffusion

An approximate theory of diffusion can be given in terms of a relaxation time
without explicitly determining the velocity-distribution function. Suppose
that diffusion in a binary mixture leads to a force between the two gases
proportional to their relative velocity &, — &,, tending to destroy this velocity.
Let 7,4 be a time such that the forces per unit volume on the two gases are
1 (p1Ps/PT13) (€, —€5). Then, if the factors leading to diffusion were suddenly
to cease to operate, the two gases would experience accelerations

—PoC1—Cs)lPT1es  PA(C1—Ty)lPT1s

and their relative acceleration would be — (&, —&,)/7y,. Thus the velocity of
diffusion é, —¢; would die away exponentially like e~*; that is, 7,, is the
relaxation time for diffusion.

In steady diffusion, the two diffusing gases are assumed to move inde-
pendently, each under the action of its own partial pressure p, = n,kT,
together with the drag + (p,04/p71,) (€; — G,) exerted by the other gas. Since
the gases are unaccelerated,

=Vpy = p1ps€,—E,)/pT1s = Vs, (6.62, 1)
where V = 9/9r (cf. 1.2). In the case of diffusion at constant temperature,
this gives 2~ = —phTryg(Vm) sy (6.62, 2)

According to 6.4, in this case
n, ¢, = —D;;Vn, = —n,C,.
These equations are consistent if
D,y = pr1gkT|nmymy, (6.62, 3)
Provided that this equation is satisfied, the results of the relaxation theory
duplicate those of free-path theory. In terms of D,,, the drag forces which
the two gases exert on each other per unit volume are
t 1 o€ —Ty)[pDys- (662, 4)
We may relate 7,4 to the collision processes by assuming that there are N,y
collisions between unlike molecules per unit volume and time, and that these

® For a more detailed discussion of the relation of relaxation times to the transport
phenomena, see E. P. Gross and E. A. Jackson, Phys. Fluids, 2, 433 (1989).
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reduce the mean velocities €, and €, of the colliding molecules to a common
mean velocity ¢’. By conservation of momentum

m, €, +myC, = (my+mg)c’; (6.62, 5)

hence the mean momentum change of a molecule m, at a collision is
my(c’ =€), or —mymy(E, ~Ty)/(m; +m,). The drag —p,py(€, —T,)/p745 0N
the first gas is IV, times this change of momentum, and so

Tie = My ng(my +mg)[pN1g = (Py7y + 3 715)[pN:g. (6.62, 6)

Thus 7,, is a weighted mean of the collision intervals n,/Ny,, n,/N,, for
molecules m,, m, in mutual collisions, with weighting factors p,, p,. If my/m,
and p,/p, are small, 7,, approximates to n,//Vy,, the collision interval for
molecules m,.
By (6.62, 3, 6), (my +mo) Py g
Dy = 22O 6.62,
12 mymy P Nlﬂ ( 7)

Since N,,0c 1, 1, this formula indicates that D, is, at a given temperature,
inversely proportional to the total pressure, and independent of the pro-
portions of the mixture. As noted in 6.4, exact theory indicates a small
dependence of D, on the proportions of the mixture, so that to this extent
the relaxation approach is inadequate. Also the relaxation theory, like the
simple free-path theory, is not able to explain thermal diffusion. However,
because of its simplicity a relaxation argument has often been employed in
complex problems, particularly in relation to ionized gases.

Consider, for example, a moving binary mixture in which, in addition to
the drags (6.62, 4) and their partial pressures, the gases are subject to applied
forces m, F, per molecule. Since the velocities of the two gases differ only
by the small velocity of diffusion, the acceleration of each gas is, to a first
approximation, equal to the acceleration Dey/Dt of the mass as a whole,
Thus the equations of motion of the two gases are

De,
o pr =P Fa- =003y, (662, 8)
- F. -v plp! 66
Pz D P Fg— Ps+ (c &) (6.62, 9)

Adding these equations, we get the approxnmate equation of motion of the
gas as a whole, De,
P Dbr =p1Fy+py F; - Vp.
On the other hand, eliminating De,/Dt,
€= = Ta{F1—p1'Vp, — (Fo~p3 'Vpy)}- (6.62, 10)
This is a general equation of diffusion. It implies that relative diffusion
occurs whenever the accelerations that would be given to the two gases by
-2



108 ELEMENTARY THEORIES OF THE f6.63

the forces p, F, — Vp, acting on them are unequal; the diffusion velocity is 7,4
times the difference of those accelerations.

The diffusion equation can also be derived from the Boltzmann equations
of the two gases, written in the approximate forms

afl gf_,_y e, fl_f‘ (6.62,11)
38{:+ . g{: a " f':’ﬁ (6.62, 12)

where 7, = /Ny, 7, = ng/N,,, and f1%, fi denote Maxwellian velocity-
distributions about the mean velocity ¢’ given by (6.62, §). Correct to
terms of first order in 7,, 7, this gives results agreeing with (6.62, 8, g).
However, modified forms of (6.6z, 11, 12) may be used in certain more
general diffusion problems for which the simple relaxation method is
inadequate.*

6.63. Gas mixtures

An approximate theory of the viscosity of a binary or multiple mixture of

gases can be given as follows. Each gas is assumed to have its own relaxation

time; that of the sth gas is 7,, where ;! is the collision-frequency 3 N,,/n,.
‘

Write N, = uz'n nkT; then
17} = kT;n“u; Y (6.63, 1)

It is further assumed that, since the viscosity is a measure of the ease with
which momentum is transmitted by the molecular motions, the viscosity of
the gas as a whole is the sum of contributions from the separate gases,
calculated as in (6.6, 5), i.e.

"l

h = L T pa Y
By taking all save one of the quantities », equal to zero, 4,, can be seen to be
the viscosity of the sth gas when pure; u,, can similarly be interpreted as a
‘mutual viscosity’ of the sth and tth gases. More correctly x5 'n,, or N, /n kT,
is to be interpreted as a measure of the extent to which collisions with mole-
cules m, impede the transfer of momentum by a molecule m,. Thus (6.63, 2)
1mphes that the contribution of the sth gas to the viscosity is propomonal
dnrectly to the number-densny n,, and inversely to the sum of terms patng,
pa'ny, ..., measuring the extent to which collisions with molecules m,, m,, ..
impede the flux of momentum.

Equation (6.63, 2) is similar to one derived by Sutherlandt by free-path
methods. His derivation, like that above, gave 4, = 4,,. However, he then

® P. L. Bhatnagar, E. P. Gross and M. Krook, Phys. Rev. 94, s11 (1954).
4 W. Sutherland, Phil. Mag. 40, 431 (189s).

(6.63, 2)
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introduced a semi-empirical correction to allow for differences of velocity-
persistence of the two colliding molecules, equivalent to taking

Hat = frs(y/m)t.

Even if the possibility g, + s, is admitted, a formula of the form (6.63, 2)
can only be approximate; collisions do not simply obstruct the flux of
momentum, but transfer it from one gas to another.

An approximate formula similar to (6.63, 2) was given by Wassiljewa®
for the thermal conductivity; it is

n,
A= 2/\31 "1+’\aa "1 o (6.63,3)

where A,, is the thermal conductivity of the sth gas when pure, and A,
a ‘mutual conductivity’. A formula of this type, with A, # A,,, is found to
give a fair degree of agreement with experiment for the variation of A with
composition, even for gases whose molecules possess internal energy.

Finally, the methods of 6.62 can be extended to apply to diffusion in a
multiple gas-mixture.} In such a mixture, collisions with molecules of the
tth gas lead to a drag force

per unit volume acting on t